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Abstract

In this paper we introduce and study the concept of rare δb-continuity in
topological spaces as a generalization of rare continuity and weak δb-continuity.
We investigate several properties of rarely δb-continuous functions. Rare δb-
continuity implied by rare δs-continuity and implies rare b-continuity. We also
introduce the concept of I.δb-continuity, which is weaker than δb-continuity and
stronger than rare δb-continuity.
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1. Introduction and preliminaries. One of the research lines of general
topology is to study various continuity types and their weak or strong forms of
them using different generalized open sets. We will focus on a special form of
rare continuity using a variant of b-open sets. The rarely continuous function
concept was introduced and studied by Popa [1] in 1979, as a generalization of
weak continuity. After that Long and Herrington [2] studied some special
properties of rare continuity and of rare sets. These two papers were followed by
studies in which different authors generalized rare continuity using different gen-
eralized open set notions [3–7]. The first author is introduced and studied rarely
b-continuous functions [8] as a generalization of weak b-continuity [9]. Kaymakcı
[10] introduced and investigated weak δb-continuity as a generalization of weak
continuity. The purpose of the present paper is to introduce concept of rare δb-
continuity in topological spaces as a generalization of rare continuity and weak
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δb-continuity. We investigate several properties of rarely δb -continuous functions.
Rare δb-continuity implied by rare δs-continuity and implies rare b-continuity. We
also introduced the notion of I.δb-continuity which is weaker than δb-continuity
and stronger than rare δb-continuity. It is shown that if Y is a regular space,
then the function f : X → Y is I.δb-continuous on X if and only if f is rarely
δb-continuous on X.

Throughout this paper, X and Y are topological spaces. We denote interior
and closure of a subset S of X by S̊ and S, respectively. Recall that a rare set
R is a set R such that R̊ = ∅. A subset S of a space (X, τ) is called regular
open [11] (resp. regular closed [11]) if S = S̊ (resp. S = S̊). The family of
all open (resp. regular open) sets of X denoted by O.(X) (resp. R.O.(X)) and
the family of all regular open sets of X containing a point x ∈ X is denoted by
O.(X;x) (resp. R.O.(X;x)). A point x ∈ X is called a δ-cluster point of S [12]
if for all U ∈ R.O.(X;x) we have S ∩ U 6= ∅. The set of all δ-cluster points
of S is called the δ-closure of S and is denoted by δ-cl(S). If S = δ-cl(S), then
S is said to be δ-closed. The complement of a δ-closed set is said to be δ-open.
The set {x ∈ X : ∃V ∈ R.O.(X;x) such that V ⊂ S} is called the δ-interior of S
and is denoted by δ-int(S). A subset S of a space (X, τ) is called semi-open [13]
(resp. b-open [14] or γ-open [15], δ-semi open [16], δb-open [17] (= z-open [18]))
if S ⊂ S̊ (resp. S ⊂ S̊ ∪ S̊, S ⊂ δ-int(S), S ⊂ S̊ ∪ δ-int(S)). The complement
of a semiopen (resp. b-open, δ-semi-open, δb-open) set is said to be semi-closed
(resp. b-closed, δ-semi-closed, δb-closed ([17])). If S is a subset of a space (X, τ),
then the δb-closure of S, denoted by δb-cl(S), is the intersection of the δb-closed
sets containing S ([17]). If S is a subset of a space (X, τ), then the δb-interior of
S, denoted by δb-int(S), is the union of δb-open sets contained in S. The family
of all b-closed, δb-open, δb-closed, δ-semi-open (shortly δs-open), semi open and
b-open sets of a space (X, τ) will be denoted by B.C.(X), δ-B.O.(X), δB.C.(X),
δ-S.O.(X), S.O.(X) and B.O.(X), respectively. The family of all δb-open (resp.
b-open) sets of X containing a point x ∈ X is denoted by δ-B.O.(X;x) (resp.
B.O.(X;x)).

One can extract the following diagram from [18]:

δ-semi-open(=δs-open) =⇒ δb-open⇒ b-open

Our next definition contains some types of functions used throughout this
paper.

Definition 1. A function f : X → Y is called:

(a) Weakly continuous [19] (resp. weakly b-continuous [9], weakly δb-continuous
[10]) if for each x ∈ X and each open set G containing f(x), there exists
an U ∈ O.(X;x) (resp. U ∈ B.O.(X;x), U ∈ δ-B.O.(X;x)) such that
f(U) ⊂ G;
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(b) b-continuous [15] if f−1(V ) is b-open in X for every V ∈ O.(Y );

(c) Rarely continuous [1] if for each point x ∈ X and each open set W ⊂ Y
containing f(x), there exists a rare set RW with W ∩ RW = ∅ and an
U ∈ O.(X;x) such that f(U) ⊂W ∪RW ;

(d) δb-continuous [10] if f−1(V ) is δb-open in X for every V ∈ O.(Y );

(e) Rarely b-continuous [8] (resp. rarely δs-continuous [6]) if for each point x ∈ X
and each open set W ⊂ Y containing f(x), there exists a rare set RW with
W ∩ RW = ∅ and a b-open (resp. δs-open) set U containing x such that
f(U) ⊂W ∪RW .

2. Rarely δb-continuous functions.
Definition 2. A function f : X → Y is called rarely δb-continuous at x ∈ X

if for each open set W ⊂ Y containing f(x), there exist a rare set RW with
W ∩ RW = ∅ and U ∈ δ-B.O.(X;x) such that f(U) ⊂ W ∪ RW . If f has this
property at each point x ∈ X, then we say that f is rarely δb-continuous on X.

Theorem 1. The following statements are equivalent for a function f : X →
Y :

(a) The function is rarely δb-continuous at x ∈ X.

(b) For each W ∈ O.(Y ; f(x)), there exists a rare set RW with W ∩ RW = ∅
such that x ∈ δb-int(f−1(W ∪RW )).

(c) For each W ∈ O.(Y ; f(x)), there exists a rare set RW with W ∩ RW = ∅
such that x ∈ δb-int(f−1(W ∪RW )).

(d) For each W ∈ R.O.(Y ; f(x)), there exists a rare set RW with W ∩ RW = ∅
such that x ∈ δb-int(f−1(W ∪RW )).

(e) For each W ∈ O.(Y ; f(x)), there exists an U ∈ δ-B.O.(X;x) such that
(f(U) ∩ (Y \W ))◦ = ∅.

(f) For each W ∈ O.(Y ; f(x)), there exists an U ∈ δ-B.O.(X;x) such that
(f(U))◦ ⊂W .

Proof. (a)⇒ (b): Let x ∈ X and W ∈ O.(Y ; f(x)). Then there exist a rare
set RW with W ∩RW = ∅ and an U ∈ δ-B.O.(X;x) such that f(U)⊂W ∪RW .
It follows that x ∈ U ⊂ f−1(W ∪RW ), then we have x ∈ δb-int(f−1(W ∪RW )).

(b) ⇒ (c): Suppose that W ∈ O.(Y ; f(x)). Then there exists a rare set RW

with W ∩RW = ∅ such that x ∈ δb-int(f−1(W ∪RW )). W ∩RW = ∅ implies

RW = RW ∩
(
(Y \W ) ∪ (W \W )

)
=

(
RW ∩ (Y \W )

)
∪
(
RW ∩ (W \W )

)
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⊂
(
RW ∩ (Y \W )

)
∪ (W \W ).

So that, we have RW ⊂
(
RW ∩ (Y \W )

)
∪(W \W ). Set R∗ = RW ∩(Y rW ).

It follows that R∗ is a rare set where W ∩R∗ = ∅. Then we have

W ∪RW ⊂W ∪ (W \W ) ∪
(
RW ∩ (Y \W )

)
= W ∪R∗

⇒ δb-int(f−1(W ∪RW )) ⊂ δb-int(f−1(W ∪R∗)).

Therefore x ∈ δb-int(f−1(W ∪RW )) ⊂ δb-int(f−1(W ∪R∗)).
(c) ⇒ (d): Assume that x ∈ X and W ∈ R.O.(Y ; f(x)). Then there exists

a rare set RW with W ∩ RW = ∅ such that x ∈ δb-int(f−1(W ∪ RW )). Set
R∗ = RW ∪ (W \W ). It follows that R∗ is a rare set and W ∩R∗ = ∅. Hence

x ∈ δb-int(f−1(W ∪RW )) = δb-int
[
f−1(W ∪ (W \W ) ∪RW )

]
= δb-int

[
f−1(W ∪R∗)

]
.

(d) ⇒ (e): Let W ∈ O.(Y ; f(x)). Then using f(x) ∈ W ⊂
◦
W and the fact that

◦
W ∈ R.O.(Y ; f(x)), there exists a rare set R ◦

W
with

◦
W ∩ R ◦

W
= ∅ such that

x ∈ δb-int(f−1(
◦
W ∪ R ◦

W
)). Suppose U = δb-int(f−1(

◦
W ∪ R ◦

W
)) then U ∈ δ-

B.O.(X;x) and therefore f(U) ⊂
◦
W ∪R ◦

W
. Then we have

(f(U) ∩ (Y \W ))◦ = (f(U))◦ ∩ (Y \W )◦ ⊂
( ◦
W ∪R ◦

W

)◦
∩ (Y \W )

⊂
(
W ∪

(
R ◦

W

)◦)
∩ (Y \W ) = ∅.

(e)⇒ (f): Since

(f(U) ∩ (Y \W ))◦ = (f(U))◦ ∩ (Y \W ) = ∅

we have
[f(U)]◦ ⊂W .

(f) ⇒ (a): Assume that x ∈ X and W ∈ O.(Y ; f(x)). Then by (f), there
exists an U ∈ δ-B.O.(X;x) such that [f(U)]◦ ⊂W . Then

f(U) = [f(U) \ (f(U))◦] ∪ (f(U))
◦

⊂ [f(U) \ (f(U))◦] ∪W = [f(U) \ (f(U))◦] ∪W ∪ (W \W ).

Set R∗ = [f(U) \ (f(U))◦] ∩ (Y \W ) (notice that Y \ (f(U))◦ ⊂ Y \W ) and
R∗∗ = (W \W ). Then R∗ and R∗∗ are rare sets. Moreover RW = R∗ ∪ R∗∗ is a
rare set, RW ∩W = ∅ and f(U) ⊂W ∪RW .
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Theorem 2. A function f : X → Y is rarely δb-continuous if and only if
f−1(W ) ⊂ δb-int(f−1(W ∪RW )) for every open set W in Y , where RW is a rare
set with W ∩RW = ∅.

Proof. Clear from Theorem 1.
Remark 1. Rare δb-continuity implied by rare δs-continuity and implies rare

b-continuity, but the converse implications are not true in general as the following
examples show.

Example 1. Let (X, τ1) and (Y, σ1) be topological spaces such that X =
Y = {a, b, c, d}, τ1 = {∅, X, {a}, {c}, {a, b}, {a, c}, {a, b, c}, {a, c, d}} and σ1 =
{∅, Y, {b}, {c}, {b, c}, {a, d}, {a, b, d}, {a, c, d}}. Then B.O.(X) = {∅, X, {a}, {c},
{a, b}, {a, c}, {a, d}, {a, b, c}, {a, b, d}, {a, c, d}}, δ-B.O.(X) = {∅, X, {a}, {c},
{a, b}, {a, c}, {a, b, c}, {a, b, d}, {a, c, d}} and the identity function f : (X, τ1) →
(Y, σ1) is rarely b-continuous but it is not rarely δb-continuous (there is no U ∈
δ-B.O.(X) satisfying f(U) ⊂ {a, d} ∪R{a,d} for R{a,d} = ∅).

Example 2. Let (X, τ2) and (Y, σ2) be topological spaces such that X =
Y = {a, b, c, d}, τ2 = {∅, X, {a, b}, {a, b, c}} and σ2 = {∅, Y, {a, b}, {c, d}}. Then
δ-B.O.(X) = {∅, X, {a}, {b}, {a, b}, {b, c}, {a, c}, {a, d}, {b, d}, {a, b, c}, {a, b, d},
{a, c, d}, {a, b, c}, {a, c, d}}, δ-S.O.(X) = {∅, X} and the identity function f :
(X, τ2)→ (Y, σ2) is rarely δb-continuous, but it is not rarely δs-continuous (there
is no U ∈ δ-S.O.(X) satisfying f(U) ⊂ {a, b} ∪R{a,b} for R{a,b} = {c}).

Definition 3. A function f : X → Y is called I.δb-continuous at x ∈ X if
for each open set W ⊂ Y containing f(x), there exists a δb-open set U containing
x such that [f(U)]◦ ⊂ W . If f has this property at each point x ∈ X, then we
say that f is I.δb-continuous on X.

Remark 2. It is clear that I.δb-continuity is weaker than δb-continuity and
stronger than rare δb-continuity.

Theorem 3. Let Y be a regular space. Then the function f : X → Y is
I.δb-continuous on X if and only if f is rarely δb-continuous on X.

Proof. Necessity is clear.
Sufficiency. Let f be rarely δb-continuous on X. Suppose that f(x) ∈ W ,

where W is an open set in Y and x ∈ X. By the regularity of Y , there exists
an open set W1 in Y such that f(x) ∈ W1 and W1 ⊂ W . Since f is rarely δb-
continuous, then there exists U ∈ δ-B.O.(X;x) such that [f(U)]◦ ⊂ W1. This
implies [f(U)]◦ ⊂W which means that f is I.δb-continuous on X.

Example 3. Let (X, τ1) and (Y, σ2) be topological spaces such that X =
Y = {a, b, c, d}, τ1 = {∅, X, {a}, {c}, {a, b}, {a, c}, {a, b, c}, {a, c, d}} and σ2 =
{∅, Y, {a, b}, {c, d}}. Then the identity function f : (X, τ1) → (Y, σ2) is rarely
δb-continuous, but not I.δb-continuous (there is no U ∈ δ-B.O.(X) satisfying
[f(U)]◦ ⊂ {c, d}).

Example 4. Example 12 of [6] provides an example of a function which is
I.δb-continuous but not δb-continuous.

Definition 4. A space X is called r-separate [3] if for every pair of distinct
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points x and y in X, there exist rare sets RUx and RUy , and open sets Ux and Uy

with Ux ∩RUx = ∅ and Uy ∩RUy = ∅ such that (Ux ∪RUx) ∩ (Uy ∪RUy) = ∅.
Definition 5. A space X is said to be b-T2 [20] (resp. δb-T2 [18]) if for each

pair of distinct points x and y in X, there exist b-open (resp. δb-open) sets U and
V of X containing x and y, respectively, such that U ∩ V = ∅.

Theorem 4. If f : X → Y is rarely δb-continuous injection and Y is r-
separate, then X is b-T2.

Proof. Since the function f is injective, f(x) 6= f(y) for any distinct points x
and y in X. By hypothesis, Y is r-separate, so there exist open setsWx andWy in
Y such that f(x) ∈Wx and f(y) ∈Wy, respectively, and rare sets RWx and RWy

whereWx∩RWx = ∅ andWy∩RWy = ∅ such that (Wx∪RWx)∩(Wy∪RWy) = ∅.
Therefore

δb-int(f−1(Wx ∪RWx)) ∩ δb-int(f−1((Wy ∪RWy)) = ∅.

By Theorem 2 we have

x ∈ f−1(Wx) ⊂ δb-int(f−1(Wx ∪RWx))

and
y ∈ f−1(Wy) ⊂ δb-int(f−1(Wy ∪RWy)).

Then

δb-int(f−1(Wx ∪RWx)), δb-int(f−1(Wy ∪RWy)) ∈ δ-B.O.(X)

and by Theorem 8 of [17], X is b-T2.
Definition 6. A function f : X → Y is called strongly δb-open if for every

U ∈ δ-B.O.(X), f(U) is open.
Theorem 5. If a function f : X → Y is strongly δb-open and rarely δb-

continuous, then f is weakly δb-continuous.
Proof. Suppose that x ∈ X and W is any open set of Y containing f(x).

Since f is rarely δb-continuous, there exist a rare set RW with W ∩RW = ∅ and
U ∈ δ-B.O.(X;x) such that f(U) ⊂ W ∪ RW . Then f(U) ∩ (Y \ W ) ⊂ RW .
Since f is strongly δb-open f(U) ∩ (Y \W ) is open. But the rare set RW has no
interior point. Then f(U)∩ (Y \W ) = ∅. This implies that f(U) ⊂W . Hence f
is weakly δb-continuous.

Lemma 1 ([18]). The intersection of an open and a δb-open set is a b-open
set.

Theorem 6. If a function f : X → Y is rarely δb-continuous, then the graph
function g : X → X × Y , defined by g(x) = (x, f(x)) for every x ∈ X, is rarely
b-continuous.

Proof. Suppose that x ∈ X and W is any open set containing g(x). Then
there exist open sets U and V in X and Y , respectively, such that (x, f(x)) ∈
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U × V ⊂ W . Since f is rarely δb-continuous, there exists G ∈ δ-B.O.(X;x) such
that [f(G)]◦ ⊂ V . Let O = U ∩ G. By Lemma 1, O ∈ B.O.(X;x) and we have
[g(O)]◦ ⊂ [U × f(G)]◦ ⊂ U × V ⊂W . Therefore, g is rarely b-continuous.

Definition 7. A topological space (X, τ) is said to be δb-compact [10] if
every δb-open cover of X has a finite subcover.

Definition 8. Let U = {W`} be a class of subsets of X. If for each
W`′ ∈ {W`} there exists a rare set RW`′ such that W`′ ∩ RW`′ = ∅, then the
family {W` ∪RW`

} is called rarely union sets [3].
Definition 9. A topological space (X, τ) is called rarely almost compact [3]

if each open cover of X has a finite subfamily whose rarely union sets cover the
space.

Theorem 7. Let f : X → Y be rarely δb-continuous and S be a δb-compact
subset in X. Then f(S) is a rarely almost compact subset of Y .

Proof. Suppose that U is an open cover of f(S). Set U∗ = {V ∈ U :
V ∩ f(S) 6= ∅}. Then U∗ is an open cover of f(S). Hence for each x ∈ S, there
is some Vx ∈ U∗ such that f(x) ∈ Vx. Since f is rarely δb-continuous there exist
a rare set RVx with Vx ∩ RVx = ∅ and a δb-open set Ux containing x such that
f(Ux) ⊂ Vx ∪ RVx . Hence there is a subfamily {Uxi}xi∈S0 which covers S, where
S0 is a finite subset of S. The subfamily {Vxi ∪RVxi

}xi∈S0 also covers f(S).
Lemma 2 ([2]). If g : Y → Z is continuous and one-to-one, then g preserves

rare sets.
Theorem 8. If f : X → Y is rarely δb-continuous surjection and g : Y → Z

is continuous and one-to-one, then gof : X → Z is rarely δb-continuous.
Proof. Suppose that x ∈ X and g(f(x)) ∈ V , where V is an open subset

in Z. By hypothesis, g is continuous, therefore there exists an open set W ⊂ Y
containing f(x) such that g(W ) ⊂ V . Since f is rarely δb-continuous, there exist
a rare set RW with W ∩ RW = ∅ and a δb-open set U containing x such that
f(U) ⊂ W ∪ RW . It follows from Lemma 2 that g(RW ) is a rare set in Z. Since
RG is a subset of Y \W and g is injective, we have g(RW )∩ V = ∅. This implies
that g(f(U)) ⊂ V ∪ g(RW ). Hence the result follows.

Definition 10. A function f : X → Y is called pre δb-open if for every
U ∈ δ-B.O.(X) we have f(U) ∈ δ-B.O.(Y ).

Theorem 9. If f : X → Y is pre δb-open and g : Y → Z a function such
that gof : X → Z is rarely δb-continuous. Then g is rarely δb-continuous.

Proof. Let y ∈ Y and x ∈ X such that f(x) = y. Let G be an open set
containing g(f(x)). Then there exist a rare set RG with G ∩ RG = ∅ and a
δb-open set U containing x such that g(f(U)) ⊂ G ∪ RG. But f(U) is a δb-open
set containing f(x) = y such that g(f(U)) = (gof)(U) ⊂ G∪ RG. This shows
that g is rarely δb-continuous at y.

Definition 11. A function f : X → Y is called relatively rare δb-continuous
if for each point x ∈ X and each open set W ⊂ Y containing f(x), there exists
a rare set RW with W ∩ RW = ∅ such that the set f−1(W ) is δb-open in the
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subspace f−1(W ∪RW ).
Theorem 10. If f : (X, τ) → (Y, σ) is rarely δb-continuous, then for each

W ∈ σ there exists an U ∈ δ-B.O.(X) such that f−1(W ) ⊂ f−1(W ∪RW ) ∩ U .
Proof. Take U = δb-int(f−1(W ∪RW )).
Theorem 11. A function f : X → Y is δb-continuous if and only if it is

rarely δb-continuous and relatively rare δb-continuous.
Proof. Necessity is clear.
Sufficiency. By relatively rare δb-continuity, we have f−1(W ) = f−1(W ∪

RW ) ∩W1 where W is open in Y , RW is a rare set and W1 ∈ δ-B.O.(X). We
will prove f−1(W ) is δb-open in X. Suppose that x ∈ f−1(W ). This means that
f(x) ∈W and x ∈W1. Since f is also rarely δb-continuous, there exist a rare set
RW withW ∩RW = ∅ and a subset U ∈ δ-B.O.(X;x) such that f(U) ⊂W ∪RW .
Then we have U ⊂ f−1(W ∪RW ). Since δb-int(f−1(W ∪RW ))(⊂ f−1(W ∪RW ))
is also δb-open we may assume U ⊂W1. Hence we have x ∈ U ⊂ f−1(W ∪RW )∩
W1 = f−1(W ). This shows that f is δb-continuous.

Definition 12. A function f : X → Y satisfies interiority rare δb condition
if δb-int(f−1(W ∪RW )) ⊂ f−1(W ) for each open set W in Y , where RW is a rare
set with W ∩RW = ∅.

Theorem 12. If f : X → Y is rarely δb-continuous and satisfies interiority
rare δb condition, then f is δb-continuous.

Proof. By the hypothesis of the theorem, we have f−1(W ) ⊂ δb-int(f−1(W∪
RW )), where W is an open set in Y and RW is a rare set with W ∩ RW = ∅.
On the other hand, by the interiority rare δb condition we have δb-int(f−1(W ∪
RW )) ⊂ f−1(W ). Therefore f−1(W ) is δb-open in X and consequently f is δb-
continuous.
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[14] Andrijević D. (1996) On b-open sets, Mat. Vesnik, 48(1–2), 59–64.
[15] El-Atik A. A. (1997) A study on some types of mappings on topological spaces,

M.Sc. Thesis, Tanta University, Egypt.
[16] Park J. H., B. Y. Lee, M. J. Son (1997) On δ-semiopen sets in topological

spaces, J. Indian Acad. Math, 19(1), 59–67.
[17] Keskin Kaymakci A. (2019) A New Class of Generalized b-open Sets. In: IV.

International Natural and Engineering Sciences Congress, 2019.
[18] El-Magharabi A. I., A. M. Mubarki (2011) z-open sets and z-continuity in

topological spaces, Int. J. Math. Arch., 2(10), 1819–1827.
[19] Levine N. (1961) A decomposition of continuity in topological spaces, Amer. Math.

Monthly, 68, 44–46.
[20] Caldas M., S. Jafari (2007) On some applications of b-open sets in topological

spaces, Kochi J. Math, 2, 11–19.

1Department of Mathematics, Faculty of Science, Marmara University,
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