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ABSTRACT User Provided Network (UPN) is a promising solution for sharing the limited network
resources by utilizing user capabilities as a part of the communication infrastructure. In UPNs, it is an
important problem to decide how to share the resources among multiple clients in decentralized manner.
Motivated by this problem, we introduce a new class of games termed distribution games that can be used to
distribute efficiently and fairly the bandwidth capacity among users. We show that every distribution game
has at least one pure strategy Nash equilibrium (NE) and any best response dynamics always converges to
such an equilibrium. We consider social welfare functions that are weighted sums of bandwidths allocated to
clients. We present tight upper bounds for the price of anarchy and price of stability of these games provided
that they satisfy some reasonable assumptions. We define two specific practical instances of distribution
games that fit these assumptions. We conduct experiments on one of these instances and demonstrate that in
most of the settings the social welfare obtained by the best response dynamics is very close to the optimum.
Simulations show that this game also leads to a fair distribution of the bandwidth.

INDEX TERMS Congestion Games, Distributed Welfare Games, User Provided Networks

l. INTRODUCTION
A. BACKGROUND AND MOTIVATION

UE to the enormous increase in the mobile data usage,

to increase the network capacity provided by network
operators in a cost-effective manner is becoming an indis-
pensable necessity. There are several approaches to reduce
the load of cellular base stations and to improve the user
experience without acquiring more spectrum licences or in-
creasing the number of base stations. One possible solution is
to deploy wireless access points and to offload part of mobile
data traffic over these access points. This approach is called
mobile data offloading and there exist numerous studies on
this subject [7]. However, nowadays it is also possible to
develop solutions by making use of the users’ modern hand-
held devices, instead of deploying network infrastructure.
This gives rise to the concept of User Provided Networks
(UPN) that emerged as a novel technique to provide ubiqg-
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uitous Internet access to subscribers as well as to increase
the available bandwidth [1]. In UPNs, mobile subscribers
can share their (unused) bandwidth with others through the
capabilities of today’s devices. Thus, users who need Internet
access (due to quota exhaustion, need for higher bandwidth,
etc.) can access it by using other users’ resources. This kind
of access is grouped into two categories: operator-assisted
and autonomous. In the former, network operators enforce
policies to control subscribers’ sharing of their bandwidth,
whereas in the second, users can create their own network
connections and share their resources independently of the
network operator. See [2] for UPN definitions and variations.

UPNSs have similarities with Cognitive Radio Networks
in the sense that both aim to share the existing spec-
trum/bandwidth effectively and fairly. Cognitive radio is an
optimistic and revolutionary communication concept that
tries to make a more efficient use of existing wireless spec-
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trum among primary and secondary users. Studies on Cog-
nitive Radio Networks often use game theory (especially
potential game theory) as a powerful tool [3], [4]. While
cognitive radio is a way to share existing wireless spectrum,
the UPN approach aims to utilize unused resources such as
bandwidth, energy, quota of other subscribers in a network.
In UPNSs, the amount of shared bandwidth depends on many
factors such as the Internet access quality of the serving
user, device-to-device link quality, distance between users,
demand of the requesting user, etc.

Figure 1 illustrates a simple UPN scenario. Two suppli-
ers with capacities of x; and ko Mbps are connected to
LTE eNodeB. Four clients want to utilize these capacities
via device to device (D2D) links (such as Bluetooth, WiFi
Direct or LTE Direct) to suppliers. Client ¢ has a demand
of d; Mbps. This is the desirable demand, but not a strict
minimum requirement. Rather, the client can make use of
the obtained data rate even if it is less than d; (while this
may affect the service quality as in the case of Dynamic
Adaptive Streaming over HTTP (DASH) [41]). In Figure 1,
red solid lines show that client 1 and 2 are connected to
supplier 1, and client 3 and 4 are connected to supplier 2.
Blue dashed lines show other possible D2D links. Suppliers
assign capacities to the connected clients according to a
distribution function. Clients may change their connected
supplier to increase the obtained service utility. Strategic
decisions of the clients determine the social welfare of the
overall UPN system. Due to the nature of the network, it
is desirable to adopt a distributed decision making mecha-
nism for both autonomous and operator-assisted UPNs [23].
Therefore, game theory is a powerful tool to model strategies
and analyze the outcome of such UPN systems. During
the recent years, several game theoretical studies have been
performed for both operator-assisted and autonomous UPNSs.
Most of these studies focus on designing solutions based
on the total amount of downloaded data since this quantity
is the basis for pricing. In [21] the authors designed a
Nash bargaining based solution that considers the amount
of offloaded and downloaded data for other participants to
compute reimbursements. Despite its theoretical merit, the
proposed mechanism necessitates to solve an optimization
problem in a distributed fashion and the scheme does not
support instant node addition or removal. In [22] an incentive
mechanism for operator assisted UPNs in which subscribers
are encouraged to be Wi-Fi hotspots for other subscribers
(clients) is designed. This scheme provides a quota-based
incentive mechanism and a hybrid pricing scheme. There are
also several other game theoretical schemes studied in this
context [24], [25]. However, most of these studies define the
utility as the amount of data transferred, and they do not
take the service quality into consideration. In a recent study,
Uludag et al. [23] have designed a UPN mechanism where
the utility is defined as a function of data rate which is a
metric for service quality, but the model is studied only for a
single gateway and a single client. In this study, we consider
a UPN network with multiple gateways and multiple clients
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FIGURE 1. A simple UPN scenario.

and we focus on accessing and sharing bandwidth, which
is the most fundamental problem faced by today’s network
operators and users.

In a UPN mechanism, the main aim is to share serv-
ing subscribers’ resources among demanding subscribers
in an efficient and fair way both from network operators’
and subscribers’ perspective. In other words, available re-
sources must be utilized as much as possible and this utiliza-
tion must be fair enough among participants. Additionally,
such a mechanism should be (i) easily implementable on
a distributed architecture, (ii) appropriate to networks with
frequent changes, i.e., node addition or removal, connec-
tion drop, reconnecting or connecting to another node, and
(iii) applicable to both operator-assisted and autonomous
networks. A two-stage study is required to achieve these
objectives. The first stage is the development of a network
protocol that enables nodes on the network to communicate
with the network operator, discover and communicate with
each other. The second stage is the development of a scheme
that determines how nodes will share their resources. In this
study, we focus on the second stage. In this stage, the de-
signed scheme should not favor some clients over others. The
best solution provided by the scheme should perform close to
the best results demonstrated. Moreover, the worst solution
should not be far from the best. Finally, the scheme should
discourage untruthful declarations. First we define a game
theoretical sharing mechanism by considering the bandwidth
provided by the gateways and data rates demanded by clients.
This sharing mechanism is used to serve as the distribution
function of our new type of game. We term these games as
distribution games. We show that every distribution game is
a potential game, and discuss its similarities and differences
with other games in the literature. Although the distribution
games model is inspired by UPNs it can be used in any
context where resource sharing is relevant. Smart Grids [46]
are new generation energy grids aiming to create a large-scale
distributed energy delivery network by using two-way elec-
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tricity and information flow. Studies on energy consumption
scheduling [47] and energy trading [48] mainly aim to shift
heavy energy demands to off-peak hours by providing incen-
tives to consumers so that a more reliable and efficient smart
grid can be achieved. Distribution games can help solve de-
mand response problems between producers and consumers.
Transportation network problems have been investigated for
a long time [49], [50] and distribution games can be adopted
to solve problems in this area as well. Incentivizing local
transportation service providers or travelers across multiple
regions or in multi-modal transportation networks [51], [52],
[53], [54] is a problem to be tackled. Distribution games can
be used as an mechanism for local providers and travelers to
agree on a common social welfare as in the case of UPNs.

B. RELATED WORK

Game theory has recently become an indispensable tool
to solve decentralized optimization problems in multi-user
networks. Congestion Games [5] are one of the most inves-
tigated class of games in networking studies. In this type of
games, the congestion formed on a congestible element is
expressed as a function of the number of players using that
network element. A player faces a congestion equal to the
sum of the individual congestion on the congestible elements
it uses. A simple scenario for the usage of this type of game
to network technologies is the following: A person traveling
from one city to another faces the congestion created by oth-
ers along every road that it uses to travel between these cities.
This person will choose a route minimizing her congestion.
A congestion game is single selection if every player chooses
exactly one congestible element. In [11], a specific instance
of single selection congestion games is defined. In this type
of game, the payoff that each player gets depends only on the
number of players playing the same strategy and is expressed
as a player-specific function that decreases with the number
of those players.

Load Balancing Games are a specific instances of conges-
tion games. In this type of games, each client chooses a server
on which it executes her/his own jobs. The aim of a client is to
complete her/his job as soon as possible, so they try to choose
the server with the minimum load. The load faced by each
client is expressed as the load on the server it chooses. The
works [17], [18] and [19] present game theoretical solutions
to load balancing problems.

A potential game is one in which the increase of the
benefit of a user implies an increase in some global potential
function. Rosenthal showed that every congestion game is a
potential game. It was later shown in [7] that the converse
is also true. Namely, for every potential game there exists
a congestion game with the same potential function. The
potential games model is a key game theoretical tool with
a wide range of applications in different areas of networking.
For instance, potential games have found many applications
in Radio Resource Allocation as explained in [8]. In one of
the recent studies on WiFi offloading the authors of [26]
designed a user satisfaction aware offloading mechanism
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in which the problem is defined as a potential game. Ac-
cess point selection in wireless sensor networks (WSN) is
another area of application of potential games. In [27] a
game model that is proved to be an exact potential game
is proposed for access point (AP) selection in an energy
efficient manner. Another access point allocation algorithm
for dense wireless LANs backed by software defined wireless
networking (SDWN) is proposed in [28]. This potential game
based approach dynamically reallocates APs so as to adapt to
capacity changes in a WiFi network.

Potential game theory has many other application areas.
In [30] spectrum access, power allocation and user schedul-
ing are jointly investigated and an optimization problem is
formulated for maximizing the Quality of Experience (QoE)
[29] of users in 5G networks. Then, a decentralized solution
with local information is provided based on potential game
theory. Multi-hop broadcasting is another area of application
of potential games. In [31] the authors designed a decentral-
ized, energy efficient, marginal contribution based message
broadcasting mechanism in which an optimal broadcast tree
is always a Nash equilibrium of the game. A non-cooperative
cost sharing game which is shown to be a potential game is
proposed in [32]. This game minimizes energy and social
cost for data dissemination in wireless networks. Another
work on QoE and energy aware resource allocation is [33]
in which a potential game is designed to jointly implement
power selection, load management and channel allocation for
small cell networks. In our previous work [6], we considered
a UPN topology and a bandwidth sharing scheme using a
potential game where the client utilities are aligned with the
global utility of the system. Potential games have also other
applications such as video streaming in multi-hop wireless
networks [34], caching access point selection in wireless
caching networks [35], decentralized resource coordination
in coexisting industrial wireless networks [57] and resource
allocation in mobile edge computing [55], [56].

The work [9] defined the family of Distributed Welfare
Games that are closely related to our study. This family of
games is further studied in [10]. In a distributed welfare
game, every player chooses to contribute to a subset of the
available resources. Some welfare is created at every resource
by the set of players contributing to that resource. Every
resource has an associated welfare distribution function (pro-
tocol) that assigns a utility to every contributing player.
Distributed welfare games have a wide range of applications
in distributed problems such as sensor network planning [36],
content distribution [20], spectrum access in cognitive radio
networks [37], interconnection between mobile network op-
erators [40], federated learning [38], and distributed caching
in vehicular networks [39].

In this study, without loss of generality, we focus on user
provided networks as a potential and coherent application
area of our theoretical contributions. UPNs may find different
areas of application such as supplying a whole village with
internet [43], building a sharing economy in mobile networks
[45] or relay the access traffic in 5G Integrated Access and
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Backhaul Networks (IAB). During the recent years, a con-
siderably large amount of work has been put in IAB networks
[44] which are a type of UPN. In a recent study [42] that is
closely related to UPNs and game theory a joint incentive and
resource allocation scheme is designed so that the user utility,
the sensitivity of battery energy, the incentive compensation
and the limitation of network resources are formulated in a
Nash Bargaining problem as a cooperative game.

C. OUR CONTRIBUTION

We introduce a family of games termed distribution games in
which every player chooses a single supplier from a given
set of suppliers. Every player has a demand and it gets a
portion of the chosen resource according to its demand and
a distribution function governing this supplier. As such, this
new family extends the family of single selection congestion
games. We prove that every distribution game is a potential
game. Thus, any distribution game converges to a pure NE
after a finite number of best response moves. We further
provide tight bounds on the Price of Anarchy and Price of
Stability of games from this new family. We present two prac-
tical instances of distribution games and perform a numerical
study of one of these games and also of a more general class
of distribution games that we analyze only numerically. The
numerical study reveals the efficiency of the equilibria in
terms of social welfare and fairness. Thus both theoretical
and numerical studies show that this new family of games
is very appealing for resource sharing applications such as
bandwidth distribution in UPNs.

The theoretical results presented in this paper are new,
though related to existing results. The result in [7] implies
that for every potential game (including distribution games)
there exists a congestion game with the same potential func-
tion. However, the number of possible strategies of a player
in the congestion game implied by that result is quadratic
in the number of resources of our game. Therefore, that
result does not imply a congestion game with the same set
of resources. Distribution games constitute a sub-family of
distributed welfare games defined in [9] and further studied in
[10]. Though the framework defined therein is very general,
most of the positive results pertain to special cases. The
results in this work and in [9], [10] are not comparable in
the sense that none implies the other. We elaborate on this
in the last part of Section II dedicated to comparisons with
existing models and results.

We summarize below the main contributions of this work.

« We introduce a new class of games called distribution
games which suits well for various types of resource
sharing schemes including user provided networks that
could not be properly addressed by the previous game
theoretical approaches.

« We prove that every distribution game is a potential
game, hence any best response dynamics always con-
verge to a pure strategy NE.

« We provide tight upper bounds for the price of anarchy
and the price of stability of distribution games.

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more information, see https://creativecommons.org/licenses/by-nc-nd/4

« We evaluate the efficiency of equilibria in terms of social
welfare and fairness via extensive set of simulations in
various UPN setups.

o We provide a characterization of distribution games
which make them truthful, such that it is a dominant
strategy to declare the true demand for all the clients.

The rest of the paper is organized as follows. In Section
II we introduce notation, define distribution games and com-
pare them against congestion games and distributed welfare
games. In Section III we prove that every distribution game
admits a pure strategy Nash equilibrium. In the same section
we introduce two practical instances of distribution games.
In Section IV we analyze the quality of the above mentioned
Nash equilibria by studying Price of Anarchy and Price of
Stability. In Section VI we develop a simple criterion for the
truthfulness of a distribution game and apply it to the sample
games introduced in earlier sections. In Section V we present
a numerical study in a realistic setup and finally, we conclude
with some open problems in Section VIIL.

Il. DISTRIBUTION GAMES

In this section, we define a new class of games that are
suitable for sharing bandwidth in a distributed UPN setup.
To give a basic idea, let us consider an illustrative example
based on the simple network shown in Figure 1. Let us define
the capacities of two supplier nodes as x; = 30 Mbps and
ke = 20 Mbps. These two nodes provide service to four
client nodes with demands d; = 30 Mbps, do = 15 Mbps,
ds = 10 Mbps and dy = 40 Mbps. The distribution of
the supplier capacities among multiple connected clients can
be done in different ways. Figure 2 shows two connection
scenarios, where the capacities of the suppliers are distributed
equally among the connected clients. In both scenarios, none
of the clients can gain more utility by changing their supplier,
hence there is an equilibrium. In Figure 3, the capacities of
the suppliers are distributed to the clients using a different
function, i.e. proportional to their demands. This setting is
not in equilibrium because client 3 will have an incentive
to switch to supplier 1. We now proceed by giving some
preliminaries about game theory, and then define a general
class of distribution games to handle strategic decisions in
UPN settings using various distribution functions.

Preliminaries: We start by giving basic definitions and no-
tation. See Table 1 for frequently used notation. A strategic
game is a triple G = (n, A, u) where n € N is the number of
players, A = x' ; A;, A; is a finite set of possible strategies
of player ¢, and u : [n] x A — R is a utility function where
[n] denotes the set of positive integers less than or equal to n.
A vector @ € A is termed a strategy profile or an outcome
of G. When the outcome of the game is a, player ¢ receives
a utility of u; (@) = u(i, @). For an outcome @ and b € A;,
we denote by (b, @ _;) the outcome in which the strategy of
player 7 is b and the strategy of any other player is identical
to its strategy in @ . In other words, (b, @ _;) is the outcome
obtained from @ by a move of player ¢ that changes its
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TABLE 1. Frequently Used Notation

g A strategic game
A; Finite set of possible strategies of player ¢
a; Strategy of playeri a; € A;
zi Strategy space, X ; A;
a A strategy profile or an outcome of G where deA
ui () Utility function for player 4 in outcome
P (Ordinal) potential function for G
W(d) Social welfare of outcome @
d; Demand of client (player) ¢
C (@) Set of clients connected to supplier j
s (7) A monotonically non-increasing distributing function
J of supplier j in outcome
fi A monotonically increasing benefit function
Utility of client ¢ when connected to supplier j in
fi(; (7)) 0utc0>r,ne a perery
D, (7) ;l;lotal demani> of all clients connected to supplier j
outcome d
K Capacity of supplier j

FIGURE 2. An illustrative example for two connection scenarios in a UPN
where the supplier capacities are distributed equally among the connected
clients.

dy=30  dy=15  d3=10  d=40

FIGURE 3. An illustrative example for a connection scenario in a UPN where
the supplier capacities are distributed proportional to the client demands.

strategy to b and the strategy of every other player remains
intact. A selfish player changes its strategy only if the change
will strictly increase its utility assuming that no other player
changes its strategy. We denote by « d - @' the fact that @
is obtained from @ by a move of a selfish player :. We use
d — @' todenote that @ - @' for some player 3.

A Nash equilibrium (N E) of g is an outcome @ in which
no player can strictly increase its utility by making a move,
1.e., there is no outcome @ suchthat @ — @'.

If there exists a function ® : A — R such that &() <
®(@') whenever @ — @’ then G is an ordinal potential
game and @ is termed an ordinal potential function for G.

Whenever A is finite, it is easy to see that every ordinal
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potential game has a pure strategy Nash Equilibrium [7].
Furthermore, starting from an arbitrary outcome d’, every
finite ordinal potential game converges to a Nash Equilibrium
through a finite improvement path. In particular, any best
response dynamics, where at each step an arbitrary selfish
player plays its best-response strategy, always converges to a
Nash Equilibrium after finite number of steps [7].

If a social welfare function W : A — R is defined
on the set of outcomes of a game. We compare the social
welfare obtained by Nash equilibria to the optimum W* =
max {W (@)@ € A}. The price of anarchy (PoA) of such
a game is defined as the ratio of the optimum to the perfor-
mance of a worst NE, i.e, POA(G) = min{w(%‘% RaNE]
Similarly, the price of stability (PoS) is obtained by compar-
ing the optimum to a best NE.

In the following lemma we give a sufficient condition to

guarantee that a game is an ordinal potential game. This
condition requires a finite family of functions to be defined
on the set of outcomes of the game. Specifically, the condi-
tion requires that in every selfish move of some player, the
minimum of the function values affected by the move strictly
decreases.
Lemma 1: Let G = (n, A, u) be a strategic game, J be a set
of indices with functions h; : A — R (j € J). If for every
two outcomes @, @ of g such that @ — @’ there exists
) € J C J such that

1) min {h;(d jej}<mm{h (_>/)|]EJ},and

2) hj(d') = h;(@)foreveryj € T\ J,

then G is an ordinal potential game.
Proof: Let h7 (@) be the multiset {h;(@)|j € J}, and let
I (@) be the vector containing the | 7| values in hy (@),
sorted in non-decreasing order. Let also < denote the lexi-
cographic order on RV, and Z < 7 denote the fact that
7= 7 and 7 =+ 7

Let @ and @ be two outcomes of G such that @ —
@' for some player i € [n]. Then, there is a set § C
JgcJ that satisfies the premises of the lemma. Let x =
min {h Wied } k< (resp. k—) be the number of entries
of ﬁ(?) that are strictly less than (resp. equal to) x. Then
the first k. entries of % (@) and 7(7/) are identical. As of
the subsequent k- entries, the entries of 7 (7/) are greater
or equal than the corresponding entries of h_)(E)) Withj;t least
one entry being strictly greater. Therefore, i (@) < h (@),

implying that the rank of % (@) in the lexicographic order is
an ordinal potential function for G. O

Game Model: We start with an informal description of the
model and then proceed with formal definitions. In our model
we refer to the players also as clients each of which has
a demand of some global resource. In addition, there is a
set of suppliers each of which has a limited supply of the
resource. Every client connects to a supplier in order to
satisfy (possibly partially) its demand.
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The utility u; of a client ¢ when connected to a supplier
7 depends on the part if its demand satisfied by j and is
upper bounded by this demand. Note that in particular, this
models the case where the utility wu; is the supply it gets
from supplier j. This amount is determined by a) supplier
j’s current capability to satisfy a clients’ demands, and b) the
way client ¢ benefits from this capability. These two param-
eters are determined by two functions, one associated with
supplier j, and the other associated with client . We assume
that the capability of a supplier to serve a specific client
does not increase when additional clients are connected. This
assumption is realistic if the capacity or other characteristics
of a supplier do not change very often, i.e., during the game.
Therefore, we associate with supplier j a non-increasing real
distributing function §; that depends solely on the set of
clients currently connected to supplier j.

The benefit of client ¢ from the capability of j increases
with the capability of j until it reaches the demand of client
1. Therefore, we associate with client 7 a strictly increasing
benefit function f; that depends on the current capability of
the supplier. Client ¢ receives more of the resource whenever
the capability of supplier j increases unless its demand is
already satisfied. Finally, we note that the theoretical model
introduced in this section does not require a fixed capacity to
be defined for every supplier, despite the fact that capacities
are used for the sake of the examples. However, starting from
Section IV, we consider special cases of the model in which
such a capacity is defined.

The social welfare function of the system is a conical
combination of the individual utilities.

We thus have the following formal definition of a distribu-
tion game with strategy space A and with utility functions
u; determined by the distributing functions A and benefit
functions F.

Definition 1: A Distribution game is a tuple § =
(n,m,d, A, A, F) where

« n is the number of players (clients),

« m is the number of suppliers,

e d : [n] = RT is the demand vector with d; being the
demand of client i € [n],

e A = xT_, A, is the strategy space with 4; C [m] for
every client ¢ € [n] (i.e., client ¢ can connect to exactly
one supplier from A;). For an outcome d e A, we
denote by C; (@) the set of clients that are connected to
supplier j, i.e., C;(@) = {i € [n]|a; = j}. We denote
by D;(@) = Ycc,cadi the total demand of all
clients connected to supplier j.

o A = {4;|j € [m]} is the set of distributing functions
with every d; : 2["] — R being a monotonically non-
increasing function on sets of clients,

o F' = {f;|i € [n]} is the set of benefit functions where
every f; : RT — RT is a monotonically increasing
function.

o Moreover, §; is strictly decreasing unless all clients
connected to supplier j are saturated, i.e., if 5j(5>) =

6;(d") and C;(@) € C;(@) then f;(5;()) > d
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for every i € C;(d") where §;(@) is a shorthand for
5,(Cy(@))-
e u;(@) = min{d;, f;(5;(@))}, i.e., whenever client i

is connected to supplier 7, its utility u; is f;(9;(@)) but

no more than d;.
To give an example, let us apply the defined game formula-
tion to the instance given in Figure 3. Using the distribution
game notation (and omitting the name (7) of the outcome
in the figure) we have C; = {1,2}, Cy = {3,4}, D; =
dy + dy = 45, Dy = d3 + dy = 50. For this instance,
0; can be defined as the ratio of the capacity of supplier
J to the total demand of the clients connected to it, hence
6 = 3 = 2,6, = 2 = 2. Further, we define f;(z) =
d; - x for every client i. Then, the utilities of the clients are
Uy = min{dl,dl . 51} = 20, Ug = min{dg,dg . 51} = 10,
us = min {dg, dg . (52} = 4, Uy = min {d4,d4 . 52} = 16.

We note that the above formulation of distribution games

covers also the case in which the utility of a client is
an increasing function g of the resource allocated to it.
Consider a distribution game G = (n,m,d, A, A, F) in
which f;(8;(@)) is the resource allocated to client i by the
supplier j (where 7 = a;) Consider the distribution game
G = (n,m,d, A, A, F") where d; = g(d;) for every i € [n]
and F' = {f!|i € [n]} with f/ = g o f; for every ¢ € [n].
Indeed, G’ is a distribution game since, g and f; being strictly
increasing functions, f! is so. Moreover, the utility of client 4
in an outcome @ of G’ is

= min{d,, £/(6;(@))}
= min{g(d:), g(fi(8;(@)))}
= g(min{d;, £;(5;(@))}) = g(us(@))

where ui(E)) is the resource allocated to client ¢ in the
same outcome of G.

(@)

Relation with Congestion Games and Distributed Welfare
Games: In a congestion game the strategy of a player is to
connect to a subset of given facilities. The cost of a client is
the sum of the costs of the facilities it is connected to, and the
cost of a facility is a (non-decreasing) function of the number
of clients connected to it. In a single selection congestion
game a player can be connected to only one facility. We note
that when we set d; = 1 and f;(z) = « for every client ¢ in a
distribution game we get a single selection congestion game
of which the congestible items are the resources of our game.
In the next section we prove that every distribution game is a
potential game. A result presented in [7] states that with every
potential game there exists a congestion game with the same
number of players. However, for our case this result implies
a congestion game with n - m possible strategies for every
player. Therefore, this result does not imply a congestion
game where the set of congestible items is the set of our
suppliers.

In a distributed welfare game, players can contribute to any
subset of resources. The set S of players that contribute to a
resource 7 produces a welfare W,.(S) in resource r where
W, is a sub-modular function. In other words, the marginal
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contribution of a player is a non-increasing function of the
set of other contributors. Formally, W,.(S U {i}) — W,.(S) >
W, (T'U{i}) — W,.(T) whenever S C T'. Contributor ¢ € S
gets a utility of f,(i,S) where f, is the distribution function
(protocol) at resource r. Such a protocol is termed budget-
balanced if the sum of the utilities received by the contribu-
tors is equal to the welfare produced in this resource. A set
of protocols is scalable if whenever the welfare generation
functions of two resources are identical, then their utility
distribution functions are identical.

If we consider the total distribution of a supplier as the
welfare generated, we get that our utility functions are,
by definition, budget-balanced, and scalable. Moreover, our
requirements from f and ¢ imply that the welfare function
is sub-modular. Therefore, a distribution game is a single se-
lection distributed welfare game. Moreover, our distribution
functions are separable, i.e., the utility received by player ¢
is max f;(9;(S)) as opposed to a distributed welfare game
in which f is not necessarily separable. In this respect the
family of distribution games is a sub-family of the family
of single selection distributed welfare games. Though, in the
next paragraph we argue that our results are incomparable
with the results in [9], i.e., none of the results implies the
other.

In [9] it is shown that a single selection distributed welfare
game admits a NE provided that the game satisfies three suf-
ficient conditions. The analysis of the price of anarchy clearly
depends on the same conditions since the very definition of
Price of Anarchy requires the existence of a NE. One of
these condition is the existence of a total order between the
players. More specifically, player ¢ is said to be stronger than
player j if the utility that 7 gets from a resource r with a
contributor set S is always greater than or equal to the utility
of player j under the same circumstances, for every resource
r and every set of players S. Clearly, the "is stronger than"
relation is transitive. However, it is also required that for any
two players 4 and j, either ¢ is stronger than j or the other
way around, i.e., the mentioned relation is a total order. We
finally note that a distribution game does not impose this
condition. Such a total order does not necessarily exist since
the functions f; are arbitrary increasing functions, and two
such functions are not necessarily comparable.

In [10] it is shown that if a distributed welfare game uses
a budget-balanced and scalable protocol, and also guaran-
tees the existence of a Nash equilibrium, then it must be a
weighted Shapley value. This makes the implementation of
such protocols computationally prohibitive. In the same work
the authors also present ways of addressing these problems.
On the other hand, the family of distribution games, being
more restricted, can use computationally simple, scalable and
budget-balanced protocols while admitting Nash equilibria,
as we will prove in the next section.

lll. EXISTENCE OF NASH EQUILIBRIA
In this section we show that every distribution game has
a NE. To this goal, we prove the following lemma that
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complements Lemma 1 and states that whenever a client
moves from one supplier to another it increases the minimum
of the § values of these suppliers.

Lemma 2: Let @ = @' be a move of player ¢ in a
distribution game. Then,

min {5,,(@), 6, (@)} < min {5%(7,)75%(7,)} .

Proof: Let j = a; and j' = a}, i.e., client ¢ moves from
supplier j to supplier 5. We have C’j(ﬁl) = C’j(ﬁ) \ {7}
and Cj/(@') = C;(@) U {i}. By the monotonicity of 4,
these imply

3;(@') <65 () ¢))

and 6;(d@) < 6;(d’). Suppose that the latter inequality
holds with equality, i.e., 54(7) = @(7'). Then we have
fi(dj(ﬁ)) > d; thus uz(é) = d;. This contradicts the fact
that ¢ moved from supplier j to another supplier. Therefore,

6;(a) < 6;(a"). 2)
Since the utility of ¢ increases after the move, we have
min {d, fi(6;(@))} < min{d;, i(3(@"))}

Therefore, f;(3;(@)) < d; and fi(6;,(@)) < f:(3;(@")).
Since f; is an increasing function, we conclude

5;(a) < 6;(a). 3)

We combine (1) and (3) to get 5j(5>) < 5j/(7/) < (5j/(7).
Thus
min {3;(@), 8, ()} = 6;().

We now combine (2) and (3) to get
6;(@) < min {8;("),0;,(")}

which together with the preceding equality concludes the
proof. g

By setting J = {a;, a}}, since 6;(@) = 6;(@") for every
j ¢ {a;,a.}, using Lemma 1 and Lemma 2 we get the
following corollary.

Corollary 1: Every distribution game is an ordinal potential
game.

We now present two families of distribution games by
defining the way a supplier j distributes its supply among
the set C’j(E)) of its connected clients, i.e., by defining the
functions 0;, j € [m] and f;,7 € [n].

o Demand-proportional distribution (Gpp): Supplier j

has a supply of x;. If Dj(ﬁ) < k; then every client
i € C;(d) gets a supply of u;(@) = d;. Otherwise,
client i € Cj (@) gets a supply of di%. Summa-

rizing, u;(@) = min {di,diD%r)}. Gpp is a distri-
J .

bution game since §;( 5

decreasing in C; (@), fi(z) = c]l7 -  is monotonically
increasing in x, and the utility of client ¢ connected to
supplier j is min {d;, fi(6;(@))}.

) = % is monotonically
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« Egalitarian distribution (Gg¢): Supplier j has a sup-
ply of k; which is distributed among the clients in
the following iterative procedure. The capacity is dis-
tributed equally among the connected clients until the
capacity is completely distributed or some client be-
comes saturated. The remaining capacity is distributed
equally among the non-saturated connected clients un-
til the capacity is completely distributed or a client
becomes saturated and so on until either the capacity
is completely distributed or all connected clients are
saturated. Formally,

8;(@) =
ke if D (@) < k;
{ max {x| Y i o5
The utility of client i € C'j( ) is min {d;, 8;(@)}.

Having already observed that Gpp is a distribution game,
we proceed to prove the relatively less obvious fact that G
is also a distribution game.
Theorem 1: Ggq is a distribution game.
Proof: Clearly, f;(z) = x is monotonically increasing. It
remains to show that §; is monotonically non-increasing and
it 8;(a@) = 0;(d”) andC( ) C C( ') then 6;(d) >
d; for every i € Cj(@'). Assume that @ C @ . Clearly,
D; (7) < D; (7 ). We first prove the followrng claim.
Clazml o;(d ) < k; if and only if D;(@) > k.
Proof: If 5 (d) < kj, we have D;(@) > k; by the
definition 0f ;. To prove the other drrectlon assume for a
contradiction that D;(d@ ) > k; and 6;(@) > iy, Then
Dicc; (@) mrn{dl,é (d )} < kj, thus mln{dz,é (d)} <
Kj for every i € C;(d). Since &;(d) > > 1> we have
min {d;,d;(@)} = d; for every i € C;(@). Therefore,
Dj(ﬁ) = Zzecj(ﬁ) d; Zzecj(ﬁ) min {dz,‘sj(?)} <
k;, a contradiction. O

We now consider three disjoint and complementing cases:
e D;i(@) < Dj(d') < rj: Then, d; < k; for every

i€ Cj(ad). Furthermore by definition of §;, we have
6;(d) =0;(d") = k;. We conclude that f;(6;(a")) =
filkj) =r; > d; foreveryz e c;(adh.

e Dj(d) < r; < Dj(@): By Claim 1, we have
§;(d") < rj=6;(a

e k; < D;i(d) < Dj(@): In this case we will show
that @(é’) < §;(@). Assume for a contradiction that
6;(d) < 6;(d'). We have

min {di, (5](7)}

«
m
QQ
—
8l

< min {di,&j(ﬁ/)}

< min {di,éj(ﬁ/)} < Kj

«
m
NQ
—
8l

i
2
s

where the last inequality follows from the defi-
nition of ;. Since the left hand side is contin-
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ymin {d;, z} < nj} otherwise.

uous in &;(@), there exists ¢ > 0 such that
Zzec (@) min{d;, §; (@) + €} < k;. This contradicts
the definition of 0.

O

The theoretical results presented in this section suggest
that in the UPN scenarios where the capacity of suppliers are
distributed equally as in Figure 2 or distributed proportional
to the client demands as in Figure 3, convergence to a NE
is guaranteed by best response dynamics, where the clients
update their decisions (on which supplier to connect) via
local search. Note that, this result can be extended for other
scenarios where the supplier capacity is distributed using a
different function, as long as the resulting game is a distribu-
tion game.

IV. PRICE OF ANARCHY AND PRICE OF STABILITY

In this section we analyze the efficiency of the equilibria
whose existence is proven in the previous section, under
some plausible assumptions. We start with definitions regard-
ing these assumptions.

Definition 2: A distribution game G = (n,m,d, A, A, F) is
identity-independent if the function J; does not depend on
the set of players in C} ( ) but only on their demands, and
the function f; does not depend on 4 but only on d;. We use
the term identity-independent to distinguish it from the term
anonymous used in [9] for set functions that depend only on
the number of players in the set.

The game G is non-keeper if every supplier j has a supply
of kj such that } ;o () ui(@) = min {D;(), x;}.

Clearly, Ggc and Gpp are non-keeper and identity-
independent.

We consider social welfare functions that are conical com-
binations (weighted sums) of the utilities of the players, i.e.
W(a@) = 3", \ui(@) where \; > 0 for every i € [n].
Such a function is relevant, for instance, in the case where
clients pay different prices per unit demand. We assume
without loss of generality \; > --- > A, = 1. Otherwise
we can rename the clients such that the coefficients A\ are
sorted and then scale them such that the smallest coefficient
becomes one. This changes the social welfare function by a
constant factor and thus does not affect the price of anarchy
and price of stability which are defined as ratios of this
function. For a subset C' C [n] of clients we define the social
welfare due to C' as We () = Yice Xiwi ().

In order to analyze price of anarchy and price of stability,
we have first to provide an upper bound the social welfare.
This is done in the following observation.

Observation 1: Let C = {iy,...,ix} be aset of k < n
clients, with i; > ... > 7. Then, the total utility of C' is

e at most d¢, and

e at MOSt K[minfk,m}] (i.6. the sum of the largest
min {k, m} capacities). This bound is attained when the
clients are matched to the first & suppliers, and the utility
of each client is equal to the capacity of its supplier.
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« Moreover, the social welfare due to C' is at most \;, k1 +
-t >‘imm{k,m} Kmin{k,m}-

We have now to provide a way to compare any NE against
the bounds just introduced. For this purpose we prove that
in every NE, the excess capacity of every supplier is at most
the utility of any non-saturated player. Specifically, denoting
by ex;(d) I max {0,r; — D;(@)} the excess capacity
of supplier j in an outcome @ we prove:

Claim 2: Let G be an identity independent, non-keeper dis-
tribution game, and let @ be a NE of g Then ex](ﬁ) <
u; (@) for every client i not saturated in @ (i.e.,u;(@) < d;)
and every supplier j.

Proof: Let i be a client that is not saturated in @ and a;
be its strategy. Since G is non-keeper, we have exai(ﬁ) =
0 < wu;(@). Assume for a contradiction that there is a
supplier j # a; such that eﬁ(ﬁ) > u;(@). Let @' be
the outcome obtained from « by ¢ changing its strategy
to j. If u;(@') = d; we have u;(@’) > wu;(d) since i
is not saturated in @. This contradicts the fact that @ is
a NE, thus ul-(?/) < d;. Since g is non-keeper, we have
ex;(@’) = 0. Since Cj(ﬁ) c C’j( N, d; is non- 1ncrea51ng,

and f; is increasing, we have uy (@') < uy (@) for every
i’ € C;(d). Then
—7 —/
w(d') = kj— Z uy (")
i€C; ()
> he Y wl@)
i€C; ()
= ex;(@) > ui(@) @)
contradicting the fact that @ is a NE. |

In the next Lemma we provide an upper bound to the price
of anarchy, by partitioning the clients into two sets, namely
the saturated ones and the rest. In this way we can bound
the social welfare of the saturated and unsaturated clients
separately using different bounds from Observation 1 and
then combine the bounds.

Lemma 3: The price of anarchy of every identity-independent
non-keeper distribution game is at most 1 + A;.

Proof: Let G be an identity independent, non-keeper distri-
bution game, and let @ be a NE of G. We first introduce
some notation. Denote by s ¢ {Z € [n)|ui (@) = d;} be
the set of clients that are saturated in @. Let F be the set
of supplie}rcs to which the rest of the clients are connected,
ie. F

do def ZlGC d; their total demand Similarly, for a set P of

U;¢s {a;}. For a set C of clients denote by

suppliers, we denote by p = Z < p kj their total capacity,
and by Dp(d) = >jerDj i(d ) the total demand of their
clients. Without loss of generahty we assume K1 > ... >
Km.- Note that, since G is non-keeper, we have

> uil(@) < kp, )
¢S
i.e., the total utility of the non-saturated clients is less than or
equal to the total capacity of their suppliers. We now show an
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important property of a NE that we will use to conclude our
proof.

Consider an optimal outcome a" of G. Clearly, for every
client i € S we have u;(@ ") < d; = u;(@). Therefore,

=S nw(@) <3 hu(@) = We(@).

= icS
(6)

In the sequel we consider the utilities of the unsatu-
rated clients, i.e., those clients i ¢ S. Let S = [n] \
S = {it,...,ip_ys} with iy < --+ < i,_|g). Let also
n' = min {m,n — |S|} be the smaller among the number
of clients that are not saturated in @ and the number of
suppliers. By Observation 1 we have

WS S nz
= Z >\17 Kj + Z )\17 kj

JjeEMN\F JEMINF

= Z )‘ij(Dj(ﬁ)Jrexj(E> Z Ais K

JEMN\F JEMINF
< A D[n’]\F Z Ai 61’] )+ /\Uﬁ:[n’]ﬁF
JeMN\F
= )\1 (D[n’]\F( )+I€ ’]ﬂF Z )\1761’3 )
JEMN\F
< DY u(T) Z Ay i, (0 )
i=1 n\F
< A1W(7)+W§( ) ®)

where (7) is obtained by observing that the second term is the
total utilization of the suppliers in F', the first term is the total
utilization of other suppliers, and using Claim 2 for the third
term. Combining inequalities (6) and (8) we obtain

W(@") < (14+A)W(Q) ©)
as claimed. O

Note that the game is identity-independent but the social
welfare is identity-dependent. In other words, the game is
played without identities, thus regardless of the coefficients
i, whereas the social welfare is measured using these coef-
ficients. For this reason, a POA of \; seems inevitable. In the
rest of this section we show that the above bounds are tight in
the sense that there exist distribution games that attain these
bounds. N
Lemma 4: For every € > 0 there exist a coefficient vector A
and an identity-independent, non-keeper distribution game G
with POA(G) > PoS(G) > 1+ A\ —e.

Proof: Let n > 2/e, € % > 0 and let G

(n,m,d, A;A,F) be an identity-independent non-keeper
distribution game where every client 7 has a demand of d; =
1, k1 = land k; = 1/n — € forevery j € [2,n]. The social
welfare is >, ui (@), ie., \; = 1 forevery i € [n]. We
first prove that the strategy of every player is 1 in every NE,

9
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implying that G has a unique NE. Suppose that the strategy
of some player i is a; # 1. Then u; (@) < 1/n — ¢ < 1/n.
On the other hand for the outcome @ obtained from @
by i changing its strategy to 1, we have Di(d@’) < n.
Since G is identity-independent and non-keeper, we have
wi(d') > 1/n > u;(d), contradicting the fact that @ is
a NE. Therefore, the utility of every player is 1/n in the
unique NE, for a social welfare of 1. An optimal outcome

* is obtained when the strategy of client i is 4. In this
case u1(@") = 1 and u;(d”) = 1/n — € for every client

i € [2,n]. We have
1
l+(m—1)(=-¢
+n-n(5-¢)

1 €
= 2———(n-1)=2-->2—¢
- (n—1)e 5 €

w(d™)

O

For a UPN where the client utilities are aligned directly
with the obtained data rates, the theoretical results presented
in this section suggest that the aggregate data rate obtained by
the clients in any equilibrium is at least the half of the optimal
value. In practice, usually this gap is much lower as will be
shown in the next section. Valuation per unit bandwidth may
be different for different clients. In this case, the ratio of the
optimal social welfare to the attained one does not exceed
one plus the ratio of the largest valuation to the smallest one.

V. APPLICATION TO UPN AND NUMERICAL STUDY

In this section we first describe implementation of the pro-
posed scheme in UPN systems. Then we present a numerical
study involving simulations in the UPN context that is carried
out in order to examine the outcome of the proposed distribu-
tion game and also a generalization of it in which the demand
of a client may vary from supplier to supplier.

A. UPN IMPLEMENTATION

In order to realize the proposed scheme in a UPN setting,
some moderate assumptions should be made. Although the
proposed study can be adopted to inband D2D communica-
tions where both cellular and D2D links use same licensed
spectrum, we assume outband D2D communication such that
the suppliers and the clients communicate via unlicensed
spectrum such as WiFi or Bluetooth. This approach is used
by already deployed UPN implementations such as Karma
[59] and Fon [60] which are all based either on a specially
designed hardware (WiFi router) or a special firmware (en-
ables the device to emulate a WiFi router) equipped with
some capacity sharing features. In such a setting a WiFi
router may associate a maximum capacity with each of its
connected clients so that a supplier can share its capacity
among its connected clients according to our scheme. A full-
stack software solution as in the case of M-87 networks [58]
is also possible, which leverages smartphones for routing and
bridging the data paths, by efficiently and fairly utilizing the
outband D2D links.

10
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In a distribution games, every client needs to know the
demands of all other users that are connected to its potential
suppliers. In an operator-controlled UPN setup, all the clients
advertise their demands to the operator via a supplier. Then,
demands of the other users could be obtained from the
operator. In an autonomous UPN setup, an additional two-
step communication protocol has to be implemented between
the users. We may describe a node and strategy discovery
protocol as follows. In the first step each client advertises its
demand to the suppliers in its range. In the second step, i.e.,
upon collecting all demand declarations, the suppliers share
this information with their possible clients in their range. At
this point, each client knows others’ demands and strategies.
Also during the game play whenever a client connects to
or drops from a supplier, the relevant supplier informs other
possible clients so that clients may try to change their suppli-
ers accordingly. Node discovery and communication between
clients and suppliers can be handled via Bluetooth, WiFi
direct, or any device-to-device communication technology.

In the rest of this section, we describe the simulation
setup details and the performance results obtained by this
numerical study. We simulate clients playing best response
dynamics and examine the social welfare attained by the re-
sulting equilibria in different network setups. We considered
only the unbiased social welfare case, i.e., the case of A\; = 1.

B. SIMULATION SETUP

Network and demand generation: The network generation
routine that generates the sample networks is passed the
following parameters: a) number of gateways, b) number of
clients, ¢) lower and upper bounds on the bandwidths offered
by the gateways, and d) lower and upper bounds on the
clients” demands. As for the first two of these parameters, we
generate 5 networks comprising of 3 gateways and 6 clients,
5 gateways and 12 clients, 10 gateways and 24 clients, 15
gateways and 36 clients and 20 gateways and 48 clients.
These networks are referred as small, medium, large, very
large, and huge respectively, in Table 3.

The demands of the clients and gateways are chosen uni-
formly at random between the respective lower and upper
bounds. In the first scenario which is referred as high demand
variance in Table 3, clients’ demands (d;) are picked from
a wide range (1 Mbps to 65 Mpbs). In the other scenario,
referred as low demand variance clients’ demands are picked
from a narrower range (56 Mbps to 65 Mbps). In both scenar-
ios the capacities (x;) of the gateways are chosen uniformly
at random from the range 56 Mbps to 65 Mbps. In this way
we simulate both random scenarios and scenarios in which
the clients have demands close to the gateways’ capacities.
These data rates reflect the supported capacities and expected
demands of modern handheld devices, smart phones, video
streaming applications, etc.

We consider two cases in our simulations. In Case 1,
the demand of every client is fixed. In this case, all the
clients play best response dynamics. In Case 2, we consider
a generalization of distribution games in which the demand
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TABLE 2. RSSI and Link Speed Relation in 802.11n [16].

RSSI(dbm) | Link Speed (Mbps)
-82 6.5
-79 13
=77 19.5
-74 26
-70 39
-66 52
-65 58.5
-64 65

of a client depends on the gateway to which it is connected.
In other words, client ¢ may not be able to get its demand
d; at any gateway j even if that gateway’s capacity exceeds
d;. This can be due to distance, obstacles and disruptions in
the network. If the maximum data rate that can be transferred
from gateway j to client 7 is I2;;, then the maximum satisfi-
able demand of client ¢ from gateway j is defined as

We relate R;; to the distance between client 7 and gateway
7 as follows. First we compute received signal strength indi-
cator between client ¢ and gateway j (RSSI;;) in dBm by
the following formula [15]:

RSSIU(dBm) = Pij — 10« IOglo(dij) — OAF (11)

where P;; is the power level to send data from client 7 to
gateway j, d;; is the distance in meters between the client and
the gateway, « is the channel attenuation factor and OAF is
the obstacle attenuation factor. We used P;; = —37dBm,
a = 2 and OAF = 1.5 in all simulations. RSST levels are
then converted to link speed (I2;;) according to Table 2.

Throughout all simulations an area of 150 x 150 meters
is assumed and all nodes are scattered over that area in a
uniformly random fashion. 5 different samples were created
from each type of network in Table 3.

The network topologies generated for simulations are sum-
marized in Table 3. Topologies are created for distribution
games and generalized distribution games, for networks with
different numbers of nodes, and finally for situations where
the variance between clients’ demands is low and high.

TABLE 3. Simulation Scenarios.

Network Size | Demand Variance | Case 1 | Case 2
small high S-V-1 S-V-2
small low S-D-1 S-D-2
medium high M-V-1 | M-V-2
medium low M-D-1 | M-D-2
large high L-V-1 L-V-2
large low L-D-1 L-D-2
very large high V-V-1 V-V-2
very large low V-D-1 V-D-2
huge high H-V-1 H-V-2
huge low H-D-1 | H-D-2

Simulation: Finding a Nash equilibrium is a hard problem in
general [13], [14]. However we do not know the hardness
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of the problem when restricted to distribution games. Our
numerical study aims to determine best and worst Nash
equilibria of the proposed scheme for practical instances. For
this reason we take two different approaches:

For networks with a small number of nodes, Nash equilib-
ria are sought in the entire strategy space. This method gives
precise results for small networks but its use for networks
with a large number of nodes is impractical due to the size of
the strategy space.

For large networks, initially clients are connected to gate-
ways randomly and then a best response strategy is played
in random order until a Nash equilibrium is reached. This
process is repeated 20 times for each network. The best
and the worst (in terms of total bandwidth) Nash equilibria
among the results of these 20 runs are used for comparison.
We computed the averages of the first 5, 10, 15 and 20
runs and observed that the results do not exhibit significant
changes. We therefore used the results of 20 runs as a good
approximation to the true minimum and maximum.

Optimal solutions are needed as a basis for comparison. In
order to find an optimal solution, the integer linear program
(12) - (16) is generated for each sample network.

maximize Z Uy (12)
S.t.
uj < dijig, Vi, (13)
Zuij < Ky, V) (14)
oay o= 1 Vi (15)
J
zi; € {0,1} (16)

where u;; is the utility of client ¢ obtained from gateway j,
x;; 1s an indicator variable that indicates whether client i is
connected to gateway j, ; is the capacity of gateway j, d;;
is the demand of client ¢ from gateway j.

We used the Egalitarian Distribution (Gg¢) throughout all
simulations. This is because the Egalitarian distribution aims
to make use of the whole capacity of gateways and assigns
this capacity to the clients fairly, whereas the Demand-
proportional distribution (Gp p) favors the clients with higher
declared demands.

Evaluation: The performance evaluation is based on two
different criteria: a) the total utility, and b) the Jain index [12].
The total utility is the bandwidth made available for use by
the clients. Data rates of each client and the total utility of the
sample network obtained as the result of the linear program
are compared against the results of the proposed scheme.
The Jain index is a metric that measures the fairness of the
distribution of the available bandwidth among the clients.
Specifically,

2
(T w)
- n

ny iy “12

where u; is the bandwidth allocated to client .

J(ug, ug, ..y Up) a7
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Two types of Jain indices are computed for each of the
optimal solution and two Nash equilibria. The first Jain
index is based on the bandwidth obtained by each client.
The second Jain index is based on the ratio of the obtained
bandwidth to the demand (of that client). The first Jain index
measures the fairness of the bandwidth distribution from the
perspective of a network operator, while the second measures
the fairness from the clients’ perspective.

C. RESULTS
In this section we present the results obtained by the experi-
ments presented in Section V-B.

Price of Anarchy (PoA) and Price of Stability (PoS) are
important criteria for the evaluation of the performance of
our schemes. For this purpose, an optimal, a best Nash
equilibrium and a worst Nash equilibrium (all in terms of
total network payoff) are needed. Figure 4 shows total net-
work payoffs of all simulation scenarios (according to the
classification in Table 3).

At first glance both distribution games and their general-
ized version perform almost as good as optimal solutions. In
order to better examine the results some metrics need to be
considered. Two of them are obviously the POA and the PoS
of the simulation scenarios.

In Table 4 the estimated POA and PoS of first two scenar-
ios are listed. For larger networks, ILP based solutions take
too much time to run and thus do not lead to optimal solutions
in reasonable time. For this reason, our solutions could not be
compared to optimal ones in large networks. In all scenarios

TABLE 4. Simulation Scenarios Compared.

PoA | PoS
S-V-1 1.15 | 1.03
S-D-1 1 1

S-V-2 1.26 | 1.07
S-D-2 1.12 | 1.05
M-V-1 | 1.12 | 1.03
M-D-1 | 1.07 | 1.03
M-V-2 | 1.06 | 1.02
M-D-2 | 1.07 | 1.01

the POA is close to 1 except one scenario (S-V-2) in which the
PoA is 1.26. The PoS is very close to 1 in all scenarios. This
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indicates that both distribution games and their generalized
version introduced in this study converge to near-optimal
Nash equilibria despite the lack of centralized control. In
other words, when the nodes in the network play selfish best
response strategies, the resulting connection graph will yield
a good performance and will not cause severe degradation in
the network payoff. Simulation results show that the POA and
PoS are much lower than the tight theoretical upper bounds
(given in Section IV) in real world UPN deployments. We
exclude results for larger networks since problem space for
Ip solvers are huge and in most of the experiments best Nash
equilibria yield better results from the Ip solver.

The obtained fairness values, i.e. one from network oper-
ators’ perspective and another from subscribers’ perspective
are shown in Figure 5 and Figure 6, respectively, in terms
of the Jain index. These indices show that, in this aspect,
our scheme outperforms the ILP based optimal solution (that
does not consider fairness as an optimization criterion) while
still maintaining near-optimality.

Since the Egalitarian distribution rule aims both to dis-
tribute all available bandwidth and to make it fair among
users, the reached Nash equilibria resulted in near-optimal
solutions in terms of both fairness and network payoff.
When deployed to UPNSs, distribution games allow easy
adaption to connection changes. Whenever a node (gateway
or client) joins the network other nodes may discover the
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newcomer and clients may change their connections accord-
ing to the new situation. Thus the connection graph may start
to evolve automatically until it reaches an equilibrium after
some best/better response steps. The above holds also for
the removal of a node from the network. The distribution
function included in distribution games prioritizes fair band-
width sharing since it distributes the bandwidth considering
bare minimum values according to clients’ demands. While
prioritizing fair bandwidth sharing, the distribution function
also tries to distribute all available bandwidth, thus trying
to maximize the bandwidth usage. Based on the preceding
discussion, it can be said that distribution games can be
used to establish simple, and self-adapting UPN mechanisms
that are efficient and fair from both clients’ and operator’s
perspective. An important metric to consider when using
best response dynamics is the time of convergence, i.e.,
the number of steps it takes the network to converge to an
equilibrium. In Figure 7 network sizes versus the number
of steps to converge is depicted for different scenarios. V-
1 and D-1 represent networks with high and low demand
variance clients, respectively, for Case-1. Similarly V-2 and
D-2 represent networks with high and low demand variance
clients for Case-2. For all scenarios, the number of steps
to converge increases almost linearly with the network size,
and the maximum number of moves per client is less than
10 in all scenarios, thus demonstrating the effectiveness of
our scheme. Our simulations aims to be compatible with real
UPNs and cover a wide range of parameters. The data rates
used in the numerical results are generated with respect to
RSSI which is based on the distance between the gateways
and clients. This technique follows a common practice in
the literature thus the chosen distances between nodes and
the dimensions of the simulation area are not arbitrary. The
demands of the clients are picked from data rate ranges that
are encountered in daily applications. The 1-65 Mbps range is
quite acceptable considering the need for flawless operation
of contemporary applications. Also, contemporary devices
support these data rates. In the networking context UPNs may
consist of various numbers of nodes thus we started from
small networks and increased the number of nodes in the
simulations in order to cover networks with different sizes
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to demonstrate the effectiveness of our scheme.

VI. TRUTHFUL DISTRIBUTION GAMES

We note that the game Gpp does not provide a truthful
mechanism. Whenever the utility of a client is less than
its demand, i.e., when the overall demand of its connected
supplier exceeds its capacity, it can get a bigger share of this
capacity by declaring a demand that is higher than the true
one. On the other hand, Gg is truthful, since a client cannot
increase its share of the capacity by untruthfully declaring a
different demand.

In this section we formalize this notion, characterize the
functions ¢; and f; that lead to a truthful distribution games
and verify this characterization on these two game families.
For this purpose we define a variant of the model in which
the demand d; is not a constant, but part of the strategy of
player i. Specifically, the strategy of player ¢ is a supplier j
and a demand d;.

We denote by d; the true demand of player i and by 7
the vector of demands declared by the clients. The utility of
player ¢ is

wi(@, d) = min {di, fi(di,85(, 7))} . a8)

Note that this requires

« the functions f; to possibly depend on d;, and

« the functions d; to possibly depend on j
Note also that the utility of a player is bounded by its true
demand as one would expect.

In this discussion we consider Smooth Distribution Games
in which the functions f and & above are continuous and
differentiable with respect to every d;. We assume that §; is
monotonically non-increasing in d; for every i € [n], i.e., if
a client connected to supplier j increases its demand then 0,
does not increase. Note that this behaviour is consistent with
the case of a connection of an additional client. Thus we have
g—gi < Oforeveryi € [n], j € [m].

We say that a smooth distribution game is truthful if
the utility of a client does not increase by playing a value
d; > d;. A family of functions f; and d; is truthful if every
smooth distribution game using these functions is truthful.
Whenever values of the other parameters are fixed, we refer
to fi(d;,d;(d, 7)) as a function of d; only. We now give
a necessary and sufficient condition for the truthfulness of a
family of functions.

Lemma 5: A smooth distribution game is truthful if and only
if f/(d;) < 0or fi(d;) > d; for every outcome (@, d ) and
i€n],je[m].

Proof: Suppose that there exists an outcome (7, 7), a
player ¢ € [n] and a supplier j € [m] such that f/(d;) > 0
and f;(d;) < d;. Suppose also that d; = d;. Then player i
can increase its utility by setting d; to d; + € for a sufficiently
small € > 0. The game is thus not truthful.

Conversely, suppose that the the game is not truthful. Then

!/
there exist two outcomes (@, 7) and (@, d ) in both of
which some client ¢ is connected to the same supplier j, and
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!/
the vectors 7_ and 7 differ only at the ¢-th entry with d; =
d; and d; > d; such that

min {Ji, fl(az,)} < min {c?i, f,(d;)} .
Then

< fildy)
< d;. (19)

fi(di)

fi(di)
By the mean-value theorem, there exists d’ € (d;,d})
such that f/(d”) > 0. If fi(d") < d” then
the claimed condition holds for d”. Otherwise, let
d" = inf{d € [d;,d']| f;(d) = d}. Since f; is continuous,
fi(d”) = d” > d;. By the mean value theorem, there exists
d" € (d;,d") with f/(d"") > 0. By the choice of d” and
the continuity of f; we have f;(d”") < d". Thus the claimed
condition holds for d"”’. O

We now apply Lemma 5 to the smooth variants of Gpp
and Geg.

Consider an outcome of Gp p such that at least two clients,
one of them being ¢, are connected to supplier j. Let also
choose k; < d; = d;.

dfi _ Of

dd; — 9d;

0fi 98;
85, ad;
95, 5,(a,d)
- 6»(7,7)+di—’:6<(7,7)—diﬁj ’
’ 8di ’ DJ(E)v )

= 6,(d, d) (1 - T%ﬁ >0

where the last inequality uses the fact that there are at least
two clients connected to j, thus d; < D, (d, d). Since Kj <
d; = d_j we have f;(d;) < d;. We conclude that Gpp is not
truthful.
For Gg we have
dfi  0fi  0fi 09;

a5,
dd, ~ ad, " a5,04, " 1o,

<0.  (20)

for every outcome (7, 7) Therefore, Gp¢ is truthful.

VIl. CONCLUSION AND OPEN PROBLEMS

In this study we introduced a game theoretical model both
keeping total network payoff and fairness in mind. These
two concepts are important from both network operators’ and
subscribers’ point of view. Seeking for a Nash equilibrium is
conceptually a distributed greedy solution method which may
result in non-optimal solutions but this turns out not to be the
case in this study.

We now discuss how our model achieves the goals stated
in Section I. Since our games do not require any coordination
between clients (such as coalitions), they are easily imple-
mentable in a distributed environment. We introduced two
games that fit into this model, namely the Egalitarian and
Demand-proportional distribution games. We note that the
Demand-proportional distribution is simpler to implement,
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since in this case it is sufficient that every supplier advertises
its (fixed) capacity and the currently used capacity. On the
other hand, Egalitarian distribution requires every supplier to
advertise the demands of all its connected clients. The defini-
tion of distribution games allows for the restriction of the set
of suppliers a client can be connected, thus making our games
a good fit to a dynamic environment in which the potential
connections between clients and suppliers vary in time, or
alternatively when such connections may be restricted by the
operator according to various policies. Simple best response
dynamics can be played in both operator-assisted and au-
tonomous UPNs in distributed setups. Other solutions such as
solving the connection graph either in a distributed or central
manner are more costly such that they involve exploring the
whole connection graph with all capacities and demands,
sharing the connection graph to solve in a distributed or
central manner, and assigning the data rates of each client.
Also node addition and removal requires re-computation of
above steps which is not the case in our scheme.

We conclude with further research directions related to
our work. The upper-bound to the number of steps to con-
vergence implied by Lemma 1 is 2. This bound is appar-
ently tight for both our distribution schemes, i.e. Egalitarian
and Demand-proportional. However, if the set of possible
demand values is small, say a constant ¢, we can lower the
number of steps to as low as (3:]. In this work, we did not
consider the time-to-convergence of these games.

We provided a simple characterization of the smooth (con-
tinuous and differentiable) functions d; and f; that always
lead to truthful distribution games. Using this characteriza-
tion we have shown that the Egalitarian family of games is
truthful whereas Demand-proportional is not. The charac-
terization of non-smooth functions is an open problem. Our
functions do not use a payment mechanism. The introduction
of such a mechanism will possibly lead to a richer set of
truthful functions.

We now mention a few possible generalizations of dis-
tribution games: First is the case where the demand of a
client depends on the supplier. In this work we studied this
generalization only numerically. Our simulations reached
a Nash equilibrium in all simulations, by playing random
best response. An interesting open problem is to determine
whether or not this is always the case. Second, one can study
the Bayesian game family by considering the scenarios where
users may have incomplete information about other players’
demands and only have a prior belief on their types. Another
extension is the case when a client is allowed to be connected
to more than one supplier and divide its demand among these
suppliers. At the first glance, a strategy of this variant seems
to be a mixed strategy of the original game. However, this
is not the case since the dependence of the utility on the
demand is not necessarily linear, as opposed to the expected
utility of a mixed strategy whose dependence is linear in the
probabilities.
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