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Abstract

In this paper, diffraction of sound waves through a lined cavity is analyzed rigorously. The inner—
outer surfaces of the cavity and the base of the cavity are coated with three different absorbing
linings. By using the Fourier transform technique in conjunction with the Mode-Matching method,
the related boundary value problem is formulated as a Wiener—Hopf equation. In the solution,
two infinite sets of unknown coefficients are involved that satisfy two infinite systems of linear
algebraic equations. Numerical solution of this system is obtained for various values of the
parameters of the problem. The graphical results are also presented which show that how
efficiently the sound diffraction can be reduced by selection of problem parameters.
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Introduction

Waveguide cavities are a well-known subject in acoustic, physics, and electromagnetic. It has
attracted the attention of various investigators working in the field."* In particular, diffrac-
tion of sound by open-ended waveguide cavities is a significant topic in noise reduction and
in radar target scattering. A lot of options for the reduction of noise have been discussed
extensively in the literature. The notion of absorbing lining is considered to be the most
convenient way of reducing unwanted sound. Rawlins proved that acoustically absorbing
lining is an efficient method to reduce the irritated sound. He analyzed the radiation of
sound from an unflanged rigid cylindrical duct with an acoustically absorbing internal sur-
face.” The phenomenon of diffraction with acoustically absorbing lining has also been
investigated with and without flow by various researchers.® '
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Demir et al. studied the diffraction plane sound waves by a rigid circular cylindrical
cavity with an acoustically internal surface.'? In their study, a hybrid method was applied
successfully to the solution and some numerical results were also given graphically. A similar
problem has been considered for some engineering applications. Matsui discussed the dif-
fraction phenomena of plane sound waves by the actual microphone system.'? In the liter-
ature, parallel problem which is related to the electromagnetic counterpart was studied by
Kuryliak et al.'*!?

This work was conceived by generalizing the study of Demir et al.'> Here, three different
admittances for outer—inner surfaces and base of the cavity were used. We intend to discover
diffraction properties of the absorbing lining and the effect of outer surface admittance. By
expressing the total field in the cavity region in terms of normal waveguide modes and using
the Fourier transform elsewhere, the related boundary value problem is solved analytically
with the help of sophisticated and suitable method known as Wiener—Hopf technique.'®
Since the formulation based on the Mode-Matching method in conjunction with the Fourier
transform technique is adopted, this mixed formulation yields a scalar Wiener—Hopf equa-
tion. The solution of the Wiener—Hopf equation involves infinitely many unknown coeffi-
cients satisfying two infinite systems of linear algebraic equations. Numerical solution of
these systems is obtained for various values of the parameters of the problem such as cavity
radius, cavity depth, and surface admittances, and their effects on the diffraction phenom-
enon are shown graphically.

This study is sorted in the following order. In section “Analysis”, the mathematical model
is formulated. The Wiener—Hopf equation, which is obtained using a standard Wiener—Hopf
procedure, is developed with the help of Fourier transform technique in conjunction with
the Mode-Matching method. The solution of the Wiener—Hopf problem, expansion coef-
ficients, and far field are also presented in section “Analysis”. The graphs with various
parameters are displayed and discussed in section “Computational results”. To end with,
concluding remarks are summarized in section “Concluding remarks”.

The time dependence is assumed to be e~ and suppressed through the paper, where o is
the angular frequency.

Analysis

Consider the diffraction of sound waves by a semi-infinite lined circular cylindrical cavity
defined by {p = a,z € (—o0,0)} (see Figure 1) where (p, ¢,z) denote the usual cylindrical
polar coordinates. The outer surface of the semi-infinite cylinder {p =a+0,z € (—o0, 0)} is
assumed to be lined with an acoustically absorbent material having a surface admittance f;
while the inner surface of the cavity {p =a—0,z€ (-] 0)} and the base of the cavity
{z =—-I+0,p¢€ (O,a)} are coated by another acoustically absorbent material which is
characterized by a surface admittances f§, and f35, respectively.

From the symmetry of the geometry of the problem and of the incident field, the acoustic
field everywhere will be independent of ¢. We shall therefore introduce a scalar potential
u(p, z) which defines the acoustic pressure and velocity by p = iwpyu and v = gradu, respec-
tively, where pg is the density of the undisturbed medium. Due to the boundary conditions
of the geometry of the problem, the incident field is taken to be

”i(Pa Z) = AOJO (ymp/a)eimmz (13.)
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Figure |I. Geometry of the problem.
where 7,, is the root of the equation
ikaﬂljo(ym) — Vw1 (Vm) =0 (1b)
and o,,, stands for
O = AR = (/) (lo)

where k = w/c denotes the wave number and c is the speed of the sound. 4, stands for the
amplitude of the incident wave which will be taken equal to 1 in the analysis. For the sake of
analytical convenience, we will assume that the surrounding medium is slightly lossy and k
has a small positive imaginary part. The lossless case can be obtained by letting Imk — 0 at
the end of the analysis. The total field uT(p,z) can be written as

u(p,z)+u;  p>a,ze (—00,00)
uT(p,z) = w(p,z)tu; p<a,0<z<o0 (2)
u3(p, 2); p<a—-Il<z<0

uj, j=1, 2, 3, which satisfy the Helmholtz equation, are to be determined with the aid of the
following boundary and continuity relations. The boundary condition on the absorbent
surface can be given in terms of the potential functions

(ik,Bl +c%> ui(a,z) =0, z<0 (3a)
<ikﬁ2 — %) us(a,z) =0, —1<z<0 (3b)
<ikﬁ3 + %) uz(p, - =0, 0<p<a (3¢)

Consider now the continuity conditions related to total field at p < @, z>0 which are
given by

7]
Soui(a,z) —

0
ap ——w(a,z)=0, z>0 (3d)

dp



Tiryakioglu 4|

u(a,z) —wuy(a,z) =0, z>0 (3e)
From the continuity at the point z=0, we get
0 0 0
&uz(p,o)—kéui(p,m—&m(,ﬂ,()), p<a (3f)

uZ(pa0)+u[(p70>:u3(p70)7 p<a (3g)

Furthermore, to obtain a unique solution, the following edge conditions at the mouth
p = a, z=0 of the cylinder should be taken into account

u; = Cons (4a)

9 = o(172) (4b)
dp

Wiener—Hopf equation
The fields u;, j=1, 2, 3 satisfy the Helmholtz equation for z € (—o0, 00)

12 2 _|_8_2_|_k2
pOp pap 0z2

Consider the Fourier transform of the Helmholtz equation satisfied by u;(p,z) in the
region p > a for z € (—00,0)

o)

u/(paz):07 ]:1a2a3 (5)

where K(a) is the square root function
K(o) = VEk* — o2, 0) =k (6b)

which is defined in the complex a— plane (see Figure 2) and F(p, o) is the Fourier transform
of the field u;(p, z) defined to be

F(p,oa) = /_ | uy(p,z)e™dz = F~(p, o) + F"(p, o) (7)
with
0 .
F(p,a) = / u(p,z)e”dz (8a)
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Figure 2. Complex o— plane.
Ff(p,o) = / uy(p,z)e™dz (8b)
0

Through the analytical properties of Fourier integrals, F*(p,«) and F~(p, «) are regular
functions in the upper half plane (Sma > Sm(—k)) and in the lower half plane
(Smo < Smk), respectively. The general solution of equation (6a) yields

F(p,2) + F*(p,2) = A(2)Hy (Kp) ©

where A(«) is a spectral coefficient to be determined and Hf)l) is the Hankel function of the
first type. Consider now the Fourier transform of equation (3a), we get

ik F~(a, rx)+F7(a,oc) =0 (10)
where the dot specifies the derivative with respect to p. Multiplying equation (9) with ikf,
and taking the derivative of equation (9) with respect to p, one can write the following

equation at p = a,

kB F(ayo) + F (ay) + ik By F* (a,0) + F (a,0) = A(a) | ik HYY (Ka) — KHﬁ“(Ka)}

(11a)
Utilizing equation (10) in equation (11a), we obtain
Wt(a) = A(«)H () (11b)
where
W (o) = kB FF (a,2) + ' (a, %) (12)

H(x) = ikp, H\" (Ka) — KH\" (Ka) (13)
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Inserting equation (11b) into equation (9) we get

o HY (Kp)
F(p7a)+F+(p,O() =W (a)(}{w

Now consider the region p <a, z>0. The field uy(p,z) satisfies the Helmholtz
equation for z € (0,00) as denoted (equation (5)). The Fourier transform of this equation
for p<a,z>01s

(14)

10 0
——(p= ﬁayﬁ,a:' — io 15
o (730) + B 6700 =110) ~ i) (15)
where G*(p, a) is a regular function in the upper half plane, defined by
G+(p,oc) = / uz(p,z)ei“zdz (16)
0
with
0
f(P) :§u2(pvo)v g(P) = ”2(:070) (17a,b)

The particular solution of equation (15), which is bounded at p=0 and satisfying
equation (3a) can be obtained by the Green’s function technique. The Green function of
equation (15) satisfies the Helmholtz equation.

[;‘;0 <p‘§:)0> K2(a):|G(p7 Z (x) =0 p ?é LoptE (O,LZ) (18)

with the following conditions

G(0,1,0) ~bounded (19a)
G(t+0,t,0) —G(t—0,1,0) =0 (19b)
J - J - 1
%G(IJFO, t,0) —8—pG(t—0, t,00) = (19¢)
mﬁ+9-éaza—o (19d)
1 ap ( s by )_

The solution of equation (18) under the conditions given above is

G(p.1,0) = ——O(p. 1,0) (20a)

1
()
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with

Jo(Kp) [J(2) Yo(Kt) — Y(2)Jo(KD)], p<t

Jo(KO[I(@) Yo(Kp) — Y@)do(Kp)], p > a (200)

O(p,1,0) = g{

where J, and Y are the Bessel and Neumann functions of order zero and J(«), Y(«) are
given below

J() = ikp,Jo(Ka) — KJ,(Ka) (21a)

Y(o) = ik, Yo(Ka) — KY,(Ka) (21b)
Hence, the general solution of equation (15) can be expressed as
G+ B( )
(p,o) = + — (f — i0g(1))O(t, p, o) rdt (22)
where B(o) is the spectral coefficient to be determined. Taking into account the continuity
relation equation (3d) and equation (3e), one gets

B(o) = ik G (a,0) + G (a,0) = ik F* (a,%) + F (a,0) = W*(x) (23)

which yields

+ a
Gt (p, o) = % —l—ﬁ/{) (f(1) — iag(1))Q(t, p, o)edt (24)

Although the left-hand side of equation (24) is analytic in the upper half plane, the
regularity of the right-hand side is violated by the presence of simple poles occurring at
the zeros of J(«) lying in the upper half plane, which are defined in equations (1b) and (1c).
In order to provide regularity of the right-hand side of equation (24) in the upper half plane,
these poles must be eliminated by imposing that their residues are zero. This gives

W+<O(m) = g‘lo(’ym) |:] - (ﬁlka/ym)z} [fm - iOCn7gm] (25)

with

- (o)1 - (8ikal )] ;L2 ) 20

Let us expand and into Dini series'” as follows

Z 1o (V ) g(p) = Z 2o <%m p> (27a,b)
m=1

m=
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Now consider the Fourier transform of the continuity relation (equation (3e)), one gets
G (a,n) = F"(a,0) (28)

Taking into account equations (24) and (14), we obtain

v;((;;)_g F(a,a / (f0) — ing (1)) Jol(Ki)dt (29)

where
M (o) = miJ (o) H(or) (30)
The evaluation of the integral at the right-hand side of equation (29) after inserting

equation (27a,b) in equation (29), we obtain the following Wiener—Hopf equation valid in
the strip Sm(—k) < Smo < Imk.

a m .
—F =X n m 1
M(o) 2 (a,2) 2~ o, — o T G

Solution of the Wiener—Hopf equation

By using the Wiener—Hopf factorization method, the kernel function can be written as'®

M(o) =My (a)M_(0r), M_(0) =M (—o) (32a,b)
where M () and M_(a) are the split functions regular and free of zeros in the upper and
lower halves of the complex plane, respectively. Note that, when we let |a| — oo in their
respective regions of regularity, we have

My (o) = O(£4'7?) (32¢)

The explicit expression for M («) is given in Tiryakioglu and Demir'® as

M. (2) = \/mi(ikp, Jo(ka) — k1 (ka) \/ (ikpy 1 ka) — k" (ka) )
X exp{z— [1 —{+ log(i ) + lg] ikTa}exp (aKn(rx) log <oC + Z((cx)) + q(oc))
X mH1<1 + ) (l Z)

where ( is the Euler’s constant given by { = 0.57721 ... and ¢(«) stands for

1 > 2 x% - (ﬂlka)Z] oa
4(2) T P/O l X 1(x) Og( * (ka)2 . xz) ) (342)

(33)
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u(x) = (iBykalo(x) — xJ1(x))? + (ifkaYo(x) — x ¥ (x))? (34b)
The multiplication of both sides of equation (31) by M_(a), we get

W (o

(o

~—

oy
F(a,0)M (o Z = _”72 m — 0] (3%)

I‘FI

<
=
NSRS

Decomposition of the right-hand side of equation (35) and applying the Liouville’s the-
orem, the solution of equation (35) can easily be obtained in the following form

(36)

OC _ gi yn1 m + lOCmgm]M+ (am)
OC 2 m=1 20(}11(0( + O(m)

Determination of the expansion coefficients

The field in the cavity can be expressed in terms of the waveguide normal modes as follows

us(p a e~ 4 p, e’/"] <é ) (37a)

n=1

Here &,’s are the roots of the characteristic equation

ikaﬂ?]()(in) + inJl (én) = 07 n= 15 25 s (37b)
while y,’s stand for
¢ 2
Ay = kz—(i), n=12,... (37¢)

By using the boundary condition in equation (3c), equation (37a) reduces to

e o § &,
— " nz Rn 1YnZ J 38
us(p, 2) n§:]a [e7%:% 4 Rye'™r?] 0<ap> (38a)
with
Xn/k 2
R, = il (38b)
BB + /n/k

Now, from the continuity relations equation (3f) and equation (3g), we write

0 0
flp) = 5_12(p, 0) = 5-us(p, 0) + izy Ao Jo (7,0 /) (39a)

g(p) = ua(p,0) = u3(p,0) — 4o Jo(7,p/a) (39b)
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Inserting the series expansions of f(p) and g(p) given in equation (27a,b) in equations
(39a) and (39b), respectively, and using equation (38a), we get

> (20 = i3zl ~ 110(2) + 140/ (402)

m=1 n=1

> o (V"’ ) Zan w+ 1140 (é ) — AoJo(7,p/a) (40b)
m=1

Multiplying both sides of equations (40a) and (40b) by pJo(¢;p/a) and integrating from
p=0 to p = a, we obtain for n=/ the following system of linear algebraic equations

= R,—1, JO(Vm) ﬂl lAOJO(?r) R, —1
S o - T o) = 20U, )
2 [f R 1 iX,8 ] Z_p + 5 2 o + R, T 1% (41a)

By substituting o = a4, 0, 93, ... in equation (36) and using equation (25), one can obtain

(V,) |:1 - (ﬁ]k(l/%) :|[fl - iarg’ B - JO /m [fm laWTgm]M+(a”7) (41b)
M+(ar) Zl 2“;11(051‘ + O(m)

Equations (41a) and (41b) are the required linear systems of algebraic equations which
permit us to determine f,, and g,,,.
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Figure 3. Diffracted field amplitude versus the truncation number N.
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Far field

The diffracted field in the region p > a can be obtained by taking the inverse Fourier
transform of F(p,o). By using equation (14), we write

1 1 (Kp) _,
ui(p,z) ZE/EW+(O()$€ZMC1(X 42)

(@ o4 ;
ka=0.5

— — —ka=0.75| |
k=10 | koo

03[ g =1+05i, 5 =1+1i, g =1+2i 1

0.25 4

|F|sin(6)

015 EY N i
0.1 __;' / \ E

: \
0.05 \ |
S )

0 I 7* I /) \ |
-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
|F|cos(0)

ka=0.5

0.45 - =10 — — —ka=0.75|1

04r -1 -1 - i
B =3+0.51, 5, =3+1i, By = 3+2i

0.35 1

03 .

|F|sin(8)

025} 1
02Ff - ]
015 R N : 1
01F S \ .

0.05 P \ -

-04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
|F|cos(0)

Figure 4. Amplitude of the diffracted field for different values of the cavity radius.
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where £ is a straight line parallel to the real a-axis, lying in the strip Sm(—k) < Sma < Smk.
Utilizing the asymptotic expansion of H(()”(Kp) as kp — oo

2 .
H(()l)(K,D) _ nerleﬂn/“ (43)

(@ o5

0.45 ka=1,kl=10

0.4 gy =141, g = 1+2i

0.35 1

0.25

|F|sin(6)

0.2

0.15

0.05 [

AN
O 1 1 ‘9 ~ 1 1 1 1 M 1
04 -03 -02 -01 0 01 02 03 04 05 06
|F|cos(0)

(b) 0.45

-1 .
£, =1+0.1i
04l ka=1,kl =10 1 i

- — —ﬁj = 1+40.5i
0.35 - By =141, g7 = 1+2i i

0 . . . . . f . .
-04 -03 -02 -0A1 0 0.1 02 03 04 05 0.6

|F|cos(0)

Figure 5. Amplitude of the diffracted field for different values of resistance (Reff; ') and reactance (Imf5; "),
respectively.
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the asymptotic evaluation of the integral in equation (42) using the saddle point technique,'”
yields for the diffracted field

@ o4
0.35
0.3
0.25

0.2

|F|sin(6)

0.15
0.1

0.05

(b) 0.45
0.4
0.35
0.3

025

|F|si

0.2

0.15

0.1

0.05

u(p,z)~ F(0)

eikr

kr

-1 .
ka=1,k=10 By =1+
i —— =g, =2+1i| |
4 = 14050, 37 = 1+2i
Il Il Il
-0.3 04 05
g1 = 141i
L ka=1,kl=10 P2
—— =g =1+2i
-1 _ . -1 _ .
I A B A . N o=t
03 -02 -01 0.1 02 03 04 05
|F|cos(6)

(44a)

Figure 6. Amplitude of the diffracted field for different values of resistance (Ref; ') and reactance (Imf; "),

respectively.
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where

_k W+ (—kcos0)

FlO) = ——r—— (44b)
in H(—kcos0)
Here r and 6 are the spherical coordinates defined by
p =rsinf, z=rcosO (45a,b)
(@) 0.6 ;
-1 .
ka=1,k =10 fg = 1+2i
g — 14250
05 ; o . Ay =1+42.5i| |
gy =1+0.5i, 8, =050 [ ﬂ; — 143i
04+ .
o3l i
w
0.2 .
01 Ff -
0 | . ] - I
-0.4 -0.2 0 0.2 0.4 06 0.8
|F|cos(6)
(b) 06 ;
ka=1,kl=10
05 . .
8, = 14050, 5} = 0.5i
0.4 .
S
03t i
L
02+ -
01F i
o ‘ . ‘
-0.4 -0.2 0 0.2 0.4 0.6 0.8
|F|cos(6)

Figure 7. Amplitude of the diffracted field for different values of resistance (Reff; ') and reactance (Imfi; '),
respectively.
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Computational results

In order to show the influence of the values of the surface admittances and the cavity on the
diffracted field phenomenon, numerical results showing the variation of the amplitude of the
diffracted field (20log|F|) with the observation angle are presented. The impedances [3[;,3,
which are generally a complex number, determines the ability of a surface to guide and
support the surface waves. ) 23 = ﬁ1 23+ ip] 23 Where Bi 23 and fi] 23 correspond the resis-
tance and reactance, respectlvely Phys1ca11y, the surface is lossless when the real part of

(@ o0.04

By —0

0.035 - ———g'=101i]

0.03 [

0.025
ka=1,kl=10

0.02 [

|F|sin(6)

By =143, 5 =143i
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J
0 ‘ ‘ ‘ ‘ , ‘ ‘ ‘ ‘
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|F|cos(6)

®) 0.045

‘H‘ao

0.04 [

—— -5 =105 |

0.035

0.03 -

ka=1,kl=10

gy =143, 7)) =1+42i

0.015 1
0.01 1
0.005 b
o 1 1 / 1 1 1
-0.04 -0.02 0 0.02 0.04 0.06 0.08
|F|cos(6)

Figure 8. Amplitude of the diffracted field for different values of resistance (Ref; ') and reactance (Imfi; '),
respectively.
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lining is zero and the surface waves can propagate on it without attenuation. The surface is
lossy and surface wave is attenuated when real part is greater than zero. The imaginary part
of lining can be positive or negative, then the surface is said to be capacitive or inductive,
respectively.?’ Parameter values related with the surface linings are taken from the study of
Demir et al.'%; Tiryakioglu and Demir'®; and Tiryakioglu.?

Figure 3 shows the variation of the diffracted field amplitude with the truncation number N.
One can see that the amplitude of the diffracted field becomes insensitive to the truncation

(a) T T T T T T T T T

20 [

P N
o o o

Amplitude of the diffracted field (dB)
& , .
o

-80

! ! ! ! ! ! ! ! !
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(b) 20 T T T T T T T T T

_
()]
T
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=
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o
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5'11 = 1+0.5i,ﬂ'21 = 1+1i,ﬂ'31 =142i,0=2.2

Amplitude of the diffracted field (dB)
&

_
o
T

!

15 . . . . . . . . .
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Cavity depth(kl)

Figure 9. Diffracted field amplitude versus the cavity depth ki for different values of ka.
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number N for N >20, ka=1, ki=10, ;' =14+0.5, ;' =1+ 1i, 7' = 1+2i. In all
numerical examples, N is chosen as N =20.

In Figure 4, the amplitude of the diffracted field increases with the increasing value of ka
for different values of admittances, as expected.

Figures 5 to 7 show the variation of the amplitude of the diffracted field for the values
of resistance and reactance. As it can be seen that the diffracted field can be
reduced by changing the values of Imﬁl_l, Imﬂz_l, Imﬂ;' and Reﬁl_l, Reﬂ;l, Reﬂ;l.

O

-10 =
T ka=0.8
11 r Kl =10, ﬂ1 -0 ———l;: i 0.9 |
12 - ~ ) B
S By=By= 0.5i

Amplitude of the Diffracted Field (dB)
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Observation Angle in Degrees

—
o

-

©

Amplitude of the Diffracted Field (dB)

16 . . . . . . . .
0 20 40 60 80 100 120 140 160 180

Observation Angle in Degrees

Figure 10. Comparison of the amplitude of the diffracted field with the study of Demir et al. (2002).
Source: reproduced with permission from Demir et al. (2002)."?
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From Figures 5 to 7, one can see that the highest sound absorption can be achieved by
choosing linings properly.

Figure 8 shows the variation of the amplitude of the diffracted field for the values of hard
and soft outer surface of the cavity. It is seen that the diffracted field decreases significantly
with outer lining compared to the rigid outer surface. Also, one can see that from Figure 8§,
an effect of outer lining, which is the main difference with previous study, is observed.

Figure 9 depicts the influence of the cavity depth k/ on the diffraction phenomenon for
different values of the cavity radius. It is observed that the diffracted field obtained in the
second graph of Figure 9 is almost constant (no resonance effect) after k=5, while the first
graph of Figure 9 exhibits an oscillatory behavior. When the real part is zero, an oscillating
behavior is observed. On the other hand, the resonance effect is lost when the real part is
greater than zero.

Figure 10 shows an excellent agreement between the present paper (f; =0) and the
previous study.'? In Figure 10, fundamental mode is used to compare with the previous
study. Here, the impact of the incident field reduces to ¢~** due to the fundamental mode
(m=0). Notice that the curve corresponding to f/; = 0 coincides exactly with the result
obtained in the previous paper by the authors'? (Figures 4 and 5a). This comparison is
also important for the accuracy of the mathematical results.

Concluding remarks

Diffraction of sound waves from a circular cylindrical cavity is presented rigorously.
The Wiener—Hopf technique is engaged to obtain total diffracted field. Here, the outer
surface is assumed to be lined with acoustically absorbing material which makes the prob-
lem more complicated. The problem is reduced Wiener—Hopf equation and solved by using
the classical factorization and decomposition procedures. The solution involves two systems
of linear algebraic equations involving two sets of infinitely many unknown expansion
coefficients. Numerical results are obtained graphically for various values of the
problem parameters.

As is well known, diffraction of the sound wave is reduced by the inner absorbing lining.
In addition, the effect of the outer lining on the diffracted field is clearly seen from Figure 8.

The results are also compared with Demir et al.'? and it is observed that the agreement is
perfect. As a future work, a similar problem with the flow will be studied following the same
method used here.
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