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ABSTRACT Graph coloring is one of the main optimization problems widely studied in the literature.
In this study, we propose a novel evolutionary algorithm called Integrated Crossover Based Evolutionary
Algorithm with its unique crossover operator and local search technique for coloring vertex-weighted
graphs. The integrated crossover operator targets to use the domain-specific information in the individuals
and the local search technique aims to explore neighborhood solutions using weighted-swap operations.
The performance of the proposed work is evaluated on synthetic benchmarks and DIMACS instances by
comparing it with leading evolutionary algorithms from the literature. The experimental study indicates that
our algorithm outperforms the related work in 71% of the test cases and achieves the same result in 17% of
the test cases provided in the synthetic benchmarks. The experiments performed on DIMACS benchmarks
denote that our algorithm finds the best number of colors in 70 out of 73 graphs, so the proposed work is
very successful in coloring vertex-weighted graphs within a reasonable amount of time.

INDEX TERMS Graph coloring problem, vertex-weighted graphs, crossover operator, evolutionary
algorithms, k-coloring.

I. INTRODUCTION
The theory of graph coloring deals with partitioning a set
of vertices to disjoint color classes under the condition that
no vertices sharing an edge can be assigned to the same
class. The objective of the classical graph coloring problem
is to determine the smallest color value k to obtain a legal
solution. The graph k-coloring problem (k-GCP) seeks to
find a feasible coloring of a graph for a given value of k.
If the solution is conflict-free, then a legal k-coloring can
be obtained. Graph coloring problem can be solved using
a series of k-coloring problems. Starting with a sufficiently
large k value, the k value can be decreased each time a legal
coloring can be found. This process is repeated until an illegal
solution is obtained. The objective of k-GCP is to minimize
the number of conflicting edges for a fixed k value.
There are numerous graph coloring problemswith different

objectives. The equitable coloring problem [1] involves a
legal coloring by assigning vertices to k independent color
classes where the number of vertices in these classes can
differ by at most one, whereas the minimum sum coloring
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problem has the objective of minimizing the sum of colors
assigned to the vertices. Weights can also be added to the
vertices in graph coloring problems [2]. Weighted vertex
coloring problem aims to obtain a legal k-coloring with the
objective of minimizing the sum of the costs of its color
classes. The cost of a color class is determined by the vertex
having maximum weight in the class.

Graph coloring problem is commonly used to model many
real-world problems such as scheduling, resource allocation
and register allocation [3]–[5]. Most of these problems have
limited number of resources. Since k-coloring considers a
fixed color value k, this value can refer to the number of
resources available in the system, thus k-coloring can be
used for the solution of these problems. In most of the cases,
the number of colors, k, may not be sufficient to obtain a legal
coloring, so some vertices will be uncolored. The importance
of the vertices may not be equal, thus a weight value can
be used to denote their importance. Our proposed work con-
siders k-coloring (k-GCP) problem using a vertex-weighted
graph with the objective of minimizing the total weight of
the uncolored vertices for a given k value. Vertex weighted
k-coloring problem uses an undirected and weighted graph
G = (V ,E,w), where V denotes the set of vertices,
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E indicates the set of edges and w is the set of weight
values of the vertices in V which emphasize their order of
importance. The objective of k-GCP is to color the vertices in
V using a predefined number of colors. If the given number
of colors cannot color all of the vertices, some vertices will be
uncolored. The uncolored vertices are defined as conflicting
vertices. The fitness function f (k) is equal to the total of the
uncolored vertex weights when a predefined number of k
colors are used. The objective of k-GCP is to minimize the
fitness value f (k).

The graph coloring problem is proved to be an NP-
Complete problem [6] and many heuristics for graph color-
ing problem [7]–[11], equitable coloring problem [12], [13],
k-coloring problem [14], [15], minimum sum coloring prob-
lem [16] and weighted vertex coloring problem [17] have
been proposed in the literature. In this study, we propose a
hybrid evolutionary algorithm [18] for the vertex-weighted
k-coloring problem. Our algorithm is called Integrated
Crossover Based Evolutionary Algorithm (InCEA) with its
novel crossover operator and local search technique. The
Integrated crossover operator groups maximum number of
non-conflicting vertices to the color classes of the offspring
with the successful usage of the problem-specific information
in the parents. Two randomly selected color classes from
the parents are merged to form each color class of the off-
spring incrementally. The conflicting vertices are thrown to
the pool and every time a new color class of the offspring
is created, the vertices in the pool try their chance to find
a non-conflicting color class. If there are vertices available
in the pool at the end of crossover operator, the local search
technique tries to place these vertices to one of the color
classes of the offspring using a weighted-swap operation such
that the fitness value is minimized.

In our experimental study, we compared our algorithm
InCEA with related work from the literature. The results
obtained from synthetically generated benchmarks and
DIMACS instances indicate that InCEA outperforms related
work in most of test cases with respect to the fitness values
and computation times. The performance of the algorithms on
73 DIMACS instances which are challenge graphs for graph
coloring problem, are also provided in this study. Since the
minimum number of colors needed to color the graphs for
these benchmarks have not been found in the literature, this
paper also reports the minimum number of colors used to
color these instances. As indicated in the experimental study,
our evolutionary algorithm can obtain the best results very
fast as compared to the algorithms in the literature in most of
the test cases provided.

The main contributions of this work can be listed as
follows:
• The Integrated Crossover Operator targets to use the
problem-specific information in the individuals with the
help of a pool and a search back operation.

• Weighted-Swap Operation in the Local Search Tech-
nique aims to explore neighbor solutions and increase
the chance to reach to the global optimum.

• No additional computation for the local search tech-
nique or fitness calculation is needed since the pool
already holds the uncolored vertex(es), so the algorithm
gets rid of the burden of exhaustive searches.

In the rest of the paper, we first present the related
studies and problem definition of k-coloring problem in
Section II and III, respectively. In Section IV, we explain the
components of our proposed work in detail. Next, we com-
pare and discuss the performance of our algorithm with the
algorithms from the literature on various test instances in
Section V. Finally, we summarize our proposed work and
give suggestions for possible future directions in Section VI.

II. RELATED WORK
Many real-world problems such as scheduling, register allo-
cation and resource allocation can be represented with the
graph coloring problem, where the vertices denote the objects
and the edges indicate the constraints. In all of these prob-
lems, there are limited number of resources (colors), so some
vertices will be uncolored. Weights can be added to the
vertices to denote their importance, and a vertex-weighted
graph can be used to model these problems.

In register allocation problem [19], the aim is to assign
maximum number of variables to minimum number of reg-
isters so that the variables can be accessed very fast by
the CPU. The problem can be represented using an undi-
rected graph, where the variables are denoted by the vertices,
the interferences between variables are denoted by an edge.
The objective of the problem is to minimize the number of
registers used (colors) and to select the variables that are
accessed less frequently, which can directly be applied to the
selection of uncolored vertices and calculation of the fitness
function in k-GCP [20].

Resource allocation problem can also be solved using
k-GCP. One of the most important resource allocation prob-
lems in computer networks [21]–[25] is the bandwidth allo-
cation in wireless networks. In this problem, the network with
its sensors can be represented as an undirected graph and
vertices, respectively. If the distance between any two sensors
is greater than a predefined threshold, these sensors cannot
share the same band, so their representative vertices are con-
nected by an edge. The objective of the problem is to allocate
minimum number of bands (colors) to all sensors. Also the
weight of the vertices denotes the quality of thePsensors.
Scheduling is a challenging problem for education [26],

computation [27], manufactory [28] and communication
[29], [30]. Generally, the problems focus on an element such
as a student, a production, an employee or a job with their
various attributes. The elements are denoted as vertices and
the conflicts between these elements are represented with
edges in the graph. The importance of the elements are
denoted with the vertex weights. Time, machines, resources,
vehicles are used as colors and the objective function can
be maximization of time efficiency, the utilization of the
resources etc. Therefore, the GCP is a good fit for scheduling
problems [31].
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Once the real-world problems are modeled with GCP,
many exact [32]–[34] and heuristic approaches [35]–[38]
can be used due to its NP-Hard complexity [6], [39], [40].
Although the proposed exact algorithms for solving graph
coloring problem [41] can find the best solutions for small
instances, they are expensive in terms of memory and time
consumption for large instances [42].

Evolutionary algorithm is one of the heuristic approaches
for the graph coloring problem [2]. Evolutionary algo-
rithms mimic the natural process with its crossover and
mutation operators. The algorithms concern a population
which keeps a predefined number of candidate solutions
which are denoted as individuals for a given vertex-weighted
graph [43].

In the literature, there are evolutionary algorithms that
solve the real-world problems which are encoded into k-GCP
such asHybrid EvolutionaryAlgorithm (HEA) [44] andCost-
oriented Memetic Algorithm (COMA) [45].

HEA and COMA create their initial population applying
three metrics which are proposed in [44]. The details of
these metrics are given in Section IV-A. Once the initial
populations are created, both HEA and COMA apply their
crossover operators to improve their individuals. The algo-
rithms select two parents from their population and combine
the color classes of these parents to create an offspring. The
selection of the color classes differ in these algorithms. HEA
uses conflict-free partition crossover (CFPX) which selects
the color classes having the maximum conflict-free vertex
subset. On the other hand, COMA selects the color class
having the conflict-free subset with maximum weight and
its crossover operator is named as cost-oriented crossover
operator (COPX).

The offspring created by CFPX or COPX does not guar-
antee to produce a conflict-free solution. HEA and COMA
apply the same local search operator which is proposed
in [44]. They select one of the conflicting vertices from a
color class of the offspring using the degree andweight values
of the vertices. Both algorithms visit all color classes to place
this conflicting vertex, and it is assigned to the color class
yielding the maximum decrease in the fitness value. The
number of iterations in this search phase is limited to 10% of
the total number of conflicts in HEA, whereas COMA has no
such limitation and visits all color classes for each conflicting
vertex in the offspring. Conflict-based and spill-cost-based
techniques are introduced in HEA, and the smallest fitness
value obtained from these two approaches is selected as the
fitness value of the offspring. Whereas, COMA uses conflict-
based, cost-based and metric-based techniques to calculate
the fitness value of the offspring.

III. PROBLEM STATEMENT
Let G(V ,E,w) be an undirected vertex-weighted graph,
where V and E are the sets of vertices and edges, and w is the
set of weight values of the vertices ∈ V . If V has n vertices,
the cardinality of w, |w|, is also n and E can have at most
n×(n−1)

2 edges, where 0 ≤ |E| ≤ n×(n−1)
2 .

Each vertex v ∈ V belongs to a color class Ci, which is one
of the disjoint independent sets of C = {C1,C2, . . . ,Ck},
1 ≤ k ≤ n.

If u∈V is adjacent to v∈V , then there is an edge {u, v} ∈ E
and u and v cannot be in the same color (1). This is called
legal or k-feasible coloring.

∀v, u ∈ Ci, {u, v} /∈ E, i = 1, 2, . . . , k (1)

For a given color class value k , the aim of the k-coloring
problem is to provide a color class for each vertex v obeying
(1) and obtain a feasible coloring. If v cannot be assigned
to a color class, then v is defined as a conflicting vertex and
becomes uncolored. In this case, the solution is infeasible and
the objective of the k-coloring problem is tominimize the sum
of weights of the conflicting vertices using f (k) (2).

minimize f (k) =
∑

w(v), v /∈ C (2)

IV. INTEGRATED CROSSOVER BASED
EVOLUTIONARY ALGORITHM
The general procedure of our GA-based approach is given
in Algorithm 1. At each generation of the algorithm, it per-
forms the Integrated Crossover (InCX), which is presented in
Algorithm 2. As part of the crossover operator, a search back
operation given in Algorithm 3 is performed. Based on the
output of the crossover operator, which is a single offspring,
our proposed work targets to improve the offspring with the
local search technique presented in Algorithm 4.

Algorithm 1 General Algorithm
Input: Graph G, population size p, number of color

classes k , number of iterations t
Output: Individual S∗ with the best fitness value
Pop = {S1, . . . , Sp} ← InitialPopulation()
for i← 1 to t do

Randomly select individuals Sx and Sy from Pop
where x 6= y
S0, Pool← CrossoverOperation(G, k, Sx , Sy)
if Pool 6= ∅ then

S0← LocalSearch(k , S0, Pool)
end
Pop← UpdatePopulation(S0, Sx , Sy)

end

A. INDIVIDUAL REPRESENTATION AND INITIAL
POPULATION GENERATION
In the proposed algorithm, each individual Si in the popu-
lation is represented with the partition method [46] where
Si = {C1,C2,C3, . . . ,Ck} and each color class Cj contains a
group of non-conflicting vertices by considering a total of k
color classes.

The initial population contains a predefined number of can-
didate solutions generated using the spill degree metric [44],
which orders the vertices in three different ways. The spill
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Algorithm 2 Integrated Crossover Operator
Input: Graph G, number of color classes k , first parent

S1 = {C1
0 ,C

1
1 , . . . ,C

1
k−1}, second parent

S2 = {C2
0 ,C

2
1 , . . . ,C

2
k−1}

Output: An offspring S0 = {C0,C1, . . . ,Ck−1},
an updated pool P

Create an empty pool P := ∅
for i← 0 to k-1 do

Mark C1
i and C2

i as unselected
end
for i← 0 to k-1 do

Set ith color class of S0 Ci: Ci := ∅
Select an unselected color class C1

x from S1
Select an unselected color class C2

y from S2
Mark C1

x and C2
y as selected

for each unassigned vertex vua in C1
x and C

2
y do

Put vua into Ci: Ci← Ci U vua
Mark vua as assigned vertex va

end
if P 6= ∅ then

Put ∃ vertex in P vp into Ci: Ci← Ci U vp
Remove vp from P: P← P / vp

end
while Ci is not conflict-free do

Calculate the maximum conflicting vertex as
vmax in G
Throw vmax into P: P← P U vmax
Remove vmax from Ci: Ci← Ci / vmax

end
if i ≥ 1 then

SearchBackOperation(i, S0,P,G)
end

end

degree metric uses the weights of the vertices, w(vi), and the
degree of the vertices denoted as d(vi). For diversifying the
population, spill degrees of 40%, 40%, 20% of all vertices are
set using (3a, 3b and 3c), respectively.

S1(vi) = w(vi)× d(vi) (3a)

S2(vi) = w(vi)× d(vi)2 (3b)

S3(vi) = w(vi) (3c)

The vertices are ranked in decreasing order of their spill
degrees and they are placed into the color classes of the
individuals. For an individual generation, the vertex with the
maximum spill degree from the set of unassigned vertices is
selected and is placed to a color class. Starting from the first
color class, the algorithm finds a color class where the vertex
provides a conflict-free set with the other vertices assigned to
the same class. The vertex is assigned to the first conflict-free
color class. If no such class can be found, then the vertex is
placed to a random color class. This process is repeated until
all vertices are mapped to a color class.

Algorithm 3 Search Back Operation
Input: Number of combinations that are currently

completed i, the offspring S0 = {C0, . . . ,Ci−1},
the pool P, the graph G

Output: S0, P
for each vertex vp in P do

for j← 0 to i-1 do
Set a variable CF := true
for each vertex v in Cj do

if Conflict(v, vp) then
CF← false
break

end
end
if CF then

Remove vp from P: P← P / vp
Put vp into Cj: Cj← Cj U vp
break

end
end

end

B. INTEGRATED CROSSOVER OPERATOR
In this work, we propose a novel crossover operator which
targets to guide the individuals to reach the global optimum
with the problem-specific information in the color classes.
The objective of the integrated crossover operator is to com-
bine the color classes of the parents to increase the number
of non-conflicting vertices in each color class such that total
number of uncolored vertices would be minimized.

The two color classes selected from the parents are com-
bined to increase the chance of finding a larger and bet-
ter grouping of the non-conflicting vertices. Our integrated
crossover operator proposes a pool to keep the conflicting
vertices that cannot be placed to the current color class. The
offspring will typically have more than one color class, so the
vertices thrown to the pool have a chance to be placed into
the previously generated color classes. On the other hand, our
integrated crossover operator has a search back operation for
minimizing the number of vertices remaining in the pool by
placing the vertices in the pool to a conflict-free color class.

The previous studies in the literature selected the color
class with the maximum conflict-free set from one of the
parents and this set is directly copied to the offspring. They
did not consider to combine the problem-specific information
in both of the color classes due to conflicts.

1) POOL BASED CROSSOVER OPERATOR
The integrated crossover operator begins with the ran-
dom selection of two parent configurations where the first
parent and the second parent are represented as S1 =
{C1

0 ,C
1
1 , . . . ,C

1
k−1} and S2 = {C

2
0 ,C

2
1 , . . . ,C

2
k−1}, respec-

tively in the crossover algorithm (see Algorithm 2). The
operator builds an offspring S0 = {C0,C1, . . . ,Ck−1} and
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Algorithm 4 Local Search Technique
Input: Number of color classes k , the offspring S0 =

C0, . . . ,Ck−1, the pool P
Output: S0
Set total := 0, Vtabu := ∅
Sort ∃ vp in P in descending order according to w(vp)
for each vertex vp in P do

Set index := −1 // index of the color class with the
minimum weight value
Set min := w(vp)
Set Vremoved := ∅

for i← 0 to k-1 do
Set sum := 0, Vconflict := ∅
for each vertex v in Ci do

if Conflict(v, vp) then
sum← sum + w(v)
Vconflict← Vconflict U v

end
end
if min > sum then

min← sum
index← i
Vremoved← Vconflict

end
end
if index 6= −1 then

P← P U Vremove / vp
Cindex← Cindex U vp / Vremove

else
Vtabu← Vtabu U vp
P← P / vp
total← total + w(vp)

end
end
for each vertex v in Vtabu do

Randomly assign v to Cx
end

prepares a pool P which will also be used by the local search
technique.

The integrated crossover operator will iteratively create the
offspring and at each iteration one color class of the offspring
represented as Ci will be generated using two randomly
selected partitions C1

x and C
2
y from both parents. The vertices

in these partitions are grouped to form the color class of
the offspring with the conflict-free vertices. If there are any
conflicting vertices vua that can not be placed to the current
color class, the algorithm tries to assign these vertices to
previously generated color classes of the offspring S0 using
search back operation which is described in detail in the
following subsection. If no such color class can be found, then
they are thrown to the pool to be combined with the vertices
selected in the following iterations.

2) SEARCH BACK OPERATION
In our initial work, Pool Based Evolutionary Algo-
rithm (PBEA) [47], we have proposed a primitive pool to
store unassigned vertices. Even if some vertices in the pool
can be placed to color classes of the offspring already gener-
ated in the previous iterations, no intelligent mechanism was
proposed to detect them. As a result, the maintenance of the
pool would became very hard as new conflicting vertices are
added at each iteration in our previous study.

In this study we propose the search back operation in
conjunction with the pool as part of the integrated crossover
operator. The search back operation targets to remove vertices
that have no conflicts with the previously generated color
classes from the pool. As a result, it increases the number of
non-conflicting vertices in each color class and decreases the
number of vertices available in the pool.

In order to illustrate the execution of our integrated
crossover operator (InCX), we consider an example weighted
graph and two parent configurations in Fig. 1 and Fig. 2,
respectively. Note that the same graph and parents are pre-
sented in a previous work [44].

FIGURE 1. An example weighted graph [44].

Starting from step 0, the second color class C1
1 of the first

parent S1 and the third color class C2
2 of the second parent

S2 are selected randomly. The vertices 2, 7, 8 in C1
1 and

the vertices 0, 1, 9 in C2
2 are combined and put into the

first color class C0 of the offspring S0. These vertices are
marked as assigned and they are removed from the color
classes of the parents where they become invisible vertices
for the next steps. The conflicts between the vertices in C0
are calculated according to the graph in Fig. 1. The maximum
conflicting vertex vmax with 3 conflicts is vertex 8 so it is
directly thrown into the pool P. Vertex 8 has three edges with
vertex 1, vertex 2 and vertex 9. After vertex 8 is removed
from C0, the conflicts of vertex 1, vertex 2 and vertex 9 are
decreased by 1. The vertices 2, 7 and 1 have the maximum
number of conflicts, so their weight values (given in Fig. 1)
are compared. Since vertex 7 has the lowest weight value of 1,
it is selected as vmax and it is thrown into P and removed
from C0. The only conflicting vertices remaining in C0 are
vertex 0 and vertex 1, where vertex 1 is thrown into P and
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FIGURE 2. InCX operator applied on two parent configurations to the graph given in Fig. 1.

is removed from C0 since it has a lower weight. C0 becomes
conflict-free and the first crossover iteration is finished.

In the next iteration, the first color classes C1
0 and C2

0
from both parents are selected randomly. The unassigned
vertices 3, 4 and 6 in (C1

0 U C2
0 ) are put into the second color

classC1 of S0 and marked as assigned. The vertices 8, 7 and 1
in P are also combined with the vertices in C1. The conflicts
of the vertices are calculated and vertices 3, 8 and 6 are
thrown into P to obtain a conflict-free color class C1. Since
the offspring S0 has a previously generated color class C0,
the unassigned vertices in the pool have a chance to be placed
into C0. The search back operation tries to place vertices in
P to C0. Vertex 3 has conflicts with vertex 0, vertex 8 has
conflicts with vertices 2 and 9, so they are kept in P. However,
vertex 6 has no conflicts with the vertices in C0, so it is
mapped to C0. In the final iteration, there are two remaining
color classes that have not been selected before asC1

2 andC
2
1 .

In both color classes, there is only one unassigned vertex
which is vertex 5 so it is combined with the vertices 3 and 8
available in P and placed into the third color class C2 of S0.

According to the given graph in Fig. 1, a conflict free set is
obtained for C2. Since predefined number of k color classes
(where k = 3) are created for S0, the crossover operation is
finished.

At the end of the integrated crossover operator, an offspring
S0 with 3 color classes and a pool P are obtained. When
P contains unassigned vertices, it means the given graph
cannot be colored with k colors and the proposed local search
technique explained in Section IV-B2 will be applied to S0
and P. Otherwise, the proposed algorithm has successfully
colored all vertices so there is no need to apply the local
search technique. An example scenario is given in Fig. 2.

For the example weighted graph given in Fig. 1, the out-
put of our integrated crossover operator (InCX) and three
outputs of crossover operators presented in the literature are
given in Fig. 3, which are Conflict-free Partition Crossover
(CFPX) [44], Cost-oriented Crossover (COPX) [45], Pool
Based Crossover (PBC) [47]. The offsprings generated by
CFPX, COPX and PBC still have uncolored vertices. CFPX
and PBC cannot color vertex 6 whose weight is 3. The COPX
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FIGURE 3. The results obtained from four crossover operators which are
applied to the same parent configurations.

was not able to color vertex 3 whose weight is 1. However,
InCX manages to color all the vertices without applying the
local search technique.

Both CFPX and COPX always select the color classes
having maximum conflict-free subsets, whereas PBC and
InCX select color classes from both parents in a random
manner, so the solutions can be obtained from a variety of
combinations. In Fig. 2, PBC and InCX can combine color
classes of the parents in 36 different ways and get 36 solu-
tions from these combinations. PBEA can find a conflict-
free solution from 50% of these combinations, 22% of the
conflict-free solutions are found after PBC and 28% of them
are found after its local search operator. Whereas, InCEA
can obtain a conflict-free solution from 58% of these com-
binations and 55% of these conflict-free solutions are found
after the InCX operator. These percentages show that our new
crossover operator increases the chance of finding a conflict-
free solution.

C. LOCAL SEARCH TECHNIQUE
The aim of the InCX operator is to obtain the largest
non-conflicting vertex groups in each color class of the
offspring. While throwing the conflicting vertices into the
pool, the weight values of the vertices are only considered
where there is a tie break, i.e. two or more vertices have
the same number of conflicts. At the end of our integrated
crossover operator, if there are still vertices in the pool, these
vertices have conflicts with at least one of the vertices in each
color class of the offspring and there may be no conflict free
solutions.

The objective of our algorithm is to minimize the total
weight of the vertices that cannot be colored. Since the
InCX operator does not consider the weights of the ver-
tices, the local search technique targets to decrease the sum
of weights of uncolored vertices considering neighborhood
solutions. At the end of the crossover operator, the uncolored
vertices are present in the pool, so the local search technique
tries to place these vertices to the color classes using swap
operations.

Inspired by the traditional mutation operator SWAP [48]
which exchanges the positions of two selected genes in
the order-based gene representation [49], we propose a
new local search technique which is called Weighted-Swap
(W-SWAP). W-SWAP includes searching and swapping the
vertices between the pool and the color classes. If the total
weight of the vertex(es) to be swapped from one of the color
classes is less than the weight of the vertex in the pool, then a
swap operation is performed. At the end of the local search,

FIGURE 4. An example weighted graph to be used in the local search
technique.

the sum of weights of uncolored vertices would be minimized
and there is also a chance to find a conflict-free solution.

At the beginning of the local search technique, the vertices
in P are sorted in descending order of their weight values to
place the vertex with the highest weight first, if possible. For
each vp in P, the algorithm calculates the sum of weights of
the vertex(es) conflicting with vp in all k classes of S0 and
finds the minimum sum. If this value is less than w(vp), than
a swap operation is performed. The vertex(es) in the color
class is thrown to P and vp is placed to the color class. If no
such color class exists, vp is removed from P and put into a
tabu list Vtabu that keeps the uncolored vertices for S0. The
local search continues until each vertex vp in P are processed
and P becomes empty. All of the uncolored vertex(es) are
present in Vtabu so this list can be used in Fitness Calculation
of the offspring, which is described in the next subsection.
Finally the vertices in Vtabu will be assigned to color classes
randomly.

Fig. 5 demonstrates the proposed local search technique
using the graph given in Fig. 4. Assume that the integrated
crossover operator is applied on two parent configurations
and an offspring having a non-empty pool is obtained. P has
vertex 9 so the local search targets to place this vertex to
one of the color classes to minimize the sum of weights of
uncolored vertices. InC0, vertex 9 has a conflict with vertex 3
having a weight of 1 which is less than weight of vertex 9,
so vertex 3 is stored in Vspilled, min value is set as 1. In C1
the vertices 1 and 8 have conflicts with vertex 9 and their
total weight value is 5 which is higher than min so C1 is not
suitable for vertex 9. Finally, in C2 vertex 4 and vertex 9 have
conflicts and the weight of vertex 4 is 3 which is again higher
than min value. All color classes are visited and vertex 9 is
removed from P and is mapped to C0, whereas vertex 3 in
Vspilled is removed from C0 and thrown into P. Since P is
not empty, the color classes are visited for vertex 3. Vertex 3
has conflicts in all the color classes and it has the minimum
weight, so vertex 3 is placed to Vtabu. P becomes empty,
so W-SWAP is completed.

D. FITNESS FUNCTION
The fitness function is calculated as the sum of weights of the
uncolored vertices, i.e. the vertex(es) present in Vtabu after
the local search technique is completed. The best scenario
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FIGURE 5. InCX operator and W-SWAP technique applied on two parent configurations to
the graph given in Fig. 4.

is to have an empty list Vtabu which means that all vertices
are colored with k colors and the fitness value f (k) is 0.
In Fig. 5, vertex 3 becomes tabu for all color classes of S0
and the fitness value of S0 is assigned to the weight of vertex 3
which is 1.

FIGURE 6. The results obtained from four algorithms after their crossover
operator and local search technique are applied on the same parent
configurations.

Fig. 6 denotes the solutions of the algorithms at the end
of the local search operation. Both HEA and COMA cannot
assign two vertices having a total weight of 4 to the color
classes, so the fitness value of these solutions is 4. PBEA and

InCEA have only one uncolored vertex and vertex 3 has
the lowest weight, so the proposed work obtains the lowest
fitness value of 1, whereas PBEA produces a solution having
a fitness value of 2.

If the fitness value of the offspring is better than one or both
of the parents, the algorithm chooses the parent with the worst
fitness value and swaps the offspring with this parent as a
replacement policy.

V. EXPERIMENTAL STUDY
In this section, the performance of the proposed work is
compared with HEA [44], COMA [45] and our initial work
PBEA [47] using randomly generated graphs and the graphs
derived from DIMACS benchmarks. For each graph, the total
cost, the number of uncolored vertices and the execution time
of the algorithms are the main comparison metrics.

The experiments are performed on a computer with
3.4 GHz Intel Core i7 4770 CPU and 8GB RAM.
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FIGURE 7. Performance comparison of PBC, PBEA, InCX and InCEA using 20 color classes on the randomly generated graphs with
500 vertices and 3 different edge density values.

Implementation of InCEA is in C1 and is compiled with
gcc. Both HEA and COMA were implemented in C++2 and
compiled using g++. The usage of different programming
languages for the implementation of the algorithms can be
considered as a threat to validity [50] in order to obtain exact
execution time of the algorithms.

Both HEA and COMA create one offspring at the end of
crossover phase, and try to improve this offspring in the local
search phase. So all algorithms generate 1 individual in one
iteration. Since all algorithms are evaluated using the same
population size and the same number of iterations, the number
of fitness evaluations [50] considered by the algorithms is
equal except the experiment conducted using a fixed time
limit. For this experiment, we have also provided the number
of iterations used by all algorithms. For the following exper-
iments, all algorithms take the same parameters and none
of them use control parameters or tuners such as REVAC,
F-Race or CRS-Tuning.

To evaluate the performance of the operators in our algo-
rithm, the proposed work is compared with our initial study
PBEA [47] using three graphs where n = 500 and α =
{0.25, 0.60, 0.90}. The performance of the algorithms are
measured with or without using their local search techniques.
Therefore, PBEA and InCEA executed with their crossover
operators only are denoted as PBC and InCX, respectively.
The performance of the algorithms are evaluated 20 times on
each graph using 20 color classes. Performance comparison
of the algorithms with respect to fitness values and number
of uncolored vertices is given in Fig. 7. When their fitness
values are considered, the proposed crossover operator InCX
outperforms PBC with the help of the search back operation

1https://gitlab.com/gizemsungu/incea
2http://see.xidian.edu.cn/faculty/jshwu/

but PBEA with its local search technique outperforms InCX.
This is expected since InCX does not take into account the
weights of the vertices but tries to obtain the largest non-
conflicting vertex group. The weights of the uncolored ver-
tices are considered in our proposed local search technique
(W-SWAP), which might increase the number of uncolored
vertices. On the other hand, with the objective of decreasing
the fitness value, our approach has the best fitness value in all
of the test cases provided.

When number of uncolored vertices are considered, this
number is higher in InCEA as compared to InCX, since
the aim of our new local search technique is to decrease
the fitness value. Therefore, it can color one uncolored ver-
tex having higher weight by swapping it with more than
one vertex having a less total weight. So it may increase
the number of uncolored vertices to decrease the fitness
value of the solution. InCX successfully obtains the largest
non-conflicting vertex group leaving the least number of
uncolored vertices. On the other hand, PBC and PBEA spill
more vertices because once the color classes are constructed
using the crossover operators, their members are fixed which
decreases the search space of the solution.

A. RANDOMLY GENERATED GRAPHS
A random graph generator is implemented to produce uni-
form random graphs using three input parameters which are
the number of vertices n, a range of weight values γ for
assigning vertex weights, and edge density α to generate the
edges connecting the vertices.

The total number of edges in the randomly generated
graphs are close to (n × (n − 1)) ÷ 2 × α. Since the edges
are created randomly, some vertices may be isolated for
low edge density values, so there is no guarantee to obtain
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TABLE 1. Parameter settings for randomly generated graphs.

TABLE 2. Comparison of the algorithms with respect to fitness values
and number of uncolored vertices for 6 different edge density values.

connected graphs. Our graph generator adds an edge between
two disconnected vertices that are randomly selected. After
the graph is constructed, the weights of the vertices are set
randomly using the uniform distribution.

The algorithms are tested using a predefined and fixed
number of color classes for the generated graphs. The number
of color classes is equal to (n×β), where β is the color class
density. The range of values for graph generator parameters
and color class densities are listed in Table 1.

1) PARAMETER SETTINGS OF THE ALGORITHMS
As part of our experimental study, the performance of the
algorithms are measured using various graphs to set the pop-
ulation size of the algorithms and the number of iterations
performed by the algorithms. The results denote that the

TABLE 3. Pairwise comparison of algorithms with respect to α values.

performance of the algorithms does not depend on the initial
population size, so it is set to 100 for all algorithms.

The impact of iteration number for HEA, COMA and
InCEA is observed on a graph where n = 500 and α = 0.90.
The generated graph is nearly fully-connected, thus the algo-
rithms need the highest number of iterations to obtain their
best results. The performance of our algorithm stays steady
after 1000th iteration, on the other hand HEA and COMA
reach their best solutions after 200th iteration. Hence, we set
the iteration number as 1000 for all the algorithms. In the rest
of the experiments, the population size and the the number of
iterations are set to 100 and 1000 unless stated otherwise.

The performance of algorithms for a given (n, α) pair with
variable β values are shown in Table 2 and Table 3. Each
row in Table 2 represents the average results obtained from
125 test cases. As the value of α increases, more number of
edges between the vertices are added to the graph and this
increments both the number of uncolored vertices and the
fitness value of the algorithms. This also yields an increase
on the execution time, since there is a growth in the search
space of the algorithms. This trend can easily be seen using
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TABLE 4. Comparison of the algorithms with respect to their fitness
values and number of uncolored vertices for 5 different color class
densities.

the results obtained from the performance of the algorithms.
The results indicate that the proposed algorithm outperforms
the two algorithms from the literature with respect to fitness
value, number of uncolored vertices and total execution time.

2) PERFORMANCE EVALUATION OF THE ALGORITHMS
The performance of HEA, COMA and InCEA are evaluated
on various randomly generated graphs with different prop-
erties. For each combination of n and α given in Table 1,
five random graphs are generated. Therefore, a total of
150 different graphs are used to measure the performance of
the algorithms with five different β values. For 750 test cases,
the algorithms are executed five times in this section.

Table 3 makes a pairwise comparison using two columns,
and each column represents the total number of test cases (out
of 125) where the first algorithm has a better, equal or worse
solution as compared to the second algorithm. When α

is equal to 0.10, the algorithms obtain the same perfor-
mance in at least 60% of the test cases since the graphs
are nearly sparse. The proposed algorithm outperforms both
HEA and COMA in most of the test cases provided when
there is an increase in the value of α. In the third column,
the number of test cases where all vertices can be colored is
given. The number of colors algorithms use is proportional
to n; so for larger values of n, the total number of test
cases where the algorithms can color all vertices increases.

TABLE 5. Pairwise comparison of algorithms with respect to β values.

When α = {0.75, 0.90}, the graph is nearly fully connected;
so in none of the test cases, the algorithms are able to color all
vertices of the graphs. Our algorithm outperforms HEA and
COMA in 75% and 76% of all of the test cases, respectively.
The proposed algorithm can color all vertices in 36% of
the test cases, whereas the results for COMA and HEA are
both 17%.

The performance of algorithms are also evaluated for (n, β)
pair with variable α values. Lower β values imply that the
algorithms use less number of colors, so both the fitness value
and number of uncolored vertices is high for low β values as
can be seen in Table 4. The performance of the algorithms are
measured for each (n, β) pair and in each row, the average
results (out of 150 test cases) for fitness and the number of
uncolored vertices are given. Our proposed work obtains the
best results in each row.

In Table 5, a pairwise comparison of the algorithms are
given. For larger (β) values, the number of colors used by
the algorithms increase, and this results as an assignment
of most of the vertices to the given colors. Our algorithm
has the highest number of test cases where all vertices are
successfully colored.

In our proposed work, the uncolored vertices that mini-
mizes the fitness value are stored inVtabu once the local search
technique is completed. So our algorithm does not need
any additional calculations to find the best vertex(es) to be
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TABLE 6. The best number of colors used by the algorithms for R, queen
and myciel graphs with their computation time.

uncolored yielding the lowest fitness value. But in both HEA
and COMA, there is an exhaustive search in the local search
technique and in the selection of uncolored vertices for fitness
calculation, that’s why the execution time of the proposed
algorithm is significantly better than HEA and COMA as can
be clearly seen in Tables 2 and 4.

B. DIMACS BENCHMARKS
There are 73 DIMACS instances [51] with five different types
for the vertex-weighted graph coloring problem. The graphs
that are created for the register allocation problem are denoted
as ‘‘Rn_αg{b}*.col’’. The GEOM graphs are geometric
graphs [52] and they are denoted as ‘‘GEOM{a,b}n.col’’
where a and b correspond to the density percentage. The
queen graphs are built using nxn chessboard problem [53],
which are represented as ‘‘queenn_n.col’’. The DSJC graphs

TABLE 7. The best number of colors used by the algorithms for GEOM
and DSJC graphs with their computation time.

are random graphs [54] for simulated annealing problem [55]
and are shown as ‘‘DSJCn_αg{b}*.col’’. The myciel graphs
are constructed based on the Mycielski transformation [56]
and are denoted as ‘‘myciel{5, 6, 7}g{b}*.col’’. In R, myciel,
queen and DSJC graph names, the weight range of the ver-
tices are represented with either ‘‘g’’ (γ = [1..5]) or ‘‘gb’’
(γ = [1..20]).

For the experiments regarding DIMACS benchmarks, first
the minimum k value for each algorithm to obtain legal
k-coloring is found. The experiments start with a sufficiently
large k value and k is decreased until an illegal solution is
found where some vertex(es) of the graphs are uncolored.
The minimum k found by the algorithms is referred as the

126754 VOLUME 8, 2020



B. Boz, G. Süngü: InCEA for Coloring Vertex-Weighted Graphs

FIGURE 8. Fitness values of HEA, COMA and InCEA on a set of DIMACS instances (R100_1gb.col, R100_5gb.col, R100_9gb.col,
GEOM120a.col, queen10_10g.col and queen10_10gb.col) using 5, 15, 36, 16, 12 and 12 color classes, respectively.

minimum number of colors used by the algorithms. Once the
best k value (kbest) is found for each instance, the performance
of the algorithms is measured using different scenarios.

Table 6 and Table 7 present performance comparison of
the algorithms on 73 DIMACS instances, where each algo-
rithm is executed five times to obtain the best result using
30000 iterations. The graph name, number of vertices and
number of edges in the graphs are given in the first three
columns of the tables. For each algorithm, the minimum
number of colors used and the execution time are listed in two
separate columns. On the other hand, the column denoted by
11 in tables presents the difference between the number of
colors used by InCEA and HEA algorithms, kInCEA − kHEA.
Similarly 12 column presents kInCEA − kCOMA for graphs
considered in our experiments.

InCEA outperforms HEA and COMA in 30% and
33% of the instances, whereas in three of them: namely
queen10_10g.col, queen10_10gb.col and GEOM120a.col;
InCEA has used one additional color. For these three
instances, we further investigate the behavior of the
algorithms. We also add three instances R100_1gb.col,
R100_5gb.col and R100_9gb.col where InCEA obtains better
results. For these six instances, the algorithms are executed
20 times using kbest, the fitness values and the number of
uncolored vertices are shown in Fig. 8 and Fig. 9, respectively.
For example, the minimum number of colors used by HEA
and COMA to color R100_1gb.col is 6, whereas InCEA
successfully colored this instance using 5 colors. So kbest
to obtain a legal k-coloring for this instance is 5, and all
algorithms are executed using 5 number of color classes.
The fitness value is 0 for a feasible solution, whereas if an
infeasible solution is found, then the fitness value of the
algorithm is calculated as the total weight of the uncolored
vertex(es).

When the fitness values of the algorithms are considered,
the results of our proposed work is more condensed for

the first three instances, R100_1gb.col, R100_5gb.col and
R100_9gb.col. In GEOM120a.col, InCEA can also obtain the
best fitness value of 0, but it is an outlier for our algorithm
because in 80% of the runs our algorithm obtains 1, whereas
HEA and COMA obtains the best fitness value of 0 in 70%
and 65% of the runs, respectively. For both queen10_10g.col
and queen10_10gb.col, InCEA can obtain the best fitness
value in 15% and 10% of the runs and this is considered
as an outlier because our algorithm varies less as compared
to HEA and COMA and produces the fitness value of 1 in
majority of the cases so it is more consistent. In Fig. 9 for
the first three instances, InCEA has the minimum number
of vertices uncolored. Even the minimum values observed
by HEA and COMA are larger than the outlier or Q3 value
of InCEA. As for GEOM120a.col, queen10_10g.col and
queen10_10gb.col, the behavior of the algorithms are very
similar to that of the fitness values.

In order to show the performance of the algorithms for
variable number of color classes, the algorithms are executed
10 times for color class values less than or equal to kbest.
The average fitness values are given in Fig. 10 for the same
six instances. HEA and COMA follows nearly the same
pattern with slight differences whereas InCEA reaches the
minimum fitness value using minimum number of colors
for the first three instances. InCEA has the worst perfor-
mance and uses the maximum number of colors for coloring
GEOM120a.col. All algorithms have similar performance for
queen10_10g.col and queen10_10gb.col.

The performance of the algorithms are also measured for
a fixed time limit, which is set to 500 seconds. The same
six instances and their kbest values are used in these exper-
iments. Fig. 11 shows the average fitness values obtained
using five runs. For the first three instances, R100_1gb.col,
R100_5gb.col and R100_9gb.col, our algorithm success-
fully obtains k-legal coloring and outperforms both HEA
and COMA. In the previous tests, the number of iterations
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FIGURE 9. Number of uncolored vertices of HEA, COMA and InCEA on a set of DIMACS instances (R100_1gb.col, R100_5gb.col,
R100_9gb.col, GEOM120a.col, queen10_10g.col and queen10_10gb.col) using 5, 15, 36, 16, 12 and 12 color classes, respectively.

FIGURE 10. The fitness values of HEA, COMA and InCEA on a set of DIMACS instances using variable number of color classes.

is the main parameter which is fixed to 30000 and our
algorithm was not successful in coloring GEOM120a.col,
queen10_10g.col and queen10_10gb.col in most of the cases.
It successfully colors these three instances using higher num-
ber of iterations. When the average fitness values are consid-
ered, COMA reaches the best result in a very short amount
of time for GEOM120a.col. For the same instance, InCEA
also finds a feasible k-coloring in most of the test cases.
InCEA obtains the best performance in queen10_10g.col and
queen10_10gb.col in terms of average fitness values.

Since HEA and COMA make their decisions based on
some smart metrics in all phases of the algorithms, they

converge to a solution that can no longer improve. Our algo-
rithm also includes intelligent mechanisms such as search
back operation or weighted-swap operation but it selects the
color classes randomly in crossover phase. So it continues to
explore the search space if it is allowed to use large number
of iterations.

For the same test settings, the average distribution of
computation time (in percentage) of the algorithms and the
average number of iterations they use are measured. As can
be clearly seen from Table 8, both HEA and COMA spend
most of their time in the local search phase, whereas due to
the usage of the pool and tabu list, InCEA spends less than 5%
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FIGURE 11. The fitness values of HEA, COMA and InCEA on a set of DIMACS graphs (R100_1gb.col, R100_5gb.col,
R100_9gb.col, GEOM120a.col, queen10_10g.col and queen10_10gb.col) using 5, 15, 36, 16, 12 and 12 color classes,
respectively when the computation time limit is set to 500 seconds.

TABLE 8. Distribution of computation time of algorithms (in percentage scale), and their number of iterations in 500 seconds for 6 DIMACS instances.

and 1% of its computation time in the local search phase and
the fitness calculation phase, respectively. This experiment
reveals the algorithmic differences of the algorithms and the
reasons behind obtaining different iteration numbers for a
fixed time limit.

VI. CONCLUSION AND FUTURE WORK
In this paper, we propose a novel evolutionary algorithm for
the vertex-weighted k-coloring problem. The algorithm has
two objectives: (1) maximize the number of non-conflicting
vertices that can be assigned to the same color using the
integrated crossover operator, (2) minimize the total weight of
the uncolored vertices by applying weighted-swap as a local
search technique. The integrated crossover operator (InCX)
uses a pool and a search back operation. The pool holds
the vertices that has at least one conflict with the vertices
available in the color classes of the offspring, so it separates

the feasible (vertices assigned to the color classes of the
offspring) and infeasible (vertices available in the pool) parts
of the solution. The search back operation tries to decrease the
number of vertices in the pool by assigning them to a color
class in the offspring if possible. The local search technique
targets to decrease sum of weights of the uncolored vertices
considering neighborhood solutions. Once the local search
technique is finished, Vtabu contains the uncolored vertices,
so without the need of an exhaustive search, the fitness value
can be calculated very fast.

We have performed an experimental evaluation using syn-
thetic benchmarks and DIMACS graphs, synthetic bench-
marks contain 150 graphs and 3750 test cases, whereas
DIMACS has 73 well-known graphs. The proposed work
is compared with a hybrid evolutionary algorithm and a
memetic algorithm that targets to solve the same problem.
The experimental study indicates that the proposed algorithm
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generated successful results outperforming both algorithms
from the literature with respect to total number of colors used,
fitness value and execution time.

The graph coloring problem plays an important role for the
solution of many theoretical and practical problems such as
resource allocation problem and register allocation problem.
As a future work the proposed algorithm can be applied to
many real world problems to obtain successful results within
a reasonable amount of time. Our algorithm can be a good
match for solving the dynamic graph coloring problem as
well, because it can easily adapt to the dynamic changes in the
graph. Also the proposed integrated crossover operator can
be used for a wide variety of grouping or clustering problems
where the items in the problem have constraints.
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