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1. Introduction
1.1. Basic definitions and notations

Let Iy be a finite field of g elements. A k dimensional subspace of IFy is called a linear [n, k] code.
Elements of such a code are called code-vectors or code-words. To every vector u € [F? we associate the
number |u| of nonzero positions in u and call this quantity the weight of the vector. The minimum of
these weights in the set of nonzero code-words is said to be the minimum distance of the code and it
is usually denoted by d. A linear code in F”, of dimension k and minimum distance d is said to be an
[n, k, d]4 linear code.

Let Cbe a linear code and denote by A; the number of code-words with weight i, A; = [{c € C: |c| =
i}|. The set {A; : i = 0,...,n} is called the weight distribution or the weight spectrum of the code. The
weight enumerator of C is the polynomial

n
We) =) At =1+ At
i i=d

Many properties about the code such as the undetected error probability [6], decoding error probability
[4] etc. can be estimated using the weight distribution of the code.

Besides, we do not know if a suitable polynomial W (¢) really corresponds to a weight enumerator. At
this point we examine the statistical properties of the weight enumerators.

1.2. Random linear codes

A random linear [n,k]; code C is the row-space of a random k x n matrix, whose entries are
independently and uniformly distributed over [F,;. Some of the codes obtained this way will have smaller
rank than k but the probability of this case is exponentially small as long as k/n < 1.
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We will denote the code-words in a random code C by ¢g = 0,¢y,¢3,...,ck_;. If Cis generated by

q
the random matrix G, then the element ¢; is given by ¢; = «G, for some « € ]Fz.

The weights of a set of [ linearly independent code-vectors ¢; are statistically independent, for any | <
k.LetS = {a1,00,...,q1} C Fkand V = {(vi,va,...,v} C F;’ be two fixed sets of linearly independent

vectors. We would like to find the number of generator matrices G such that for each i € {1,2,...,1},
Ol,'G = V.
Consider the set of k x n matrices My whose first ] rows are v1,vs,...,v € V respectively and the

remaining rows are random vectors in FZ. The number of matrices in My is equal to q”(k_l). Let Gs,y be
the set of k x n matrices G with the property ;G = v;, 1 < i < I. This set is in bijective correspondence
with the set My. To see this, fix any nonsingular k x k matrix Q, whose first [ rows are the k-tuples
a1,07,...,a; € Sand define

fQ : My — Gs,y
G/ — Q*lG/

Clearly this map is bijective so we have
Gs,vl =q"*".

Finally we can conclude that the probability of having a k x »n matrix G that satisfies |o;G| = m; equals

to
A
m; q

i=1
(We remind that a set of random | < k vectors in Fy is linearly independent with high probability as
longas k/n < 1.)

1.3. Moment problem

We refer to calculation of
n
E[]]wWex)
j=1

as the nth moment problem of random codes. The moment problem gets more and more involved as
we proceed from first to higher orders, so only the first three moments have been given explicitly up to
now. For explicit calculations of the first three moments we refer the reader to [1]. Equivalent formulas
for the first and second moments were also given and the third one was conjectured independently in
[7]. In this paper we will give the fourth moment

E(We@)We()We@We®) = Y E(AAJAIAR)X Y.

ij,l,m
Recall that we denote the code-vectors in a random [#, k], code by ¢y = 0,¢c1,¢5,. . ., Cok_1- Weight
enumerator of a random code is obtained by
-1 n
Wet) =Y > &,
i=0 p=0

where &;, is a sequence of random variables expressed by

1, if g =
glp:{o 1|C| p

otherwise.
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Expectation of each &;, is exactly the probability that |c;| = p. They are given by

1, ifi=0,p=0
E@&p) =1 0 ifi=0,p#0

L(M(q—-1DF, ifi>0

7 \p)4 ? )

With the expectations of the &;,, we can calculate the first moment as follows:

-1 n

EWe®) =) > EEpt =1+

i=0 p=0

G -1

qn

(L+(@— D"

Starting from the case n = 2 one has to take into consideration the linear dependencies of the random
code-vectors in order to calculate the expectations E(§;5éjr .. .). For example the expectations of the
products &;,§;, are given by

1, ifi,j=0andp=r=0,
a(@—1r, ifi=p=0andj>0,
qin(;)(q—l)f’, ifj=r=0andi> 0,
E(&péir) = qi(;) (g— 1), if i,j > 0;p = r;¢; and ¢; are linearly
dependent,
qun(;) (")(q — VPP, ifi,j > 0;¢; and ¢; are linearly
independent.

These expectations give the second moment as

-1
E(WeWe) = Y Y EEpéi)sy”
i,j=0 p,r=0
_ (qk -1 n n
=1+ ———((1+@-D0"+ 1+ (@q—-Dy"
k_1)@g-1
L2 -Da-D q),fq L1+ g Dy
k _ 1 k _
+(qq)#(1 (g D"+ (= D).

2. The 4-subspace problem and the moment problem

The third moment calculation is long because we have to keep track of linear dependencies between the
random vectors. It seems inevitable to avoid listing all possible ways of how these vectors can be linearly
dependent or independent for the higher cases either. Our approach to this problem is listing all possible
subspaces that the random code-words can span and observe the dependencies from there. For this we
have to define the 4-subspace problem.

Let F be an arbitrary field and let Uy be a finite dimensional vector space over F. If Uy, U,, U3, Uy
are any collection of four subspaces of Uy, then we call the ordered collection U = (Up; Uy, Uz, Us, Uy)
a quadruple of subspaces of Uy. Two quadruples U and V are said to be isomorphic if there is an -
linear isomorphism ¢ : Uy — Vj such that ¢ (U;) = V; for each i € {1,2,3,4}. A quadruple U is
called decomposable if there is a non-trivial direct sum decomposition Uy = Uy € U] such that U; =
(Uin U) BU; N Uy), foralli € {1,2,3,4}. The four subspace problem is the problem of classifying
all indecomposable quadruples up-to isomorphism. Brenner gave a classification of indecomposables of
certain types at first in [2]. Then she gave the full classification over an arbitrary field and skew fields in
[3]. Independently, Gelfand and Ponomarev [5] and Nazarova [9, 10] solved the problem for algebraically
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Table 1. Indecomposables of quadruples of 0 or 1 dimensional subspaces.

Type 1. d=@21,1,1,1 (1) X Z 2 a#0,b+£0,d+#0,c#0,c#ad/b.
Type 2. d= (211,11 (1) Z ? 2 a#0,b#0,c#0.
Type 3. d=(1;1,1,0,0) (1) g 8 g a#o.
Type 4. d=(1;1,0,0,0) [T 0 0 0]
Type 5. d=(1;0,1,1,1) [0 1 a bla#0b#0.
Type 6. d=(21,1,1,0) (1) ? ) g a+#£0b#0.
1 0 0 a
Type7. d= (31,111 01 0 bla#0b#0,c#0.
00 1 ¢
Type 8. d=(;1,1,1,1) [T a b ca#0b#0c#0.

closed fields and arbitrary fields respectively. Medina and Zavadskij gave an elementary proof in [8] and
we use their notation in this paper.

The dimension vector of a quadruple U is the tuple dim(U) = (dy; d1, da, d3,ds), di = dim(U;) for
each i. We will be concerned with dimension vectors where the dimensions of the component spaces can
be at most 1. This is because we want to understand the subspaces spanned by the codewords.

Let U be a quadruple and let us fix a basis of the space Up. Then consider the coordinate vectors of
an arbitrarily chosen basis in each U;, 1 < i < 4, with respect to the fixed basis of Uy. The quadruple U
is represented by a matrix

My = [My|M;|M3|My],

where the columns in each vertical stripe is the coordinate vectors of the basis in each U;, 1 < i < 4.
The number of rows in My is dim(Uy) and the number of columns in each M; is d;. If U and V are
two quadruples then they are isomorphic if and only if their matrix representations My and My can be
transformed to each other by the following two set of operations:

1. elementary row operations on the whole My,
2. elementary column operations in each stripe M;.

Medina and Zavadskij give the list of indecomposable quadruples in the matrix form [8]. There are a
total of 9 types of indecomposables, up-to isomorphism and up-to permutations of the subspaces. When
we consider quadruples of subspaces of dimension at most 1, we have 8 types. We give the dimension
vectors and the matrix forms of the indecomposables, up-to permutations of the subspaces and up-to
isomorphism, without proof, in Table 1.

3. Calculation of the fourth moment
When we pass to calculation of the fourth moment

q—1 n

E(WcWe)We@We) = > Y BEpkirkibm) y 2", (1)

i,j,l,m=0 p,r>s,u=0

we will have to consider each quadruple’s contribution. So we denote the quadruples of code-words by
(¢is ¢j» ¢is ¢m). The quadruple (c;, ¢j, ¢, 1) may be in various shape of decompositions with respect to the
subspaces each code-word spans. After identifying the decomposition, we will find the contribution of
each case to the fourth moment.



COMMUNICATIONS IN ALGEBRA® (&) 5

Casel. i=j=l=m=0,p=r=s=u=0.
In this case clearly the contribution is

E1(x,y,2,t) = 1. (2)

Case 2. Three of the indices i, j, [, m and three of the corresponding weights p, r, s, u are zero.
Consideri = j =1 = 0and p = r = s = 0. In this case the quadruple is of Type 4
with dimension vector d = (150, 0,0, 1). Contribution of such a configuration to the fourth
moment is

"1 (n (qk -1
(¢ -1 —n( )(q— DUt =414 g- o
,;o T\ q

If we consider all the cases where triplets of 4, j, [, m are zero, we get the contribution

ICan) n n
Ex(x,y,2,t) = q—"((l +(@-Dx)"+ 0+ (@— Dy

+(1+(@—-D2)"+ 1A+ (@—Dn". (3)

Case 3. Two of the indices in {i, j, ], m} and two of the corresponding weights in {p, r, s, u} are zero.
Leti = j = 0and p = r = 0. Then the corresponding configuration will be one of Type 4
P Type 4 with dimension vector d = (1;0,0,1,0) @ (150, 0,0, 1) or it will be given by a Type
3 indecomposable with dimension vector d = (1;0,0, 1,1).
Case 3a. Contribution of a Type 4 € Type 4 quadruple with dimension vector d = (1;0,0,1,0) &
(1;0,0,0,1) is given by

- K n L n n _oystu s
-t 3 (1) (-
k—l k _
- W(a +(@—12"(1+(@q—Dv".

If we consider all permutations of the zero vectors in {c;, ¢j, ¢;, cu} we get 6 similar cases and
the total contribution of this case is

k. 1 k_
(qq)#((l +(q@—Dx)"1+(g—1y)"

+A+@-D0)"1+@-D2"+ 10+ @—D0)"A+ (- D"
+14+@-D»"A+@-D2"+ A+ @—-DN"A+(@— 1"
+(1+(@—-D2)"A+(@—DH". (4)

Case 3b. If we have a Type 3 indecomposable with dimension vector d = (1;0,0, 1, 1), contribution
from this configuration will be

"1
s=0

Again considering all permutations of the zero component subspaces in Type 3 indecompos-
ables, the totality of their contribution is

Es(x,y,2,t) =

k _ —
W(l + (g — Dzt)".

1+ (@—Dxp)" + 1+ (q— Dx2)"

k_D@g-1
E4(x’y,z, t) — w(
q

+A+@—-Dx)"+ A+ (@—Dy2)" + 1+ (g — yt)"
FA+(g— l)zt)”). (5)
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Case 4. Only one of the code-words is 0. In this case we may have a configuration of Type 3 € Type 4
or Type 4 P Type 4 @ Type 4 or Type 5 or Type 6.

Case 4a. Leti = 0and p = 0. Then the contribution of a configuration Type 3 € Type 4 with dimension
vector d = (1;0,1,1,0) & (1;0,0,0, 1) to the fourth moment is

"1
@ -0 -p@-1 ) qT(’:) (Z) (q— D"yt

r,u=0
@ - —p@-1

- 72" ((1 +@—-Dy2)"(1+(q— l)t)").

Again if we take into consideration first the nonzero positions in Type 3 indecomposable and
then the zero component in the quadruple (c;, ¢j, ¢i, i), we get a total contribution from this
case as follows

@ - D@ —9@-1
q2n
(A+@=D0"((A+ @ = Dy2" + A+ (g — Dyn" + 1+ (g — Dz0")
+(1+@—-DY"(A+(q—Dx2)"+ 1+ (q—Dxt)" + (1 + (g — Dzn)")
+(1+ (g = D2"(A+ @ = Dx)" + A+ (g — D" + (1 + (g — DyD)")
+(1+ (@ = DO"((1+ (@ = D2 + (1 + (g = Da2)" + (1 + (g — 1)y2)")).
©)

Es(x,y,2,1) =

Case 4b. A decomposition of the form Type 4 € Type 4 @ Type 4 with dimension vector d =
(1;0,1,0,0) @ (1;0,0,1,0) @ (1;0,0,0, 1) gives a contribution

k k k2 : Li’l ny(n _q\rEstu, T s
(g —D(q —9(q q)zq3”<r)<s)<u>(q DTy 2t

r,8,u=0

_ @ -nE -9@ -4

((1 +@—=D"A+(@q—-1D2)"(1+(q— 1)t)”>. 7)

q3n
With all 4 permutations of the zero component we get a total contribution from this case as
follows
k k k 2
-1 — —
Ee(x,p2t) = (¢ - D@ —9q —4q)

q?m
(A+@=10"0+@-Dp"a+@q- 12"
+(1+ (g = D0"(1+ @@= Dp" (1 + @@= D"
+(1+ (g = D01+ (@ — D"+ (g — DD”
+(1+@= "1+ @ = D" 1+ @—D"). ®)

Case 4c. Suppose we have a configuration of code-words of Type 5, with dimension vector d =
(1;0,1,1,1). In this case the contribution from such a configuration is

1 F—1)(g—1)?
€= Dg=D* Y g~ 10 = @ =DE=D 0y =y, )

r=0
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Table 2. Number of zero and non-zero positions in code-words in Case 4d with dimension vector (2;0,1, 1, 1).

m The number of positions where ¢; and ¢; are nonzero and ¢p is zero.
ny The number of positions where ¢; and ¢y are nonzero and ¢; is zero.
n3 The number of positions where ¢; and ¢y are nonzero and ¢; is zero.
Ny The number of positions where ¢;, ¢/, ¢m are all nonzero.

Taking into account all four cases where the 0 vector is permuted in four positions we get

G — (g —1)? (
qu

E7(x>)/, 2, t) == (1 —+ (q — l)xyz)" +

(1+ (g — Dayd)" + (1 + (g — Dxet)" + (1+ (g — 1)yzt)”>. (10)

Case 4d. If we have a configuration of code-vectors of Type 6 with dimension vector d = (2;0,1,1,1)
its contribution to the expectation will be

@ — D" — g)(q—1)? 5 {( n )

2n
q 1,12, 13, 1 ni, ny, n3, N4

(@ — DM (g — 1)(q — 2)" (y2)" (20)"™ (y1)"™ (yzt)"“}

k—l k _ —1 2 "
@ )(qqzncp(q Z(14 @ D0zttt + - Dig-2pa)"

where

n n!
(nl,nz,...,nr) o m!...n,l\(n—n; — ... —ny)!
will always denote the multinomial coefficient.

Here we used the notation given in the Table 2.

The factor ((q — 1)(q — 2))™ appears because of the following. We have c,, = acj + bc;.
When we put arbitrarily a non-zero value for a fixed position in cj, there are (g — 2) possible
choices for ¢/’s position to make the corresponding coordinate in ¢,, non-zero.

Permuting the position of the 0 vector we get a total contribution from Type 6 configurations
as follows

@ —1(g" — 9 (q— 1)?
q2n
((1+ @@= DOz +yt+20 + (@ Diq - 2)pzt)"
+(1+(q— D(xz +xt +2t) + (g — 1)(q — 2)xzt)"
+(1+(q— Dy +xt+yt) + (g — (g — 2)xyt)"
+(1+ @Dy +az+y) +@-D@-2x2)"). (D

Case 5. None of the indices i, j, [, m is zero. In this case we want to determine the contributions from
the indecomposables where all the components have dimension 1.

Case 5a. We have quadruples with decomposition Type 4 € Type 4 € Type 4 P Type 4. Such
a configuration has dimension vector d = (1;1,0,0,0) & (1;0,1,0,0) & (1;0,0,1,0) &
(1;0,0,0, 1). Contribution from these configurations of code-vectors is

@ - D@ - 9@ - - )
q4n
(A+@-D0"a+@-1DY"0+@-D2"A+@-Dp"). (12

ES (x)y) 2, t) =

Eo(x,y,2,1) =
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Case 5b. We may have a quadruple of code-vectors spanning a space as in Type 3 € Type 4 6P Type
4. Such a decomposition will have dimension vector d = (1;1,1,0,0) & (1;0,0,1,0) &
(1;0,0,0,1).

In this case the contribution from such a quadruple is

@ - D" — D@ — g1
3n
q
With similar decompositions where permutations of the component lines are considered we
get a total contribution

(0+@=Dx"a+@-D2"0+@-1").

G - D -9 —gHq-1D
q3n

(0+@= D"+ @=D2"1+ - D"

+(1+(q— Dx2)"(A+ (g — D" (L + (g — D"
+(1+(@—Dx)"A+(q—Dy"A+(q@—D2)"
+(14+@—-Dy2)"(1+(@—Dx)"A+ (g— D"
+14+@—-Dy)" A1+ @—Dx0"1+(q—2)"

+(1+(@- D"+ @-D0"A+@-Dy"). (13

Eio(x,y,2,t) =

Case 5¢. The quadruple of code-vectors may span a space with a decomposition as in Type 3 € Type
3. One of the possible dimension vectors of such a decomposition is d = (1;1,1,0,0) &
(1;0,0,1,1). Such a configuration contributes to the expectation as follows

¢ -V —9@-1?
q2n
The permutations of the components give a total contribution
@ - D" —a@q -1’
q2n

(A +@= 2" + g - Dap)”
+(1+ (g — Dx2)"(1 + (g — Dyn)"
+(1+ (g = Dan"(1 + (g - Dy2)"). (14)

(a+@-Dw)"a+@-n").

En(xy,z,t) =

Case 5d. A quadruple of code-vectors may span a space with decomposition Type 4 € Type 5 with
dimension vector d = (1;1,0,0,0) & (1;0, 1, 1, 1). Contribution of such a configuration is
¢" = D" — -1
q2n
With all possible permutations of the components we get a total contribution
@ - D@ —9@-1’
q2n
(A +@— 10"+ g - Dyzn)”
+(1+ (g —Dy)"(1 + (g — Dxzt)"
+(1+(q@—D2)"(1+ (g — Dxyt)"
+(1+ (@ = DO"(1 + (g = Dy2)"). (15)

(a+@= 100"+ - Dyzn)").

En(x,y,z,t) =
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Table 3. Number of zero and non-zero positions in code-words in Case 5f with dimension vector (3;1,1,1, 1).

m The number of positions where ¢; and ¢m are nonzero and ¢j and ¢; are zero.
ny The number of positions where ¢; and ¢y are nonzero and ¢; and ¢; are zero.
n3 The number of positions where ¢; and ¢y are nonzero and ¢; and ¢; are zero.
Ny The number of positions where ¢; and ¢; are nonzero and ¢; and ¢m are zero.
ns The number of positions where ¢; and ¢; are nonzero and ¢; and ¢m are zero.
ne The number of positions where ¢; and ¢; are nonzero and ¢; and ¢ are zero.
ny The number of positions where ¢;, G, Cm are all nonzero and ¢ is zero.

ng The number of positions where ¢;, ¢;, ¢m are all nonzero and ¢ is zero.

ng The number of positions where ¢, ¢, cm are all nonzero and ¢; is zero.

no The number of positions where ¢;, ¢j, ¢; are all nonzero and ¢ is zero.

nq The number of positions where ¢;, ;, ¢/, ¢m are all nonzero.

Case 5e. The subspace spanned by the quadruple of code-vectors is of the form Type 4 € Type 6 with
dimension vector d = (1;1,0,0,0) @ (2;0,1, 1, 1). In this case we get a contribution of the
form

G — D" - 9~ — P g —1)?
q3n
((1 +@—-D0"(1+@—D@z+yt+zt)+(@q—1(q— 2)yzt)n).

We also have other cases where the zero component in the Type 6 indecomposable is permuted.
With all the permutations we get the following contribution from this case

@ - D@ — @ —P@g-1)7
q3n
(A+@=00"(1+@=DOz+yt+20+ @ Dig—2ya)"
+(1+ (g — Dy)" (14 (@ — D(xz + xt + 2t) + (g — 1)(q — 2)xzt)"
+(1+ (g — D2)"(1 + (g — D(xy + xt + yt) + (g — D(q — 2)xyt)"
F+ (= DO"(1+ (g = DGy + 2+ + (= D~ 2092)"). (16)

Ei3(x,y,2,t) =
1
1

Case 5f. The span of the quadruple is a Type 7 indecomposable with dimension vectord = (3;1, 1, 1, 1).
In this case the contribution is

¢ - D@ — @ — g -1’
q3n
[((q — 1)(q2 —3q+ 3)xyzt + (@ — 1)(q — 2)(xyz + xyt + yzt + ztx)

E14(-x:yr 2, t) =

n
+(q—1)(xy+xz+xt+yz+yt+zt)+1> ] 17)

We partition the set of n positions on the vectors as in Table 3.
Remember that ¢, = ac; + bcj + cc;. The contribution of this indecomposable to the
expectation is the following sum
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Table 4. Number of zero and non-zero positions in code-words in Case 5i.

m The number of positions where c;, ¢/, ¢y are all nonzero and ¢; is zero.

ny The number of positions where ¢; and ¢; are nonzero and ¢; and ¢m are zero.
n3 The number of positions where ¢j, Gjr €j, Cm are all nonzero.

Ny The number of positions where ¢, ¢;, ¢y are all nonzero and ¢; is zero.

k_ 1)k — k_ 20— 1)3
@€ -D@ -9@q —9)@q-b 3 {( " )((q — 1)(g* = 3 + 3)xyz)™
ni,ny, ..., 111

q3n NYsenes ni1
+((g — (g — 2xy2)M° + ((@ — 1)(g — 2)xy1)" + ((q — 1)(g — 2)xzt)"
+((q — D(g—2)yzt)™ + ((q — Dx)™ + ((g — Dx2)™ + ((q — Dyz)"

+((g — Dx)™ + ((g — DyH™ + ((q — Dz)™ } (18)

The coefficient ((g— 1)(g* —3g+3))™ above is the number of ways we can form the positions
of the code-vectors where ¢, ¢j, ¢, and ¢, are all nonzero.

Case 5g. We have a Type 1 configuration with dimension vector d = (2;1,1,1,1). In this case the
contribution of this configuration is

G - D@~ Pg—1*q-2)
q2n

((1 + (g — D(xyz + xyt + yzt + xzt) + (g — 1)(q — 3)xyzt)”). (19)

Ei5(x,y,2,t) =

Case 5h. We may have a Type 8 indecomposable which gives the span of the code-vectors. In this case
the dimension vector is d = (1; 1, 1,1, 1). The contribution from these quadruples is

G — (g — 1)

Eio(x,5,2,1) = (1+ = xyat) . (20)

Case 5i. The code-vectors span a space given by an indecomposable of Type 2 with dimension vector
d = (2;1,1,1,1) and with matrix representation

[(I)Z‘l)g],a#o,b;éo,c;éo. 1)

To find the contribution of quadruples of this isomorphism type, we evaluate the following

sum
¢ - D@ —p@-1’° Z( n >
ni, Ny, N3, Ny

q2n
ny,n2,n3,14

(q _ 1)(n1+n2+n3+n4) (q _ 2)n3x(n1+n2+n3)y(n2+n3+n4) (zt)(n1+n3+n4)
@ -G - @-1?3
q2n
[((q— Dxy + (q — Dzt(x + y) + (q — 1(q — 2xyzt + 1)"]. (22)

In the summation above, we take into consideration the fact that ¢; = ac; + bc;. We use Table 4
to give the partition of the code-positions depending on whether they are 0 or not.

It is clear that the only possible case apart from those in the table is that c;, j, cj, ¢y are all
zero. The number of such positions is n — (1] + 1y + 13 + n4).
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The following set of permutations (acting on the columns) of the matrix in Equation (21) give
exactly the same isomorphism class of the quadruple,

{i, (12), (34), (12)(34)}.

The set of permutations which give all non-isomorphic quadruples is
{1, (23), (24), (13), (14), (14)(23)}. After action of these permutations, we get the totality of the
contribution as

@ - D@ —g@q-1)°
q2n

((@=Dxy+ @= Dattx+» + @@= D(a— Dzt + 1)’
(q— Dxz+ (q— Dyt(x +2) + (g — 1)(q — 2)xyzt + 1)"
(q— Dxt+ (g — Dyz(x+ ) + (g — 1)(q — 2)xyzt + 1)"
+((g—Dyz+(@q—Dxt(y+2)+ (gq— (g —2)xyzt + 1
+((g—Dyt+(@q—Dxz(y+ 1)+ (g— (g —2)xyzt + 1
+((q — Dzt + (g — Dxy(z + 1) + (q — 1)(q — 2)xyzt + 1)”). (23)

E17(-x>y> Z, t) =

+
+ )
%

n

~ A~~~

We have considered all the cases how configurations of code-vectors can contribute to E(Wc ) We)
We(2) Wc(t)). The fourth moment of the weight enumerator of an [, k]; random code is

E(We)We@We@Wet) = Y E(AAjAIAR)XYZ "
ij,L,m
17
=) Expzb), (24)

i=1

where each of the E;’s are given above.
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