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Abstract: In this paper, the authors consider the P, on-transform, the G,-transform, and the IC, ,-transform as
generalizations of the Widder potential transform, the Glasser transform, and the C,-transform, respectively. Many
identities involving these transforms are given. A number of new Parseval-Goldstein type identities are obtained for
these and many other well-known integral transforms. Some useful corollaries for evaluating infinite integrals of special

functions are presented. Illustrative examples are given for the results.
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1. Introduction, definitions, and preliminaries

The Laplace-type integral transform called the Ls-transform was introduced by Yiirekli and Sadek [19] and is

denoted as follows:

Lo{f(x); ) = / rexp(~2%y?) f(z)d. (11)
0

In [5] Dernek and Aylikgi introduced the £, (n € N) and Lo, transforms as generalizations of the Laplace

transform, respectively:

Lalf @iy = [a" L esp(-omy) fa)d, (1.2
0
Lanl @iy} = [ £ exp(-a?y™) (o). (1.3)
0
The L, -transform and the Lo, -transform are related to the Laplace transform with
Lo{f(z)y}= *ﬁ{f( Yyt (1.4)
Lon{f(z);y} = *ﬁ{f( 2y (1.5)
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The Widder transform was introduced by Widder [13, 17] as follows:

U@ = [ S a (1.6
0

Glasser [10] defined the Glasser transform as:

(O
G{f(w),y}—o/\/md. (1.7)

The P, 2-transform,

Poalf@in) = [ i e (18)

0

was introduced by Dernek et al. [6] as a generalization of the Widder-potential transform and the Glasser

transform. If we put v =1 and v = 5 in (1.8), we obtain the Widder potential transform (1.6) and the Glasser

1 -
3 1
transform (1.7), respectively.

The Hankel transform is defined by

Holf (@)} = / Iy} £ (), (1.9)
0

where J,(x) is the Bessel function of the first kind of order v.
The KC-transform is defined by

Kol f ()0} = / VETK(2y) f(2)d, (1.10)

where K, is the Bessel function of the second kind of order v.
In this article, we introduce new generalizations of the Widder potential transform and the Glasser transform

as follows:
T (e
v2n{f / x2n+y2n v £C (111)
0
and

dx,n € N, (1.12)

NP B (C)R
respectively. If we put v =1 in definition (1.11), we obtain
Pron{f(2)iy} = Pan{f(2)iy}- (1.13)
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Pan{f(x);y} was defined in [5] by

[ f ()
Pon{f(x);y} = / de. (1.14)
0
In this article the K, ,-transform is defined by
Kontflelin) = [ 1y 2K, "y fla)d (L.15)
0

where K, (2"y™) is the Macdonald function. It is also known as the Bessel function of the second kind.
The K, ,-transform is related to the K,-transform and the K,2 [7, p. 329, Eq. (20)] transform with the

identities respectively

nKy o { f(2);y} = KoL f(a/™); 9"}, (1.16)

nKon{f(x);y} = 20 o { f(@); 9"/}, (1.17)
The generalized Hankel transform is defined by

oo

Hon{f(z);y} = /z"fl(z"y”)l/zJU(z"y”)f(x)dx, (1.18)

0

which is related to the Hankel transform, the #, o-transform [7, p. 329, Eq. (19)] with the following identities:

Moo f @)y} = Hol F(2/")597), (1.19)

nHon{f(z);y} = 2Hv’2{f(x2/");y"/2}. (1.20)

The Fourier sine-transform and Fourier cosine-transform are defined as, respectively,

Folf(0)y} = / f() sin(zy)de, (1.21)
0

Fo{f (@)} = / £(z) cos(ay)da. (1.22)
0

We define the F ,-transform and the F,-transform as follows:

oo

Fanlf@hivh = [0 sin(a"y") f(a)d (1.23)
0
Fenlf(z);y}t = /x"il cos(z"y™) f(x)dxz, n € N, (1.24)
0
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which are related to the Fourier sine-transform and Fourier cosine-transform by means of the following relations:

nFen{f(x);y} = F{f();9"}, (1.25)

nFenlf(z),y} = Felf@/™);y"). (1.26)

Dernek et al. [6] gave the Parseval-Goldstein type theorem,

/ P LS )y Lot (u)iy)dy = T / zf(@)Pu2{g(w); z}dz, (1.27)
0 0

for the Ly-transform and the P, s-transform. Various Parseval-Goldstein type identities were given (for
example in [5-7,16,18]) for the Ly-transform and the Ls,-transform and the Widder potential transform.

In Section 2 of this paper, we show that the P, o, -transform (1.11) is an iteration of the L, -transform
(1.3). The main theorem is shown to yield new identities for the integral transforms introduced above. In

Section 3, some illustrative examples are given.

2. The main theorem
Lemma 2.1. The identity

Lo {u®™ Y Lo, {g(2);u}; y} =

I'(v)

v,2n ; 2.1
5, Po2nig(@)iy} (2.1)
holds true, provided that Re(v) > 0 and the integrals involved converge absolutely.

Proof Using definition (1.3) of the Lo, -transform and then changing the order of integration, which is

permissible by absolute convergence of the integrals involved, we get

o0 o0
2n 1
Lan D Lo fg(a)iuli) = [ exp(oatny) [ 200 - xznu% 2 08) g
0 0
o0
N /m%*lg(ﬂs)ﬁzn{u%(”’”; (%" 4 y?) /2y, (2.2)
0

Utilizing the relation (1.5) and the formula [8, p. 133, Entry (3)], we arrive at identity (2.1).

Corollary 2.1. We have
2nLon{Lon{f(x);ul;y}t = Pan{g(z); v} (2.3)
Proof Setting v = 1 in (2.1) of Lemma 2.1 and using relation (1.13), we obtain identity (2.3). (2.3) was

previously obtained in [5].
Corollary 2.2. We have for —1 < Re(u) < Re(2v — 3)

Zn('ufl)

VT K ), (2.4)

Pv,Qn {xnu ‘]/L (ann)v y} =
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Proof Substituting
9(x) = ", (") (2.5)

in (2.1) of Lemma 2.1 and using relation (1.5), then the known formula [8, p. 185, Entry (30)], we get

1 o2m\n
Lonfa™ T (" iu} = o= (5 ) @) 7 exp(—22" 4™, (2.6)

where Re(p) > —1. Multiplying both sides of equation (2.6) with u?(*~1  then applying the Ly, -transform
and using relation (1.5) once again and the well-known formula [8, p. 146, Entry (29)], we have
1 Zn(v—p—l)

2n(v—p—2) _.2n 2ny., _ = n,n
£2n{u €Xp( z /4’LL )79} - 712’”7”71:(/”(”7“71) KU*N*I(Z Y ) (27>

Substituting (2.7) into identity (2.1) of Lemma 2.1, we obtain assertion (2.4).

Remark 2.1. Using definition (1.11) of the P, an -transform, we obtain the following relation from formula
(2.4) of Corollary 2.2:

(m2n + y2n)v T = nI“(,U)ZU—l Y

[
n(p+2)—1 n..n n(v—1)
/ x J#(Z X ) z n(lu,f'u+1)KU_'u_1(Z’nyn). (28)

Remark 2.2. Setting v=pu+ % in (2.8) and using the formula

m\1/2
Kipp(@) = K_1o(a) = (5-)  exp(—a), (2.9)
we obtain
% n(p+2)—lJ n..n npL,,—n
z u(z"2") Vrzty non
= - . 2.1
/ @y T gy P (2.10)

Similarly, setting v =+ % in (2.8) and using formula (2.9), we get

oo

n(p+2)—1 n..n n(p—1)
/ac Jule"e )dx: V2 exp(—z"y"), (2.11)
@ )2 T ul(ut 12)20

where Re(p) > —% .

Remark 2.3. If we set n =1 in (2.10) and (2.11), we obtain the known formulas [12, p. 686, Entry 6.565
(8)] and [12, p. 686, Entry 6.565 (2)].

Corollary 2.3. We have the following identities:

B 9\ 1/2 n(u+1/2)
G ("D (™) y) = (@) yTK;LH/z(Z"yn% (2.12)
where —1 < Re(p) < 3,
G P (2" y} = Prjpan{a™ (2 a"); v} (2.13)
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and

1
Panda"™ Ju(2"a" )iy} = —y™ K (2"y"). (2.14)

Theorem 2.1. If the conditions stated in Lemma 2.1 are satisfied, then the following Parseval-Goldstein type

relations hold true:

(oo}

/yQ"“*lﬁgn{f(x),y}ﬁzn{g(u);y}dy: %n)/ an- lf( )Py Qn{g( ); x}dx, (2.15)
0 0
/y”“"lﬁzn{f(w),y}Ezn{g(U);y}dy= F;Z /uzn '9(w)Poon{ f(x); u}du, (2.16)
0 0
and
/ 7 f(2)Poan{g(u); o} da = / " g(w)Po 2n{ f (2); u}du. (2.17)
0 0

Proof We only give a proof of (2.15), since the proof of (2.16) is similar. Assertion (2.17) follows from the
identities (2.15) and (2.16).

Using definition (1.3) of the Lo, -transform twice and changing the order of integration, which is permissible
by absolute convergence of the integrals involved, we find

o0

/ VP Lo { £ (), y b Lan {0(); y )y

0

oo o0

- / 2L (o) y) / 220 exp(— 2y f(x)ddy
0

0

- / 2P F () Lo (52" Lo {g (); ) 2} (2.18)
0

Now, using identity (2.1) of Lemma 2.1, we arrive at assertion (2.15).
Corollary 2.4. If the conditions stated in Lemma 2.1 are satisfied, then the Parseval-Goldstein type relations,

oo

[ o @) g vy = 5 [ 2, e, (2.19)
0 0
[ et s ) anatainldy = 5 [ 2 o) PanFlai ) (220)
0 0
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and
/mQ”‘lf(:v)Pzn{g(U);w}dx: /“2"_19(U)7’2n{f($);u}d“7 (2.21)
0 0

hold true.

Proof Setting v =1 in identities (2.15)—(2.17) of Theorem 2.1 and using relations (1.13) and (2.4), we get
assertion (2.19). The proof of (2.20) is similar and (2.21) follows from identities (2.19) and (2.20).

Corollary 2.5. If the integrals involved converge absolutely, then we have

2n(p—o) 1 Zn(U_M_S/Q) n(p—v+3/2)
Lon{y™"" Lon{ f(z); m}» z} = W’Cvﬂhl,n{ﬂU " f(x); 2}, (2.22)
2n(u—v) 1 pr—n2 n(it1/2)
Lon{y Lon{f(z); W}a zp = WP(U)’HMW{U Poon{f(z);u}; 2}, (2.23)
and
n(ut1/2) bt — ()L n(u=v+3/2) £ ().
Hym {1 Puznl fl@)iuyizh = (5) Ty ot fl@); 2} (2.24)
Proof We put
g(u) = utJ,(zu) (2.25)

in (2.15) of Theorem 2.1. Using relation (1.5) and the formula [8, p. 185, Entry (30)], we have

ZnH

£2n{un“JM(znun);y} = Wy‘”““*” eXp(—22"/4y2"). (2.26)
Utilizing (2.4) of Corollary 2.2, we have
np n,n Zn(v—l) n(p—v+1) n,.n
Poonfu™J, (2 "u"); 2} = Wm ! Ky p—1(2"a"). (2.27)

Substituting the relations (2.25), (2.26), and (2.27) into (2.15) of Theorem 2.1, we get

o

/yQ’n(’U*,U‘*l)fl exp(—ZQn/4y2n)£2n{f(x)7 y}dy

oo

- f(f)”_”_l / G () f (@) da. (2.28)
0

Changing the variable of the integration to y = ﬁ and then using the definition (1.3) of the Ls,-transform on
the left-hand side of (2.28) and the definition (1.15) of the I, ,-transform on the right-hand side of (2.28), we

obtain assertion (2.22).
To prove identity (2.23), we substitute the relations (2.25) and (2.26) into (2.16) of Theorem 2.1 and change the
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variable of the integration to y = i on the left-hand side. Then, using the definition (1.3) of the Ly, -transform,

we obtain
n

z # 1 2n v
(7) Wﬁ%{y (w= )£2n{f( ); 21/n bz}

/ 4211 )P, o L (@): ubdu. (2.29)
0

Using the definition (1.18) of the generalized Hankel transform on the right-hand side of (2.29), we arrive at
assertion (2.23).
The proof of assertion (2.24) follows from identities (2.22) and (2.23).

Remark 2.4. Setting v =1 in Corollary 2.5, we have for Re(u) > —1,

»—n(pt+1/2)

Lan ") Lo ) 72} = TR a0 (@) 2, (2:30)
27H
LanlyP"0 Y Lan (0 57 155} = S M0 P (f@hiadis), (231)
and
Hn (0" 0F Py L (@)} 2} = K {0/ f () 2}, (2.32)
n
where we use the fact that K,(x) is an even function with respect to the index and relationship (1.13). If we
set p = —% in (2.52) and use the relations
2\1/2
J_12() = (%) cos(), (2.33)
\1/2
K 1p@) = (5-) " exp(—a), (2.34)
we obtain
2nFen{Pan{f(@);u}; 2} = mLn{f(x); 2}. (2.35)

Corollary 2.6. If the integrals involved converge absolutely, then we have

/yz"(”*“)*lﬁzn{g(U);y}dy: ?((v; /Imflpwn{g(w;z}da (2.36)
0 : 0
[ttty = D [ty (2:37)
0 0
and
/ 1P, o, (g (u)s e = 2L E) / ) g (u)du, (2.38)
0 0

where 0 < Re(u) < Re(v) and B(x,y) [15, p. 18] denotes the beta function.
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Proof If we put

f(x) = g?mr=D (2.39)
into (2.15) of Theorem 2.1, we get
T — — 7Dv 2n19
/anU 1£2n{$2n(u 1); y}‘CQn{g(U)7 ‘T}dx m / T {2nu+1 } (240)
0

Using relation (1.5) and the known formula [8, p. 137, Entry (1)] on the left-hand side of (2.40), we have
assertion (2.36).

Corollary 2.7. If the integrals involved converge absolutely, then we have

Pu2n{Pu2nig(u);z};t}

an(u+v 1)— exp(than)F(_u +1, tQ"yQ")EQn{g(U); y}d% (2_41)

’1
fg —
0\8

Gn{x 72" 1Py o {g(u); x}; 1}

= I\‘{Z—) /yn(2v71)*1 eXp(t2”y2”)eTfC(t”y")Lgn{g(u); y)dy, (2.42)
0
where 0 < Re(p) < Re(v).
Proof We put
fla) = (@ +¢2m)7r (2.43)

in relation (2.15) of Theorem 2.1. Using the known formula [8, p. 137, Entry (4)] and the definition (1.11) of

the P, 2, -transform, we obtain

oo

/y2"”‘1£zn{(x2” + ") "My} Lan{g(u); y}dy

0

oo

= / 2D exp (212D (—p + 1, 82"y*™) Lon{g(u); y}dy
0

00) [ oy P lo(ia} do = TPl ol akit). (2.44)
0

In order to prove (2.42), we substitute f(z) = (22" + t>*)~1/2 and the formula [8, p. 135, Entry (18)] into
(2.15) of Theorem 2.1. We thus obtain

o0

/ Y2 Lon {2 + 7)Yy} Lon{g(u); y}dy
0

345



DERNEK and AYLIKCI/Turk J Math

= x/?/y"@”‘l)‘lexp(t2”y2”)erfC(t"y”)Ezn{g(u);y}dy
0

~(v) / m2nlz’éi"igt(;i));lw/gdx, (2.45)

If we use the definition (1.12) of the G, -transform on the right-hand side of (2.45), we arrive at assertion (2.42).

3. Illustrative examples

Example 3.1. We show

T 1
PU,27L{x2n;L exp(_&2nx2n); y} _ %Cﬁn(vi#il)‘l’(v, — a2ny2n) (31)

where Re(pn) > =1, Re(v) >0, v—u & Z and Y(a,b;z) is the Tricomi hypergeometric function [14, p. 517].

Demonstration. If we set
g(x) = z?™ exp(—a®"2®") (3.2)

in assertion (2.1) of Lemma 2.1, and use relationship (1.5) and the known formula [8, p. 144, Entry(3)], we get

1
Lon{x*™ exp(—a*"2*");u} = %F(u + 1) (u®™ + o)L (3.3)

Multiplying both sides of (3.2) by «?*(*=1) and applying the Ls, -transform, we obtain

Lon{u®™™ D Lo {2 exp(—a®"a®);u};y}

n

Using relationship (1.5) once again and the formula [14, p. 18, Entry 2.1.3-(1)], we have

L{u " (u+ a®) 2 = F(v)agn(”_”_l)\ll(v, v — p; a*"y?m). (3.5)
Substituting (3.2), (3.4), and (3.5) into (2.1) of Lemma 2.1, we obtain assertion (3.1).
Example 3.2. We show

. a2n _F(,U — 1) —2nv+3n 2n 2n a2n
Pv,Qn{EZ(*x?n%y} = my exp(a™ /2y )W—u+3/2,o(y7n),

where Re(v) > 1, W) ,(z) denotes Whittaker’s function [11].
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Demonstration. We set

a2n

gla) = Bi(- 1) (37)

in identity (2.1). Fi(x) is the exponential integral function. The exponential integral Fi(x) = —FEy(—z) is
defined by

oo

B (z) = / Wdu. (3.8)

Using (1.5) and the known identity [14, p. 136, Entry 3.4.1-(13)], we get

Multiplying both sides of (3.9) by w?(*=1)  applying the Ls,-transform, and then using relation (1.5) once
more and the known formula [14, p. 353, Entry 3.16.2-(3)], we obtain

2n

. a
£2n{u2"(”_2)£2n{E2(—x—); ul;y}

2n

1
— £2n{——u2"(“_2)K0(2a”u”); y}
n

1 2n a2n

_ 2n\—v+3/2 2 a
=~ I2an (y2™) 732D (v — 1)) eXp(yﬁ)vaJrS/ZO(yﬁ

). (3.10)

Substituting (3.7) and (3.10) in (2.1) of Lemma 2.1, we arrive at assertion (3.6).

Example 3.3. We show

an(v—% . a2ny2n on o
Pyznferfla”z");y} = m(yn)_wi exp(— 9 Wzze 205 (a™"y™"), (3.11)
where y >0, Re(v) > 1.
Demonstration. We put
g(x) = erf(a"z") (3.12)

in identity (2.1) of Lemma 2.1. Using relation (1.5) and the identity [8, p. 176, Entry (4)], we find

1
Lop{erf(a"z");u} = Q—a"u’zn(ugn +a?m) 712, (3.13)
n
Multiplying both sides of (3.13) by u?**(*=1) applying the Ls, -transform, and then using (1.3) once more and
the known identity [8, p. 139, Entry (22)], we obtain assertion (3.11).

Remark 3.5. If we set v=2u+ 3, we get for y >0, Re(u) > -3,

a2nu a2ny2n

qu-&-%,zn{erf(anxn); yt = n(4p + 1)(yn)2e+1 exp(*T)W—u,u(a%y%)- (3.14)
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Example 3.4. We show for Re(u —v) > —4,

2n _ pn—v+3
n(p—v+1) n,ny. _a F(,U, v+ 4) 2
’Cv_ﬂ_lv"{z : JQ(G’ x )’ Z} T on2 <Z2n + a2n)u—v+4 Zn(v—p—3/2) (315)

and
n(u+%)r( _ 4 2n
n(pu+1/2 2n n_ny. . o z 1% v+ ) a
Hyn{u WHYDP o {a? Ty(a™a™);u}; 2} = P AT (p) (227 a2 yp o (3.16)
where Jo is the Bessel function of the first kind of order 2.
Demonstration. If we put
f(z) = 2*"Jy(a™2™) (3.17)

in relation (2.22) of Corollary 2.5, then use (1.5) and the formula [14, p. 264, Entry 3.12.2.(25)], we have

23a2n
y*" exp(—a”"y*") (3.18)

1
2m . —
Lon{x*" Jo(a™z™); 21/”y} =
where Jo(a™z™) is the Bessel function of the first kind of order 2 and Re(a) > 0. Multip-

lying by »?*(#=%) and applying the L,,-transform for both sides of (3.18), using the relation (1.5) and the
known formula [14, p. 28, Entry 2.2.1.(2)], we find that

8a?" 2a" 5, T(p—v+4)

T) (Z2n + a?n)ufv+4’

Lon{y? =0 exp(—a®y>); 2} = ( (3.19)
where Re(p —v) > —4. Substituting relations (3.18) and (3.19) into identities (2.22) and (2.23), we arrive at
assertions (3.15) and (3.16), respectively.

4. Conclusion
Generalized integral transforms could be used in many areas of applied mathematics. Different types of
generalized integral transforms were investigated similarly before and many related articles could be found

in literature.
For example, using a new integral transform, Aghili and Ansari gave a Cauchy type fractional diffusion

equation on fractals and expressed its solution in terms of the Laplace type integral in [4]. In addition, generalized
integral transforms were used to solve singular integral equations and partial fractional differential equations in
[1, 2]. Furthermore, the fundamental solutions of the single-order and distributed-order Cauchy type fractional
diffusion equations were given using generalized integral transforms in [3].

In conclusion, many other infinite integrals, as in [8, 9], could be evaluated in this manner applying the

lemma, theorem, and corollaries considered in this paper.
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