@ JOURNAL OF

APPLIED

e iaired Journal of Applied Statistics

Edted by Jie Chan

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/cjas20

©

Taylor & Francis

Taylor & Francis Group

Robust scalar-on-function partial quantile
regression

Ufuk Beyaztas, Mujgan Tez & Han Lin Shang

To cite this article: Ufuk Beyaztas, Mujgan Tez & Han Lin Shang (2023): Robust
scalar-on-function partial quantile regression, Journal of Applied Statistics, DOI:
10.1080/02664763.2023.2202464

To link to this article: https://doi.org/10.1080/02664763.2023.2202464

@ Published online: 19 Apr 2023.

\J
Cl/ Submit your article to this journal &

||I| Article views: 9

A
h View related articles &'

@ View Crossmark data &'
CrossMark

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=cjas20


https://www.tandfonline.com/action/journalInformation?journalCode=cjas20
https://www.tandfonline.com/loi/cjas20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/02664763.2023.2202464
https://doi.org/10.1080/02664763.2023.2202464
https://www.tandfonline.com/action/authorSubmission?journalCode=cjas20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=cjas20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/02664763.2023.2202464
https://www.tandfonline.com/doi/mlt/10.1080/02664763.2023.2202464
http://crossmark.crossref.org/dialog/?doi=10.1080/02664763.2023.2202464&domain=pdf&date_stamp=2023-04-19
http://crossmark.crossref.org/dialog/?doi=10.1080/02664763.2023.2202464&domain=pdf&date_stamp=2023-04-19

JOURNAL OF APPLIED STATISTICS Ialylcir & Francis
https:/doi.org/10.1080/02664763.2023.2202464 aylor &Francis Group

[ W) Check for updates‘

Robust scalar-on-function partial quantile regression

Ufuk Beyaztas 2, Mujgan Tez 2 and Han Lin Shang ®P

aDepartment of Statistics, Marmara University, Kadikoy-Istanbul, Turkey; bDepartment of Actuarial Studies
and Business Analytics, Macquarie University, Sydney, Australia

ABSTRACT ARTICLE HISTORY
Compared with the conditional mean regression-based scalar-on- Received 16 December 2022
function regression model, the scalar-on-function quantile regres-  Accepted 8 April 2023

sion is robust to outliers in the response variable. However, it is KEYWORDS

susceptible to outliers in the functional predictor (called leverage Functional data; iteratively
points). This is because the influence function of the regression reweighting; partial quantile
quantiles is bounded in the response variable but unbounded in covariance; robust estimation
the predictor space. The leverage points may alter the eigenstruc-

ture of the predictor matrix, leading to poor estimation and pre-

diction results. This study proposes a robust procedure to estimate

the model parameters in the scalar-on-function quantile regres-

sion method and produce reliable predictions in the presence of

both outliers and leverage points. The proposed method is based

on a functional partial quantile regression procedure. We propose

a weighted partial quantile covariance to obtain functional partial

quantile components of the scalar-on-function quantile regression

model. After the decomposition, the model parameters are esti-

mated via a weighted loss function, where the robustness is obtained

by iteratively reweighting the partial quantile components. The esti-

mation and prediction performance of the proposed method is eval-

uated by a series of Monte-Carlo experiments and an empirical data

example. The results are compared favorably with several existing

methods. The method is implemented in an R package robfpgr.

1. Introduction

The advance in technology and data storage have increased the availability of high-
dimensional and complex-structured data, whose characteristics vary over a continuum
such as time and space, called functional data. Accordingly, the need for reliable tools to
analyze this data type has increased in various scientific fields. Consult [15,19,26,27,31,41]
for comprehensive theoretical results and applied problems in functional data. Among
many others, the scalar-on-function linear regression model, where the response variable
is scalar-valued, and the predictor consists of random trajectories, has greatly interested
many scientific fields, such as bioscience, chemometrics, meteorology, and population
health [see, e.g. 2,3,5,7,17,28,42].
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The models mentioned above are based on conditional mean regression, i.e. they help
explore the average relationship between the response and predictor variables. On the other
hand, there is also a strong need to explore the effects of predictors on the response at
non-central locations of the response variable’s distribution in some cases [see, e.g. 6]. In
such cases, the conditional mean regression models are limited. Still, the quantile regres-
sion proposed by [30] is helpful to characterize the entire conditional distribution of the
response for a given predictor, i.e. it can be used to evaluate the impact of the predictor on
the response at different quantile levels.

Quantile regression for the scalar-on-function linear regression model (abbreviated as
fQR’) was first proposed by [8]. By extending the standard quantile regression framework
into the functional data, fQR studies the impact of the functional predictor on the scalar
response for a given quantile level, which is included in the model via the inner product
between the functional predictor and an unknown regression parameter function. Then,
several extensions of this model have been proposed [see, e.g. 8-11,18,29,34,44,49-51].
More recently, Li et al. [33] studied the statistical inference in functional quantile regres-
sion for scalar and functional responses. In addition to characterizing the entire conditional
distribution of the scalar response, the fQR is more ambidextrous than the conditional
mean-based scalar-on-function linear regression. For example, compared with conditional
mean-based regression, the fQR provides a more robust inference when outlying observa-
tions and heteroscedasticity are present in the response variable or under non-Gaussian
and heavy-tailed distributed error terms.

In fQR, the regression quantiles are obtained as a solution to linear programming algo-
rithms, such as simplex and Frisch-Newton interior-point [see, e.g. 25, 30, for more detailed
information]. These regression quantiles are robust to atypical observations in the response
variable, called ‘outliers’ [see, e.g. 1]. However, they are not robust to atypical observations
in the predictor space, called ‘leverage points’. This is because the influence function of the
regression quantiles is bounded in the response variable but unbounded in the predictor
space. In the case of outliers, the existing f{QR models provide robust inference in charac-
terizing the entire conditional distribution of the scalar response. On the other hand, they
may provide poor estimation and prediction results when leverage points are present in
the functional predictor since they may alter the predictor matrix’s eigenstructure. To our
knowledge, a version of fQR that is robust to both leverages and outliers in response has
yet to be studied.

In this paper, we propose a robust fQR (called ‘RfPQR’) to robustly estimate the regres-
sion quantiles in the presence of both outliers and leverage points. Our proposed method is
based on a functional partial quantile regression (fPQR), which is an extension of the par-
tial quantile regression (PQR) of [16] to the functional data. In the method, we propose a
weighted quantile covariance to obtain functional partial quantile components of the fQR.
In other words, we consider approximating the infinite-dimensional regression problem
fQR with the finite-dimensional quantile regression of the scalar response on the partial
quantile components. The regression quantiles are obtained via a weighted loss function,
where the effects of leverage points on the predictor matrix are down-weighted with an iter-
ative reweighting algorithm. The regression quantiles obtained by our proposed method
are robust to both outliers and leverage points. In addition, our proposed method provides
consistent regression quantiles and parameter estimates to the existing f{QRs when neither
outliers nor leverage points are present in the data.
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The remainder of this paper is organized as follows. Section 2 summarizes the fQR
model. We introduce the fPQR method in Section 3. The details of the proposed method
are given in Section 4. A series of Monte-Carlo experiments are conducted to investi-
gate the proposed method’s estimation and predictive performance, and the results are
presented in Section 5. The diffusion tensor imaging data analysis results are given in
Section 6. Section 7 concludes the paper, along with some possible future directions of the
proposed methodology. In a supplement, we introduce the created ‘R package and present
a reproducible ‘R code for the Monte Carlo experiments in this study.

2, Scalar-on-function linear quantile regression

We consider a random sample {Y;, Xj(¢) : i = 1,. .., n} from the pair (Y, X),whereY € R
is a scalar response variable and X € £,(Z) is a functional predictor variable belonging
to £, Hilbert space defined on the bounded and closed interval ¢ € Z. Without loss of
generality, we postulate that 7 = [0, 1]. For simplicity, we further postulate that the scalar
response and functional predictor have been centered to mean zero. For a given t € (0, 1),
let Qy;|x;(7) denote the rth conditional quantile function of the scalar response ); given
the functional predictor Xj(t). Then, the fQR is defined as follows:

1
QY{|X,‘(T) = /0 ‘X'I(t)ﬁ(tff) dt) (1)

where B(t, ) € £,[0, 1] is the regression parameter function measuring the effect of X;(t)
on the tth quantile of Y;.

Model (1) is a straightforward extension of the standard quantile regression model
proposed by [30] to functional data, and the main aim in this model is to estimate the
regression coefficient function (¢, 7). Similar to the standard quantile regression model,
the tth conditional quantile function can be solved by minimizing the check loss function
oz (1) = u{t — I(u < 0)}, where I denotes the indicator function [30]:

n

1
arg min Z o |:Y,~ — / X;(t)B(t, 1) dti| . (2)
BT o 0

However, the minimization problem in (2) is an ill-posed problem because of the infinite-
dimensional nature of the functional predictor Xj(¢). Several methods, such as smoothing
splines [8], functional principal component analysis (fPCA) [29,34,50], nonparametric
quantile regression estimation [13,14], and PQR [51]. While these methods provide a
robust estimate for the regression parameter function 8(t, ) when outlying observations
contaminate the scalar response, they may fail to produce robust estimates when outliers
are present in the functional predictor X (¢). This is because the influence function of the
regression quantiles is bounded in the response variable but unbounded in the predictor
space. This paper proposes a robust estimation procedure based on the fPQR.

3. The fPQR

The PQR algorithm of [16] follows the standard partial least squares regression exactly with
the redefinition of the expectation and covariance operators. In PQR, Dodge and Whittaker



4 (&) U.BEYAZTASETAL.

[16] defined the quantile expectation E; (-) and quantile covariance Cov. (-, -) by replacing
the least-squares loss function with the check loss function. Let {Y;,Z;:i=1,...,n}
denote a sample of scalar response Y and P-dimensional matrix of scalar-valued predictors
where Z; = [Zi1,...,Zip] T from the pair (Y, Z). Then E;(-) and Cov (-, -) are defined as
follows:

E:(Y) = arginf E[p: (Y — )],

Cov¢(Y,2Z)" = arginf E[p. (Y —a — B Var(Z2)"1(Z — E(2))],
.p

where minimizing E[p; (Y — «)] with respect to o corresponds to the rth quantile of Y.
Let Cy ,, and C%, denote the cross-quantile covariance operator evaluating the contri-
bution of X (¢) to the rth quantile of Y and its adjoint, respectively, as follows:

T 1
Cyy: L£2[0,1] > R, f CY—X> x:/ Cov; (Y, X (1) f(¢) dt,
0

Cyy : R — £500,1], x &)f(t) = x Cov; (Y, X(1)).

Then, the spectral analysis of self-adjoint, positive, and compact operator if = C%y o C{
leads to a countable set of positive eigenvalues A(7) associated with orthonormal eigen-
functions w(t, T) as a solution of Uw(t, T) = A(t)w(t, T), where fol wt,T)w' (t,7)dt =1
[see, e.g. 40]. Similar to [3,40], the fPQR components of the fQR in (1), can be obtained by
optimizing the squared quantile covariance between Y and X (t) as follows:

1
arg max Covf (Y,/ X(tw(t, 1) dt) , (3)
w(t,1)eL;[0,1] 0
Iw(t,T)lI=1
1
& argmin E? |:,0r (Y - / X(tw(t,T) dt)] , (4)
w(t,t)€L;[0,1] 0

where w(t,7) € £,[0, 1] is the eigenfunction for quantile level t associated to the largest
eigenvalue of /.

Let us denote by w(V (¢, 7) the eigenfunction of U for quantile level T associated with
its largest eigenvalue Amax(7), ie. UwD (t,7) = Amax(T)WP (1, 7). Then, the first fPQR
component of the fQR is obtained as a linear function of X' (¢) as follows:

1
TW(7) = / Xw 1) de.
0

We consider an iterative procedure to obtain the subsequent fPQR components, where at
each iteration, the fPQR components are obtained by subtracting the information gathered
from the previous iteration. In more detail, let h = 1,2, ... denote the iteration step and
let YOO = Y and XY@ () = X (¢). Then, at iteration A, the hth eigenfunction is obtained as
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follows:
1
w(t, 1) = argmax Cov? (Y(h_l), / X(h_l)(t)w(t,t)dt),
w(t,7)eL,[0,1] 0
Iw(t,T)lI=1
where

y® — yh=1) _ W T(h)(l’),
xe" =x)"Y — M iTh (1),

with ¢ = E[y"=DT® (2)]/E[(T? (r))?] and P (1) = E[X ()" D TH (0)]/E[(T?
(7))?]. Accordingly, the hth fPQR component is obtained as follows:

1
TW () = / X owh (¢, 1) dt.
0

Let {TW(1),..., T (1)} denote the set of fPQR components obtained after H itera-
tions. Then, the fPQR algorithm is finalized by conducting a quantile regression of Y on
(TO(), ..., TH (D).

3.1. Estimation of regression coefficient function via basis expansion

In fQR (1), while the functional predictor belongs to infinite-dimensional £, Hilbert space,
in practice, its elements are observed in a finite set of discrete time points. Therefore, the
fPQR components cannot be computed directly from the discrete data. To remedy this
problem, as usual in practice, we consider approximating the functional form of discretely
observed sample elements of functional predictor via a basis expansion method. With
this approach, the eigenanalysis problem {/w; = A, w; reduces to the finite-dimensional
eigenanalysis problem. Let us assume that the sample elements of the functional predic-
tor belong to a finite-dimensional space generated by a set of basis expansion functions
{p1(1), ..., ¢k (t)}. Then, X (#), fori = 1,...,n, can be represented by

K
Xi(t) =) angu(t) = A B (1),
k=1

where A; = [aj1, . . ., ajx] denotes the basis expansion coefficients.
From Uw(t) = A(t)w(t), the eigenfunction w(f,7) and the regression parameter
function B(¢, t) can be represented in the basis ®(¢):

K K
w(t,T) =Y wi(Dgr(t) =w (D@1, BLT) =Y B(D)gi(t) = B (1) B (1),

k=1 k=1

where w(t) = [w1(7),...wk(r)] and B(7) = [B,(7), ..., Bk (7)] are the basis expansion
coefficients. In addition, the cross-quantile covariance operators can be represented on the



6 @ U.BEYAZTAS ET AL.

same basis as follows:
C‘[
Civ:L20,1] > R, 5% x=13],(r)®f,
Cf
Chy R — £500,1], x -5 f(t) = x Tay (1),

where X4y(t) = (0(7))kx1 with o(t) = E[AY] for k =1,...,K is the cross-quantile
covariance vector between A and Y and ® = fol ® ()@ (t)dt is the matrix of inner
products between basis expansion functions.

Based on the basis expansion representations of the functions, the eigenvectors are
obtained in the finite dimension of basis expansion coefficients by solving

Tay (1) T4y (D) Bw(T) = L()W(T). (5)

Let w))(7) denote the first eigenvector obtained by solving (5). In addition, let us consider
the decomposition ® = ®'/2(®!/2) T In what follows, the followings hold

w@) ew (@) = W (@) @@ W (1),
=@V @)W (@),
where W (1) = (@2 Tw (1) and wV (1) = (&~ V2) TWD (7). Then, for (5), we have
(@) T4y () T4y @@ (1) = hnax (W (1),
Accordingly, the first PQR component can be obtained as follows:
TW (1) = A(@YH) Tw (7).

The iterative process given in Section 3, along with the basis expansion coefficients, can
be used to obtain the subsequent PQR components. The results above show that the fPQR
constructed using Y and X' (¢) and the standard PQR constructed based on Y and basis
expansion coeflicients produce the same PQR components at each iteration.

Let us now denote by W™ and T® the matrices of eigenvectors and PQR compo-
nents obtained after h = 1,..., H iterations from the PQR of Y on the basis expansion
coefficients A(®'/2) T. Then the approximate form of fQR in (1) in the finite-dimensional
space is given by

Qyyr(r) = T®y(r) = A®B (1), (6)

where B(t) = (Q’I/Z)TW(H))/(I). The estimate of parameter y (7) can be obtained by
solving

n
¥ (r) = arg min Z 01 [Yi - T(H)y(t)] .
vy(@® =

Finally, the regression parameter function §(t, t) is approximated by
Bt,1) = ®(1B(0), (7)

where ﬁ(r) = (<I>_1/2)T"~V(H)7(T)-
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4. The proposed RfPQR

From (3) and (4), the eigenfunctions w(t, 7) defining the fPQR components T(t) are
obtained using the quantile covariance. In addition, from (5), the eigenvectors used to com-
pute the PQR components in the finite-dimensional space of basis expansion coefficients
are obtained via the quantile covariance. With the robustness of the quantile regression,
the fPQR and PQR components correctly reflect the underlying structure of the functional
predictor, even if outliers contaminate the scalar response. On the other hand, they may
not reflect the underlying structure of the predictor in the case of leverage points. This is
because the quantile regression is sensitive to leverage points and the effects of such points
present in the PQR components. Moreover, in the last steps of the PQR algorithm, the
regression parameter y (7) in (6) is used to obtain the estimate of regression parameter
function B(#, ) via the quantile regression. Again, the quantile regression may produce a
biased estimate for y (7) when leverage points are present in the predictor. Consequently,
in the case of leverage points, the fPQR/PQR may produce biased estimates for the regres-
sion parameter function B(¢, 7), leading to poor predictions of the scalar response. To
overcome this problem, we propose a robust alternative to the fPQR.

In the proposed RfPQR method, we consider optimizing the following weighted quan-
tile covariance to obtain the eigenfunctions (and, therefore, the fPQR components):

1
arg max Covfb . (Y,/ X(B)wy (t,T) dt> ,
wy (t,1)€L2(0,1] 0

lwy (,T)1=1

1
& argmin E? |:1p o <Y —/ X(B)wy (L, T) dt)],
0

wy (t,1)€L2[0,1]

where ¥ = ¢¥Yy* denotes the vector-valued weights. Here, ¥ is used to down-weight
the effects of outliers while ¥~ is used to down-weight the effects of leverage points (and,
therefore, the effects of outliers in the fPQR components). When t = 0.5, i.e. when we
consider the median regression, 1/” does not have a significant impact on down-weighting
the effects of outliers because the median regression is already robust to outliers, but *
has a significant impact on down-weighting the effects of leverage points. If all the weights
are taken as 1, then the optimization problem above results in standard fPQR. In addition,
if all the weights are taken equally, then the optimization problem results in a weighted
fPQR approach, which may not be robust. Similar to [45], we pretend v, fori=1,...,n,
as non-fixed weights, depending on unknown quantities. The underlying idea behind our
approach is to compute the first approximations of the fPQR components and parameter
estimate via appropriate starting values for 1. Then, the anterior parameter estimate is
used to recompute the weights, from which the second approximations of the fPQR com-
ponents and parameter estimate are computed by the weighted fPQR. This process, which
we call iteratively reweighted fPRQ, is continued until a suitable conditional convergence
is achieved.

Because the fQR model belongs to an infinite-dimensional space, similar to fPQR,
we consider approximating the RfPQR components as well as the estimate of regression
parameter function in the finite-dimensional space of basis expansion coeflicients, i.e.
we consider the PQR of Y on D = A((I>1/ 2)T. For this model, the weighted eigenvectors,
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denoted by wy, (1), from the proposed method are obtained by

Wy (1) = Covy, (Y,4@")T),

& argmin ) _ Yipr (Y; — Diiw(0).

w(r) -1

Then, the RfPQR components are approximated by Ty, () = DWy, (7). In the iteratively
reweighted fPRQ algorithm, the weights are computed as v¥; = f(ri/,,), where G, =
median|r; — median rj| and f(-) is the Hampel’s loss function

! J

X, 0<|x| <
cisign(x), a<|xl<e
(x) = § ciles — |x]) .
/ —HSIgn(x), o =|x|<c
3 — (2
0, c3 < |«

where ¢; = 1.65, c; = 1.96 and ¢3 = 3.09. In the algorithm, tﬁf' is computed as ; while
¥ is computed as follows:

(8)

l//zx =f< ”Ti‘/f(f) - medL1(T1/f(T))|| > )

median;|| Ty (t) — medr, (Ty (7)) ||

where medp, (Ty (7)) is the L; median of the vector of PQR components. The starting
values for Wf/ is computed as 1//3’ = Y; — median)/; and ;" is computed by (8) but replacing
]

T;y (t) with D;. Based on the definitions above, the detailed algorithm of the proposed
RfQR method to estimate the fQR in (1) is given in Algorithm 1.

Let Wf/f{) and Tf;{) denote the matrices of the weighted eigenvectors and RfPQR com-
ponents obtained after h = 1,..., H iterations by the Algorithm 1. Then, the estimated

fQR of Y in terms of Tff) is given by

Qrir(@) = Ty"9, (), ©)

where

n
Py =agmin > p, [V = T§" ()]
y(® i
Finally, the RfPQR estimation of the regression parameter function 8(t, t) by the proposed
method is given by

By(t, ) = ®(DB, (1), (10)

where ﬁ,,, (1) = (<I>_1/2)TW$)')7W (7).

Comparing the fPQR and RfPQR estimates of S(¢, 7) respectively given by (7) and (10),
the fPQR estimate, B\(t, 7) is robust to only outliers. In contrast, the RfPQR estimate
B:/, (t, T) is robust to both outliers and leverage points. This is because while the effects of
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Algorithm 1: RfPQR algorithm

(1) Obtain the basis expansion coefficient D = A(®/?)T from the functional
predictor &' (¢).

(2) Compute the starting values for \//f/ and ¥ fori = 1,...,n and compute
vi= vyl

(3) Perform a PQR on the weighted Y and D (Yy, and Dy, respectively) to obtain the
RfPQR components T (7), where Yy, and Dy, are obtained by multiplying each
row of Y and D with /1.

(4) Perform a quantile regression of Yy, on the RfPQR components T, (1), i.e.,
Model (6), to obtain a robust estimate of y (t), denoted by 7y (7).

(5) Correct the RfPQR components by dividing each row of Ty, (t) by +/¥;. Compute
the residuals, i.e., e; = Y; — Tiy (7)y () to update 1//?1 as wf/ = f(ei/om). In
addition, update v;* by applying (8) on the corrected RfPQR components. Then,
update the weights as ¢ = wf} Y.

(6) Repeat steps 3-5 until convergence, where convergence is achieved if the relative
difference in norm between two consecutive ¥y, (t) is smaller than a threshold
value, e.g., 1072.

leverage points are down-weighted in the RfPQR algorithm, this is not done in the fPQR
algorithm. In addition, comparing the approximate models of fQR in (1) obtained with
fPQR and RfPQR respectively given by (6) and (9), while the latter one produces robust pre-
dictions of Y to both outliers and leverage points, the former produces robust predictions
of Y to only outliers.

5. Monte Carlo experiments

We conduct a series of Monte-Carlo experiments under different data generation processes
to investigate the estimation and predictive performance of the proposed RfPQR method.
The empirical performance of the RfPQR is compared with those of the functional linear
model (fLM) based on the principal component analysis, fPCA, and fPQR. Throughout the
experiments, the dataset is generated under two scenarios (S1 and S2). In S1, the dataset
is generated from a relatively smooth process, where no atypical observations are present.
For this scenario, we aim to show whether the proposed method performs similarly to its
competitors, i.e. the aim is to show the correctness of the proposed RfPQR method. In
S2, on the other hand, the generated dataset is contaminated by atypical observations at
5% and 10% contamination levels. For this scenario, we consider two cases (Cases-I and-
II). In Case-I, the generated dataset is contaminated by outliers, i.e. only the values of the
scalar response variable are contaminated by atypical observations. In this case, the pro-
posed method is expected to provide similar empirical performance to fPCA and fPQR.
In Case-II, the generated dataset is contaminated by outliers and leverage points, and the
proposed RfPQR is expected to provide improved empirical performance than its com-
petitors. Throughout the experiments, we set T = 0.5 to evaluate the robust nature of the
proposed method.
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In our numerical analyses, 20 B-spline basis expansion functions are used to
approximate the components for all the methods, as described in Section 3.1. Also, for
all the methods, K = 4 components are used to estimate the models.

We use the same data generating process as in [5] to generate the dataset. For the func-
tional predictor, n = 600 trajectories at 201 equally spaced points in the interval [0, 1] are
generated from the following process:

5
X(t) = Z ki (),

j=1

where k;j ~ N(o, 4j’3/ 2y and vj(t) = sin(jmt) — cos(jrrt). The regression parameter func-
tion B(t, T = 0.5) is generated from the sinusoidal process f(t, T = 0.5) ~ 2sin(27t).
Then, the observations of the scalar response are generated as follows:

1
Y:/ XB(L, T =05) + e, (11)
0

where € ~ N(0,1).

To evaluate the empirical performance of the methods, the generated data is first divided
into a training sample with size #y,in = 420 and a test sample with size ns; = 180. Then,
the models are constructed using the training sample to predict the observations of the
scalar response in the test sample. The process mentioned above is repeated 1,000 times,
and in each experiment, the following means squared prediction error (MSPE) is computed
to compare the predictive performance of the methods:

Ntest

T2
E (Yi =Y,
Ntest i1

MSPE =

where Y; denotes the ith predicted response in the test sample. In addition, the following
relative integrated squared estimation error (RISEE) is computed in each experiment to
compare the estimation performance of the methods [52]:

I8t T = 0.5) — B(t, T = 0.5)]3

RISEE = >
I1B(t;T = 0.5)]I3

>

where || - II% denotes the £, norm.

In Case-I, we consider a contaminated normal distribution for € to generate the outliers.
In doing so, before computing the values of the scalar response, the randomly selected
Mtrain X [5%, 10%] observations of € are replaced with the observations generated from
N (15,1). Then, the response values are computed using (11). In Case-II, on the other
hand, first, n1¢rain X [5%, 10%] trajectories of X' (t) are replaced with X' (t) = X' (¢) + v(¢),
where v(t) are generated from the Ornstein-Uhlenbeck process:

1
v(®) = nlue(t) — nle " + 0/ e 0w aw,,
0

where 7, 6, and o are constant, vy () is the initial value of v(t), and W, is the Wiener
process. We consider generating the initial value of v (¢) from a normal distribution with a
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Figure 1. Graphical display of the generated scalar response (left panel), functional predictor (middle
panel), and regression parameter function (right panel). The data are generated under S2-Case-Il.

mean of 15 and unit variance to generate magnitude outliers for the functional predictor.
Then, similar to Case-I, nyain X [5%, 10%] observations of € are generated from A/ (15, 1).
Finally, the observations of the scalar response are obtained by applying (11). A graphical
display of the generated data is presented in Figure 1.

The median values of the computed RISEE values over 1,000 Monte-Carlo experiments
for both scenarios and cases are reported in Table 1. From this table, when no outliers
are present in the data (i.e. S1), it is evident that all the methods tend to produce similar
results. When outliers contaminate only the values of the scalar response variable, i.e. Case-
I, the quantile regression models are unaffected by the outliers and produce similar median
RISEE values to those they produce under S1. On the other hand, fLM is seriously affected
by the outliers and produces median RISEE values about 1.6 and 2 times larger (respectively
for the 5% and 10% contamination levels) than those it produces under S1. When both the
scalar response and functional predictor variables are contaminated by the outliers and
leverage points (Case-II), the fPCA and fPQR methods exhibit the same behavior as the
fLM and produce considerably larger median RISEE values compared with those obtained
under S1. These results indicate that the presence of leverage points may cause the loss of
the robust nature of the fPCA and fPQR methods. On the other hand, our proposed RfPQR
method is unaffected by the outliers and produces median RISEE values similar to those
obtained under S1. Note that we consider several different regression parameter functions,
including sinusoidal and exponential, in the Monte-Carlo experiments (the results are not
presented in the paper to save space but can be obtained from the corresponding author
upon request). Our results obtained with different regression parameter functions indi-
cate that the proposed method produces similar RISEE values with f{LM and fPCA when
no outlier is present in the data. It provides improved RISEE values than its competitors

Table 1. Comparison of the parameter estimation performance: Computed
median REISEE values, best performances in bold.

Method
Scenario/Case Contamination level fLM fPCA fPQR RfPQR
S1 0% 0.101 0.104 0.101 0.108
Case-l 5% 0.161 0.104 0.103 0.108
10% 0.217 0.107 0.105 0.108
Case-ll 5% 0.933 0.937 1.053 0.084

10% 0.934 0.935 0.955 0.105
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Figure 2. Predictive model performances: Computed MSPE values of the fLM, fPCA, fPQR, and RfPQR
under S1 (0% contamination level in each plot), S2-Case-I (left panel), and S2-Case-Il (right panel).

when the data are contaminated by outliers and leverage points (i.e. the performance of the
proposed method is not sensitive to the choice of regression parameter function).

The MSPE values recorded from the Monte-Carlo experiments are presented in
Figure 2. From this figure, when the dataset is generated under S1, i.e. 0% contamina-
tion level, all the methods produce similar out-of-sample predictive performance. When
only the scalar response is contaminated by the outliers (Case-I), the quantile regression
methods produce a similar performance, which is significantly better than fLM. On the
other hand, when outliers and leverage points contaminate both the scalar response and
functional predictor variables, our proposed method produces considerably improved out-
of-sample predictive performance than all the methods. In this case, the results support the
findings presented in Table 1 so that the fPCA and fPQR methods are affected by the lever-
age points and produce similar results with the fLM. A reproducible ‘R code to obtain the
MSPE results under Case-II is given in the supplement.

6. Diffusion tensor imaging data

We consider a diffusion tensor imaging (DTT) dataset used in [48], which is available in the

R package ‘refund’ [21] and it has been used in several functional regression model-based
studies [see, e.g. 20,22,23,28,36,46]. The dataset was collected from 100 patients with multi-
ple sclerosis (MS) during their visits to Johns Hopkins University and the Kennedy-Krieger
Institute. MS is one of the most common causes of non-traumatic disability in young and
middle-aged adults [43]. It is a demyelinating autoimmune-mediated disease that occurs
with the formation of multiple plaques in the brain and spinal cord resulting from a disor-
der in the person’s immune system. DTT quantifies the magnitude and direction of water
diffusion and is one of the most commonly used magnetic resonance imaging techniques to
identify MS lesions. Fractional anisotropy (FA) measures the degree of anisotropy of water
molecules. FA is a DTI-derived metric and is used as a proxy for demyelination. At each
visit of the MS patients in the dataset, patients underwent a DT scan of their brains. Then,
FA for each of the patients was extracted along with two major tracts; (1) the corpus callo-
sum (CCA) and (2) the right corticospinal (RCS). The CCA is the most prominent white
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matter tract that connects the two hemispheres of the brain, and damage to this struc-
ture has previously been linked to a decline in cognitive performance among MS patients
[39,48]. FA-CCA and FA-RCS are viewed as functions of spatial distance along the tract. In
addition, the MS patients completed a paced auditory serial addition test (PASAT), a mea-
sure of cognitive function. They assess acoustic information processing speed, flexibility,
and calculation ability, resulting in a scalar score [24]. PASAT values differ between MS
patients and healthy individuals, and evaluation of FA-CCA functions may benefit from
linking the FA-CCA tract to PASAT values. Thus, with this dataset, we aim to characterize
the conditional distribution of the PASAT scores of the MS patients given their FA profiles
along the CCA tract (FA-CCA). From the estimated distribution, lower quantiles indicate
that an additional neurological follow-up might be needed.

We consider the DTT dataset obtained at the first visit of MS patients (66 PASAT scores
and 66 curves for FA-CCA). The graphical display of observed PASAT scores and func-
tional FA values for the CCA tract are presented in Figure 3. The following model is
considered:

93

Qy,1x;(t) = Bo(r) + XHpt,t)dt, i=1,...,66,
1

t=
where Bo(7) is the intercept varying over 7, Y; is the ith PASAT score and A&j(¢) is the
ith FA-CCA. However, as seen from Figure 3, there are potential outlying curves in both
PASAT and FA-CCA values (mostly in FA-CCA). These outliers may prevent accurately
predicting the distribution function of PASAT scores conditional on the FA-CCA pro-
files. We apply the functional boxplot method proposed by [47] available in the ‘R package
‘fdaoutlier’ to determine the outliers in the FA-CCA. According to the functional boxplot
results, four outliers (6th, 13th, 20th, and 55th observations) exist in the functional pre-
dictor. This motivates us to apply our proposed RfPQR approach to robustly predict the
conditional distribution of PASAT scores.
As stated by [11], assessing the quality of the estimated quantiles is not straightforward
because only one pair of the data (Y;, Xj(¢)) is available at a particular predictor level. We
follow a similar approach as in [11] to evaluate the empirical performance of the quantile

o
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Figure 3. Graphical display of PASAT score (left panel) and FA in the CCA tract (right panel) obtained at
the first visit of MS patients. FA-CCA profiles are registered to a dense grid of 93 points.
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regression methods in predicting the distribution function of PASAT scores conditional
on the FA-CCA profiles. Let Qy; x;(t) denote the 100t %th quantile function of PASAT
score conditional on the FA-CCA profiles. Then, for the indicator function I;(7) = I[Y; <
Qy; x;(7)], it is expected that E[I;(t)|X;(t)] = 7. For a set of 7 levels, 7 € {0.05 x s: s =
1,..., 19}, we obtain the predicted 1007 %th quantile function of PASAT score conditional
on the FA-CCA profiles, ayi| &, (1), for each quantile regression methods (i.e. fPCA, fPQR,
and RfPQR). Then, for each of the methods, we compute the following measure:

~ 1 & ~
I(0) = — > T < Qra(),
i=1

where n* = 62 (i.e. the number of observations after discarding the outlying points) and
Y} are the PASAT score values that do not contain the observations corresponding to the
outlying functional predictors. I(t) values close to T can be interpreted as an indication
that the quantile regression method produces reasonable estimates.

The scatter plots of I(z) vs () are presented in Figure 4. From this figure, while it
seems that all the methods produce /]I\(r) values close to the identitx line, a closer look at
the plots indicates that the proposed method produces improved I(7) values compared
with the fPCA and fPQR.

To compare the methods, we compute the mean absolute error (MAE) between [(7)

and’]f('c), i.e. we compute
R
MAE = n S_Zl II(zs) — I(75)|, 75 =0.05x%s.

According to our results, the MAE values are 0.0198, 0.0239, and 0.0147 for the fPCA,
fPQR, and RfPQR methods, respectively. These results indicate that our proposed method
produces a more accurate distribution function for the PASAT scores conditional on the
FA-CCA profiles.

To assess the individual PASAT scores, we use PASAT score 32 as a reference (we con-
sider this reference value for all age groups based on the results of [35,38]). Based on the
reference value, ten individuals (individuals with IDs = [6, 9, 22, 29, 34, 41, 46, 55, 64, 65])
with PASAT scores less than 32. In Figure 5, we present the estimated conditional quantiles
of PASAT scores obtained by the proposed RfPQR method and actual PASAT scores for
four individuals (IDs = [6, 22, 34, 41]). These individuals have PASAT scores less than the

fPCA fPQR RfPQR

Figure 4. Scatter plots of I(7) vs.ﬁ(r) for fPCA (left panel), fPQR (middle panel), and RfPQR (right panel).
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Figure 5. Estimated conditional quantiles of PASAT scores obtained by the proposed RfPQR method. (
—— denotes the actual PASAT score).

estimated conditional quantiles of PASAT scores by the proposed method at level T = 0.1,
and they may need an additional neurological follow-up.

7. Conclusion

The fQR has become a general framework to characterize the entire conditional distribu-
tion of a scalar response variable for a given functional predictor. Compared with fLM,
the fQR has several important advantages, such as robustness to outliers in the response
variable and heteroscedasticity. On the other hand, it is susceptible to leverage points, i.e.
outlying observations in the predictor space. In the case of leverage points, the existing
strategies used to estimate the conditional quantiles may produce biased parameter esti-
mates and poor prediction results for the conditional quantiles of the scalar response. This
paper proposes an estimation strategy based on the fPQR approach, robust to both outliers
and leverage points. In our method, the fPQR components are obtained via a weighted
covariance function, and the effects of outliers and leverage points are down-weighted
using an iterative reweighting algorithm. The estimation and predictive performance
of the proposed method are investigated via a series of Monte-Carlo experiments and
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empirical data analysis. The results produced by the proposed method are favorably com-
pared with those of several existing methods. The results obtained from our numerical
analyses indicate that the proposed method produces similar empirical performance to
existing quantile regression methods when no outliers are present in the data or when
outliers are present in the scalar response. On the other hand, the proposed method pro-
duces improved empirical performance over the existing methods when leverage points
contaminate the dataset.

The current methodology can be extended further by the following five research direc-
tions: (1) In the proposed method, we consider the unpenalized B-spline basis expansion
coefficients to approximate the infinite-dimensional fQR in the finite-dimensional space.
However, when the unpenalized basis expansion coefficients are used in the model, opti-
mization without imposing restrictions on the function may cause over-fitting. In addition,
the regression parameter function approximated by the unpenalized basis expansion coef-
ficients may be strong under-smoothing when the regression parameter function is much
smoother than the higher-order fPQR components since the smoothness of the function
parameter is induced by choice of basis dimension of the functional predictor [see, e.g.
28]. A penalized version of the current methodology can be proposed similar to those of
[2] to control the smoothness degree of the regression parameter function and make a
better inference about the fQR model. (2) In the current study, we only consider a single
functional predictor. The proposed method can easily be extended to multiple functional
predictors cases similar to [5]. (3) In the f{QR model, we only consider functional predic-
tors. However, in real-world problems, a mixed data type, including both functional and
scalar predictors, may be needed to obtain improved estimates for the conditional quantiles
for the scalar response. The proposed method can easily be extended to partially functional
linear quantile regression models, which include both functional and scalar predictors,
as an alternative to [34,49-51]. (4) The present methodology can also be extended to the
function-on-function linear quantile regression models as an alternative to [4,6]. (5) In our
method, we consider the PQR algorithm of [16] to obtain the fPQR components. Alterna-
tive PQR algorithms, including the ones proposed by [12,32,37], can be implemented into
the proposed method.
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