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Abstract. This paper deals with the rings which satisfy DCCd condition. This notion
has been introduced recently by R.Dastanpour and A.Ghorbani (2017) as a generalization
of Artnian rings. It is of interest to investigate more deeply this class of rings. This study
focuses on commutative case. In this vein, we present this work in which we examine
the transfer of these rings to the trivial, amalgamation and polynomial ring extensions.
We also investigate the relationship between this class of rings and the well known ones.
Furthermore, many new results are presented in the scope of this paper. For example,
there is one which concerns the decomposition of ideals on prime ones and another which
investigate the Krull dimension of the ring satisfying DCCd condition. At the end of this
work, we provide a result which concerns the modules over such rings.
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1. Introduction

Throughout this paper, all rings are commutative with nonzero identity, and all

modules are nonzero unital. In [8], Dastanpour and Ghorbani introduced the con-

cept of DCCd condition, which is a generalization of DCC condition. These authors

say a ring R satisfies DCCd if for every descending chain {In}n∈N of ideals, there

exists an integer i such that for every j > i, there exists an element aj of R veri-

fying Ij+1 = ajIj . If we assume that the multiplicity factor between two successive

ideals is invertible, the ring which satisfies DCCd condition is Artinian. The most of

the results presented in [8] are concerned with the associative rings. In this paper,

we study more deeply these rings focusing on the commutative case. Namely, we ex-

amine the transfer of these rings to trivial extension, amalgamation and polynomial

ring extensions. We also study the relation between these rings and the Artinian,
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Noetherian and coherent rings. Many other results are presented in this work, for

instance we investigate the decomposition of ideals on prime ones and the Krull

dimension of the rings which satisfy DCCd condition.

Let A and B be rings, J an ideal of B and let f : A → B be a ring homomorphism.

In this setting, we can consider the following subring of A × B: The amalgamation

of A and B along J with respect to f is the subring of A×B defined by

A ⊲⊳f J := {(a, f(a) + j) : a ∈ A, j ∈ J}.

This construction is a generalization of the amalgamated duplication of a ring along

an ideal (introduced and studied by D’Anna, Finacchiaro, and Fontana in [3]–[7]).

This construction has been studied in the general case and from the different point

of view of pullbacks, by D’Anna and Fontana, see [6]. Moreover, other classical

constructions (such as the A+XB[X], A+XB[[X]], and the D+M constructions)

can be studied as particular cases of the amalgamation (see [4], Examples 2.5 and 2.6)

and other such constructions like the Nagata’s idealization, cf. [12], page 2.

Let A be a ring and E an A-module. The trivial ring extension of A by E (also

called the idealization of E over A) is the ring R := A ∝ E whose underlying group

is A×E with multiplication given by (a, e)(a′, e′) := (aa′, ae′+a′e). For the reader’s

convenience, recall that if I is an ideal of A and E′ is a submodule of E such that

IE ⊆ E′, then J := I ∝ E′ is an ideal of R. Recall that, prime (or maximal)

ideals of R have the form P ∝ E, where P is a prime (or maximal) ideal of A,

see [1], Theorem 3.2. Suitable background on commutative trivial ring extensions is

in [1], [9], [10].

2. Main results

In this section, we present some properties concerning the rings satisfying

the descending chain condition. Namely, we study the relationship between

this class of rings and the classical ones, we investigate the Krull dimension

of the ring satisfying the DCCd condition and decomposition of its ideals onto

prime ones.

Many works proposed generalization of the Noetherian rings. For instance, we re-

call that Bakkari in [2] defined Q-Noetherian as a ring A for which A/P is Noetherian

for every prime ideal P of A. Based on a result presented in [8], we show that each

ring satisfying the DCCd condition is Q-Noetherian. Using this result, we provide

the following theorem, which gives a necessary and sufficient condition for a ring

satisfying the DCCd to be Noetherian.
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Theorem 2.1. Let A be a ring satisfying theDCCd condition. Then the following

statements are equivalent.

(1) All minimal prime ideals of A are finitely generated.

(2) A is a Noetherian ring.

To prove this theorem, we need the following lemma.

Lemma 2.2. Let A be a ring satisfying the DCCd condition and P a prime ideal

of A. The following statements are satisfied.

(1) A is Q-Noetherian.

(2) If P is finitely generated, then every ideal containing P is finitely generated.

P r o o f. (1) Let A be a ring satisfying the DCCd condition. Then for every

prime ideal P of A, A/P is an integral domain which satisfies DCCd condition.

Therefore A/P is a principal ideal domain, see [8], Corollary 4.6. Hence, A/P is

Noetherian, which means that A is Q-Noetherian.

(2) Let A be a ring satisfying the DCCd condition and P a finitely generated

prime ideal. Then according to the previous statement A is Q-Noetherian. So A/P

is Noetherian. Hence, for every ideal I containing P , I/P is finitely generated.

Since P is finitely generated, then I is also finitely generated. �

P r o o f of Theorem 2.1. To show that the first assertion implies the second,

it suffices to prove that every prime ideal of A is finitely generated. So, let P be

a prime ideal. Further, P contains a minimal prime ideal which is finitely generated.

According to Lemma 2.2, P is finitely generated.

The second implication is clear because every ideal in a Noetherian ring is finitely

generated, in particular the prime ones. �

Recall that for a ring A, the set of all nilpotent elements is denoted by nil(A) and

if nil(A) = (0), then A is said to be a reduced ring.

Corollary 2.3. Let A be a reduced semilocal ring satisfying DCCd and ACCd

condition. Then A is Noetherian.

P r o o f. Let A be a reduced ring satisfying DCCd and ACCd condition and pos-

sess a finite number of maximal ideals. According to [8], Theorem 3.6, the number

of its minimal prime ideals is finite. As A is reduced, according to [11], Lemma 1.12,

the minimal prime ideals of A are finitely generated. Hence, Theorem 2.1 implies

that A is Noetherian as desired. �

Corollary 2.4. Let A be a semilocal ring satisfying DCCd and ACCd. If nil(A)

is finitely generated, then each ideal of A containing nil(A) is finitely generated.
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P r o o f. Let A be a ring satisfying the conditions presented in the above corollary.

Since A has a finite number of maximal ideals and satisfies DCCd and ACCd con-

dition, A/nil(A) has a finite number of maximal ideals, satisfies DCCd and ACCd

conditions and it is reduced. So, according to the above corollary, A/nil(A) is

Noetherian. As nil(A) is finitely generated, every ideal containing nil(A) is finitely

generated. �

Proposition 2.5. Let A be a ring satisfying the DCCd condition such that every

principal ideal of A contains a prime ideal. Then A is Noetherian.

P r o o f. In order to prove that A is Noetherian, we show that each ideal

of A is finitely generated. To do this, we consider an arbitrary ideal I of A.

Since A satisfies the DCCd condition, according to [8], Proposition 4.3, I contains

a nonzero ideal J such that every ideal that is contained in J is principal. Hence,

there is a finitely generated prime ideal of A contained in J . So according to

Lemma 2.2, I is finitely generated as desired. �

Theorem 2.6. Let R be a ring. If R satisfies DCCd condition, then R satis-

fies ACC condition on prime ideals.

P r o o f. We must show that every ascending chain of prime ideals of R is station-

ary. Let P1 ⊆ P2 ⊆ P3 ⊆ P4 ⊆ P5 ⊆ . . . be a chain of prime ideals ofR. We now prove

that this chain is stationary. Since P1 is a prime ideal, Lemma 2.2 shows that R/P1

is Noetherian. So the ascending chain P2/P1 ⊆ P3/P1 ⊆ P4/P1 ⊆ P5/P1 ⊆ . . . is

stationary. Then P1 ⊆ P2 ⊆ P3 ⊆ P4 ⊆ P5 ⊆ . . . is stationary as desired. �

The following result is an immediate consequence of [2], Theorem 2.2.

Proposition 2.7. Let A be a ring and E be an A-module, and R := A ∝ E be

the trivial ring extension of A by E. Then the following statements hold:

(1) If A is a ring satisfying the DCCd condition, then R is Q-Noetherian.

(2) If R is a ring satisfying the DCCd condition, then A is Q-Noetherian.

Proposition 2.8. Let A be a ring satisfying the DCCd condition. The following

statements hold:

(1) Every prime ideal is either minimal or maximal. Consequently, dim(A) 6 1.

(2) Every ideal strictly containing a prime ideal P is a product of a finite number

of maximal ideals strictly containing P .

P r o o f. These statements come from the fact that a principal ideal domain is

a Dedekind domain and for every prime ideal P of a ring A satisfying DCCd, the

quotient A/P is a principal ideal domain.
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(1) Let Q be a prime ideal of A which is not minimal. So there exists a minimal

prime ideal P strictly contained in Q. Since A is a ring satisfying the DCCd con-

dition, the quotient A/P is a principal ideal domain, so it is a Dedekind domain.

As Q/P is a nonzero prime ideal of A/P , it is maximal. Therefore, Q is maximal

in A. It follows that dim(A) 6 1.

(2) Let I be an ideal of A which strictly contains a prime ideal P . Since A/P

is a principal ideal domain, there exist some prime ideals P1, P2, . . . , Pn contain-

ing P such that I/P = (P1/P )(P2/P ) . . . (Pn/P ) = (P1P2 . . . Pn)/P . Consequently,

I = P1P2 . . . Pn. It is clear that for each i ∈ {1, 2, . . . n}, Pi is a maximal ideal of A

as desired. �

Theorem 2.9. Let A be a ring. Then:

(1) Assume that (A,M) is local such that M2 = 0. Then A satisfies DCCd condi-

tion if and only if A is Artinian.

(2) Let P be a prime ideal of A such that P 2 = 0. Then AP satisfies DCCd

condition if and only if AP is Artinian.

P r o o f. (1) Since every Artinian ring satisfies the DCCd condition, it suffices

to show that every local ring (A,M) with M2 = 0 satisfying DCCd condition is

Artinian. We do this as follows:

Let I1 ⊇ I2 ⊇ . . . In ⊇ . . . be a descending chain of nonzero ideals of A. For

the sake of simplicity this chain is denoted by (I). Since A satisfies DCCd, there

exists an integer k such that for each i > k, Ii+1 = aiIi for some ai ∈ A. Using

the hypothesis of this proposition, we show that the later property implies that the

chain (I) is stationary. Before doing this, we affirm that ai /∈ M for each i > k.

Assume that there exists n > k such that an ∈ M . Then In+1 = anIn ⊆ M2 = 0.

So In+1 = 0. This contradicts the assumption that In+1 is a nonzero ideal. So, for

each i > k, ai is invertible because (A,M) is local and ai /∈ M . Then the equality

Ii+1 = aiIi means that Ii = Ii+1 for all i > k. Thus, the chain (I) is stationary.

Consequently, the ring A is Artinian as desired.

(2) Let P be a prime ideal of A such that P 2 = 0. So (AP , PAP ) is a local ring

such that (PAP )
2 = 0. Hence, according to the first assertion AP satisfies DCCd if

and only if AP is Artinian. �

Corollary 2.10. Let A be an integral domain, K = qf(A) be the quotient field

of A, E be a K-vector space such that dimK E = ∞, R := A ∝ E the trivial ring

extension of A by E. Then R does not satisfy DCCd condition.

P r o o f. Let P := 0 ∝ E, which is a prime ideal of R. Since dimK E = ∞, RP :=

K ∝ E is not Noetherian. So it is not Artinian. Hence, RP does not satisfy DCCd

by the previous theorem. Consequently, R does not satisfy the DCCd condition. �
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Example 2.11. Using Corollary 2.10, we deduce Z ∝ R does not satisfy DCCd

condition.

Recall that an R-module M is said to be coherent if M is finitely generated and

every finitely generated submodule ofM is finitely presented. In particular, a ring R

is said to be a coherent ring if it is a coherent module over itself.

Theorem 2.12. Let A be a ring satisfying the DCCd condition. If there exists

in A a prime ideal which is finitely generated, then A is coherent.

P r o o f. Let A be a ring satisfying the DCCd condition and P be a prime ideal

which is finitely generated. Then A/P is a domain which satisfies DCCd. So A/P

is a principal ideal domain and so it is Noetherian. Hence, A is coherent. �

Proposition 2.13. Let A be a ring satisfying the DCCd condition and M be an

A-module such that Ann(M) contains a prime ideal. Then M is finitely generated

if only if M is Noetherian.

P r o o f. LetM be a finitely generated module over a ring A satisfying the DCCd

condition such that Ann(M) contains a prime ideal P . We show that M is Noethe-

rian. Indeed, since P ⊆ Ann(M), M is an A/P -module. Since A satisfies DCCd so

does A/P . Hence, A/P is a principal ideal domain. Therefore, A/P is Noetherian.

Then M is Noetherian as an A/P -module. It follows that M is Noetherian as an

A-module. �

3. Transfer of DCCd condition

In this section, we examine the transfer of the DCCd condition to the polynomial

and trivial ring extension. The following result shows that the polynomial ring

extension of the ring satisfying DCCd does not necessarily satisfy DCCd condition.

Theorem 3.1. Let A be an integral domain that satisfies DCCd condition.

Then A[X] satisfies DCCd condition if only if A is a field.

P r o o f. Assume that A is a ring such that A[X] satisfies the DCCd condition and

prove that A is a field. Indeed, those conditions imply that A[X] is a domain which

satisfies the DCCd condition. So, according to [8], Corollary 4.6, A[X] is principal.

Thus, A is a field. To show the converse, it suffices to recall that if A is a field,

then A[X] is integral and principal. Hence, it satisfies the DCCd condition. �

Example 3.2. Z[X] does not satisfy DCCd condition because Z is an integral

domain, which is not a field.
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Remark 3.3. A[X,Y ] does not satisfy DCCd condition if A is a domain because

A[X,Y ] = A[X][Y ] and A[X] is not a field.

In the following theorem, we study the transfer of DCCd condition to the trivial

extension.

Theorem 3.4. Let A be a ring and E be an A-module, and let R := A ∝ E be

the trivial ring extension of A by E. Then:

(1) If R satisfies DCCd condition, then so does A.

(2) Assume that (A,M) is local and E a nonzero A-module with ME = 0. If R

satisfies DCCd condition, then A is Artinian.

P r o o f. (1) It suffices to apply the properties: R/(0 ∝ E) ∼= A and the homomor-

phic image of a ring satisfying the DCCd condition also satisfies DCCd condition.

(2) We assume that R satisfies DCCd and we prove that A is Artinian. To achieve

this aim, we show that every descending chain is stationary. So, let I1 ⊇ I2 ⊇ . . . ⊇

In ⊇ . . . be a descending chain of ideals of A. Since R satisfies DCCd and I1 ∝

E ⊇ I2 ∝ E ⊇ . . . ⊇ In ∝ E ⊇ . . . is a descending chain of R, there exists an

integer k such that for each i > k, there exists an element (ai, ei) of R satisfying the

following relation: Ii+1 ∝ E = (ai, ei)(Ii ∝ E). One can easily see that Ii+1 = aiIi.

Now, we show that ai is invertible. Assume that ai is not invertible. Then ai ∈ M .

Let e ∈ E. Since (0, e) ∈ Ii+1 ∝ E, we can write (0, e) = (ai, ei)(xi, yi). This gives

e = aiyi + xiei. Since ME = 0 and yi ∈ Ii ⊆ M , we obtain e = 0. Then we have

E = 0, which is a contradiction. �

Remark 3.5. To see that the converse of the second assertion of Theorem 3.4

is not true, it suffices to use Corollary 2.10.

Theorem 3.6. Let f : A → B be a ring homomorphism and let J be an ideal

of B. Then:

(1) if A ⊲⊳f J satisfies the DCCd condition, so does A;

(2) if A ⊲⊳f J satisfies the DCCd condition and J ⊆ ann(Imf), then J2 = J .

P r o o f. Let f : A → B be a ring homomorphism and J be an ideal of B.

(1) Suppose that A ⊲⊳f J satisfies the DCCd condition. We show that A also

satisfies the DCCd condition. Since A ⊲⊳f J satisfies the DCCd condition and

according to [8], Proposition 2.3, (A ⊲⊳f J)/(0 ⊲⊳f J) satisfies the DCCd condition.

As (A ⊲⊳f J)/(0 ⊲⊳f J) ∼= A, A satisfies the DCCd condition.

(2) Let I1 ⊇ I2 ⊇ . . . ⊇ In ⊇ . . . be a descending chain of ideals of A. It

is obvious that I1 ⊲⊳f J ⊇ I2 ⊲⊳f J ⊇ . . . ⊇ In ⊲⊳f J ⊇ . . . is a descending

chain of nonzero ideals of A ⊲⊳f J . Hence, there exists an integer k such that
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for each i > k, Ii+1 ⊲⊳f J = (bi, f(bi) + li)Ii ⊲⊳f J for an element (bi, f(bi) + li)

of A ⊲⊳f J . So, for each ai+1 in Ii+1 and ji+1 in J , there exist ai in Ii and ji in J

such that (ai+1, f((ai+1) + ji+1) = (bi, f(bi) + li)(ai, f((ai) + ji). Then ai+1 = biai
and f(ai+1) + ji+1 = (f(bi) + li)(f(ai) + ji). This leads to the following equations:

ai+1 = biai and f(ai+1) + ji+1 = f(bi)f(ai) + lif(ai) + jif(bi) + jili. Using the

assumption J ⊆ ann(Imf), we obtain ji+1 = liji. So J
2 = J as desired. �

Example 3.7. f : A → B such that A = Z, B = Z/8Z and f(n) = 2n. Imf =

2Z/8Z and ann(Imf) = 4Z/8Z. Let J = 4Z/8Z. We have J2 = 0 and J 6= 0.

So J2 6= J . Consequently, Z ⊲⊳f Z/8Z does not satisfy the DCCd condition.

Remark 3.8. Let A be a ring satisfying the DCCd condition. Even if A ∝ E

and A ⊲⊳f J do not satisfy DCCd condition, they can inherit some properties from A.

This is also true for a ring satisfying the ACCd condition. For instance, we give the

following proposition.

Proposition 3.9. Let f : A → B be a ring homomorphism and let J be an ideal

of B. Let A be a ring satisfying the DCCd condition and P be a prime ideal of A.

Then the following statement holds:

(1) A ∝ E/P ∝ E and A ⊲⊳f J/P ⊲⊳f J are principal ideal domains.

(2) If P is finitely generated and E is a finitely generated A-module, then each ideal

of A ∝ E containing P ∝ E is finitely generated.

(3) If P is finitely generated and J is a finitely generated f(A)-module, then each

ideal of A ⊲⊳f J containing P ⊲⊳f J is finitely generated.

P r o o f. (1) Assume that A is a ring satisfying DCCd condition. So, according

to [8], Corollary 4.6, A/P is a principal ideal domain. Moreover, A ∝ E/P ∝

E ∼= A/P and A ⊲⊳f J/P ⊲⊳f J ∼= A/P . Consequently, A ∝ E/P ∝ E and

A ⊲⊳f J/P ⊲⊳f J are principal ideal domains.

(2) Since P and E are finitely generated, P ∝ E is also finitely generated. Ac-

cording to the first statement, A ∝ E/P ∝ E is a principal ideal domain. So, each

ideal of A ∝ E containing P ∝ E, is finitely generated.

(3) Since P is finitely generated and J is a finitely generated f(A)-module, P ⊲⊳f J

is also finitely generated. According to the first statement, A ⊲⊳f J/P ⊲⊳f J is

a principal ideal domain. So, each ideal of A ⊲⊳f J containing P ⊲⊳f J is finitely

generated. �
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