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ABSTRACT

The object of the present work is to study an almost generalized weakly symmetric Sasakian
manifold admitting quarter symmetric metric connection with a non-trivial example.

1. Introduction

The notion of a weakly symmetric Riemannian mani-
fold was initiated by Tamassy and Binh [1]. Thereafter,
it becomes focus of interest for many geometers. For
details, we refer to [2-13] and the references there
in. In analogy to [14], a weakly symmetric Riemannian
manifold (M", g)(n > 2), is said to be an almost weakly
pseudo symmetric manifold, if its curvature tensor R
of type (0,4) is not identically zero and satisfies the
identity

(VxR)(Y, U, V, W) = [A1(X) + B1(X)IR(Y, U, V, W)
+ G (Y)RX,U,V, W)
+ C1(U)R(Y, X, V, W)
+ D1 (V)R(Y, U, X, W)
+ D1 (W)R(Y, U, V, X), )

where A1, By, C; & Dq are non-zero 1-forms defined
by A1(X) = g(X,01), B1(X) = (X, 01), C1(X) = g(X, 77)
and Di1(X) = g(X,d1), for all X and R(Y,U,V, W)=
g(R(Y,U)V, W), V being the operator of the covari-
ant differentiation with respect to the metric tensor
g. An n-dimensional Riemannian manifold of this kind
is denoted by A(WPS),-manifold.

Keeping in tune with Dubey [15], the author in [16]
has recently introduced the notion of an almost gen-
eralized weakly symmetric manifold (which is abbre-
viated hereafter as A(GWS),-manifold) if it admits the
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equation

(VxR)(Y, U, V, W) = [A1(X) + B1COIR(Y, U, V, W)

+ G (YR, U,V, W)

+ Ci(U)R(Y, X, V, W)

+ D1 (V)R(Y, U, X, W)

+ Dy(W)R(Y, U, V, X)

+ [A2(X) + B2 (XOIG(Y, U, V, W)
+ G NHGX, UV, W)

+ G (U) G(Y, X, V, W)

+ Dy(V) G(Y, U, X, W)

+ D2 (W) G(Y, U, V, X) (2)

where

G(Y,U,V, W) = [g(U,V)g(Y, W) — g(¥, V)g(U, W)]
3)

and A;, B;, C; & D; are non-zero 1-forms defined
by AiX ) = g(X, o1, Bi(X) = g(X, 0, Gi(X) = g(X, )
and D;(X) = g(X, 9;), for i = 1,2. The beauty of such
A(GWS),-manifold is that it has the flavour of

(i) locally symmetric space [17], (for A; =B; = (i =

D; =0),
(ii) recurrent space [18], R, (for A1 #0, Bi =C; =
D; =0),

CONTACT Fusun Nurcan @ aysefusun32@gmail.com

© 2019 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://www.taibahu.edu.sa/Pages/EN/Home.aspx
http://www.tandfonline.com/tusc20
http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/16583655.2019.1663033&domain=pdf&date_stamp=2019-11-30
http://orcid.org/0000-0001-9331-7960
http://orcid.org/0000-0003-0146-992X
http://orcid.org/0000-0001-8114-6156
mailto:aysefusun32@gmail.com
http://creativecommons.org/licenses/by/4.0/

942 K. K. BAISHYA ET AL.

(iii) generalized recurrent space [15], (GR), (A; #0
and Bi=C;=D; =0),
(iv) pseudo symmetric space [19], (PS), (for Ay =
Bi=C =Dy #0andA, =B, =CG =D, =0),
(v) semi-pseudo symmetric space [20], (SPS), (for
A] = —B],C] = D1 andAz = Bz = C2 = Dz = 0),
(vi) generalized semi-pseudo symmetric space [21],
(GSPS),, (for Ay = —B¢,C4y = D7 and Ay, = —Bo,
G =Dy),
(vii) generalized pseudo symmetric space [22], (GPS),,
(forAj=B; =C =D; #0),
(viii) almost pseudo symmetric space [14], A(PS),, (for
B1 #O, A] =C1 =D1 ;AO and A2=Bz=C2=
D, =0),
(ix) almost generalized pseudo symmetric space [16],
A(GPS),, (for B # 0,A; = C; = D;j # 0) and
(x) weakly symmetric space [1], (WS), (forA; = By =
G =D, =0).

In [23], Golab defined and studied quarter-symmetric
connection in a differentiable manifold with affine
connection, which generalizes the thought of semi-
symmetric connection. After Golab quarter symmetric
connection has been studied by many geometers like as
Mondal and De [24], Rastogi [25, 26], Mishra and Pandey
[27], Yano and Imai [28] and others. A linear connection
V on an n-dimensional Riemannian manifold (M, g) is
called a quarter-symmetric connection [23] if its torsion
tensor T of the connection V

TX,Y) = VxY — VyX — [X, Y]

satisfies
TX,Y) =n(Y)pX — n(X)aY,

where nisa 1-form and ¢ is a (1, 1) tensor field.

In particular, if X = X, then the quarter-symmetric
connection reduces to the semi-symmetric connection
[29, 30]. Thus the notion of quarter-symmetric connec-
tion generalizes that of the semi-symmetric connection.

Furthermore, if a quarter-symmetric connection \Y,
admits the condition

(Vxg)(¥,2) =0

then V is said to be a quarter-symmetric metric con-
nection, otherwise it is said to be a quarter-symmetric
non-metric connection [31].

Our work is structured as follows. Section 2 is
concerned with Sasakian manifolds and some known
results. In Section 3, we have investigated almost gen-
eralized weakly symmetric Sasakian manifolds admit-
ting a quarter-symmetric metric connection V, which
will be abbreviated by [A(GPS),, V1. It is observed that
in a Sasakian manifold a necessary condition (i) for
each of [Rp, V1, [(GR)n, V1, [(PS)n, V1 and [(GPS)p, V]
to be, respectively, [Ry, V1, [(GR)n, V], [(PS)n, V] and
[(GPS),, V] is Aq1(§) = 0; (ii) for each of [(SPS),, V]

and [(GSPS),,,?] to be , respectively, [(SPS)n, V] and
[(GSPS),, V1 is Ci(§) =0 & (iii) for [(WS),, V] to be
[(WS)pn, V] is A1(§) + Ci(§) +Dq(§) = 0. Finally, we
have constructed a non-trivial example of an

[A(GPS),, V1.

2. Sasakian manifold and some known results

Let M be an n = (2m + 1)-dimensional almost contact
metric manifold equipped with an almost contact met-
ric structure (¢, &, n, g) consisting of a (1, 1) tensor field
¢, a vector field &, a 1-form 1 and a Riemannian metric
g.Then

P2(X) = =X+ n(X)E, n(E) =1,
¢€ =0, n(¢X) =0, 4)
g(@X, dY) = g(X,Y) — n(On(Y),¥X,Y € TM.  (5)

From (4) and (5), it can be easily seen that

giX, oY) = —=g(@X,Y), gX,§) =n(X),vX,Y € TM.
(6)

An almost contact metric manifold M is said to be (a) a
contact metric manifold if

giX,9Y) = dn(X,Y),VX,Y € TM; @)

(b) a K-contact manifold if the vector field & is Killing
equivalently

Vx§ = —¢X, (8)

where V is Riemannian connection and
(c) a Sasakian manifold if

(Vx@)Y =gX,)§ —n(VX,VX,Y € TM.  (9)

A K-contact manifold is a contact metric manifold,
while the converse is true if the Lie derivative of ¢
in the characteristic direction & vanishes identically. A
Sasakian manifold is always a K-contact manifold. A 3-
dimensional K-contact manifold is a Sasakian manifold.

It is well known that a contact metric manifold is
Sasakian if and only if

RIX,Y)E = n(V)X — n(X)Y,VX,Y € TM.  (10)

In a Sasakian manifold equipped with the structure (¢,
&, n, g), the following relations also hold [32-34]:

(VxmY = g(X, ¢Y), (1
RE,X)Y = g(X,V)§ —n(V)X, (12)

5(X,8) = (n—DnX), (13)
RX, &)Y = n(N)X —g(X,Y)é, (14)

forall X,Y,Z € TM, where S is the Ricci tensor.
The relation between the quarter-symmetric met-
ric connection V and the Levi-Civita connection V of



(M", g) has been obtained by Yano and Imai [28], which
is given by

VxY = VxY — n(V)¢X; (15)

given by.

A relation between the curvature tensor RY of M with
respect to the quarter-symmetric metric connection V
and R of M with respect to the the Riemannian connec-
tion V, is given by

RV (X,\Z = R(X,Y)Z — 29(X, pY)pZ + n(X)g(Y, 2)&

—n(Y)gX,2)§ + n(D{n(V)X — nX)Y}.
(16)

which yields
SY(Y,2) =5(Y.2) —g(Y.2) + m(Y)m@, (17

where SV and S are the Ricci tensors of the connections
V and V, respectively.

3. Sasakian manifold with [A(GPS),, V]
For an [A(GPS),, V1, we have

(VXRV)Y(Y,U,V, W) = [A1(X) + B1(X)IRV (Y, U,V, W)
+ CI(Y)RV(X,U,V, W) + C()RV (Y, X, V, W)
+ D1 (VIRY (Y, U, X, W) + Dy(W)RY (Y, U, V, X)
[A2(X) + B2(X)IG(Y, U, V, W)
+ G(Y)GX, U, V, W) + C(U)G(Y, X, V, W)
+ Dy(V)G(Y, U, X, W) + Da(W)G(Y,U,V, X)  (18)

forall X, Y, Z, U. Making use of (15), we can find

(VXRY)(Y,U,V, W) = (VxRY)(Y,U,V, W)
—nRY(Y, U)V)g(¢X, W)
+ n(Y)RY (¢X, U, V, W)
+ n(URY (Y, ¢X,V, W)
+ n(V)RY(Y, U, pX, W)
+n(WRY (Y, U, V,$X). (19)

Now, using (16) in the foregoing equation, we have

(VxRYV)(Y,U,V, W) = (VxR)(Y,U,V, W)

= 2(Vxg)(Y, pU)g(pV, W)
—2g9(Y,¢U)(Vxg)(¢V, W)
+ (Vxm) (g (U, V)n(W)
+n(Y)g(U, V)(Vxn) (W)
= (Vxn)(U)g(Y, V)n(W)
= n(Wg(Y, V)(Vxm (W)
+ (Vxm) (V) {g(Y, W)n(U)
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—gU,W)n(V)}

+ n({g(y, W) (Vxn) (V)
—gU, W) (Vxm) ()}

— R, U)V) + g, V)n(Y)
—g(Y,V)n(W)]g(gX, W)
+ n(NIR(PX, U, V, W)
—29(pX,pU)g(oV, W)
— g(@X,VIn(U)n(W)

+ g(@X, W)n(U)n(V)]

+ n(U)IR(Y, X, V, W)
+29(9Y, $X)g(pV, W)
+ g(@X, VIn(Y)n(W)

= g@X, W)n(¥)n(V)]

+ n(VIR(Y, U, pX, W)
+29(Y, ¢U)g (X, pW)
+ g(@X, \n(V)n(W)

= g@X,V)n(U)nW)]

+ n(W)IR(Y, U, V, ¢X)
—29(Y,¢U)g(@V, ¢X)

+ (Y, oX)n(U)n(V)

= g(@X, Un(V)n(V)l. (20)

Theorem 3.1: An [A(GPS),, V] is an [A(GPS),, V), if the
1-forms are related by the following relation

A1) +B1(5) + CG1(5) + Di(§) =0. (21)

Proof: As a direct consequence of (16), (18) and (20)
one can say that an almost generalized weakly sym-
metric Sasakian manifold admitting quarter symmetric
connection V reduces to an almost generalized weakly
symmetric Sasakian manifold admitting Riemannian
metric connection V, if the following relation holds

—2(Vxkg) (Y, pU)g(pV, W) — 29(Y, pU)(Vxg) (¢V, W)
+ (Vxm)(V)g(U, V)n(W) + n(Y)g(U, V) (Vxn) (W)
= (Vxm(W)g(Y, V)n(W) —n(U)g(Y, V)(Vxn) (W)
+ (Vxm (V){g(Y, Wn(U) — g(U, W)n(V)}

+ n(V{g(Y, W)(Vxm)(U) — g(U, W) (Vxn) (V)}
— IRy, O)V) + g, V)n(Y)

— gV, Vin(U)g(@X, W) + n(V)IR(#X,U,V, W)
—29(¢X, pU)g(pV, W) — g(@X, V)n(U)n(W)
+ g(@X, W)n(U)nW1 + n(UIR(Y, ¢X,V, W)
+29(¢Y, 9X)g(pV, W) + g(@X, V)n(¥Y)n(W)
— g(@X, W)n(Y)n(V)]1 + n(V)IR(Y, U, ¢X, W)
+29(Y, pU)g(@X, oW) + g(@X, U)n(Y)n(W)
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= g(@X, )n(U)nW)] + n(W)[R(Y, U, V, ¢X)
—29(Y,9U)g(#V, 9X) 4 g(¥, ¢X)n(U)n(V)
— g(@X, Un(Y)n(V)] + [A1(X) + B1(X)]
x [2g(Y, pU)g(@V, W)
— g, Vin(¥V)n(W) + gv, V)n(Un(W)
— {g(V, W)n) — g(U, Wn(y)}n(V)]
+ G (N[29(X, pU)g(pV, W) — g(U, V)n(X)n(W)
+gX, V)n(U)n(W) — {g(X, W)n(U)
— g(U W)n(X)In1 + G (W)[2g(Y, pX)g(¢V, W)
— gX, Vin()n(W) + g¥, V)n(X)n(W)
—{g(Y, W)n(X) — gX, W)n(¥Y )}n(V)]
+ Di()[2g(Y, pU)g(@X, W) — g(U, X)n(Y)n(W)
+ 9, X)n(U)n(W) — {g(¥Y, W)n(U)
— g(U, W)n(Y )In(X)1 4+ Di(W)[2g(Y, pU)g(9V, X)
= gUV)n()nX) + g¥, Vin(UnX)
— {9V, X)n(U) — g(U, X)n(Y)}n(V)]

=0 (22)

which yields

AE)+B1E)+CE)+D1(§)=0

forX=U=V=¢. [ ]
From, the above one can state the followings

Claim 3.2: In a Sasakian manifold, a necessary condition
for each of [Rp, V1, [(GR)p, V1, [(PS)n, V1 and [(GPS)p, V]
to be [Rn, V1, [(GR)n, V], [(PS)n, V] and [(GPS),, V1 is
Ai(§) =0.

Claim 3.3: /n a Sasakian manifold, a necessary condition
for each of [(SPS)n, V1 and [(GSPS)p, V1, to be [(SPS)p, V]
and [(GSPS),, V1]is C1(§) = 0.

Claim 3.4: In a Sasakian manifold, a necessary condi-
tion for [((WS)n, V1 to be [(WS)p, V1 is A1(§) + C1(§) +
D1(§) =0.

Again, contracting Equation (18), we have
(VxSV)(U, V) = [A1(X) + B1(X)1SY (U, V)
+ G RY X, U)V) + CU)SY (X, V)
+ D1 (V)SY (U, X) — D1(RV(V, X)U)
+ [A2(X) + B2001(n — 1)g(U, V)
+[GXgW, V) — G(U)g(V, X)]
+(n = NHGWU)gX, V)
+ (n — 1HD2(V)g(U, X)

+ [D2(X)g(U, V) — D2(V)g(U, X)l.
(23)

Replacing V by £ in the above equation and then using
the relations (16), (17), (10), (13) and (14), we get
0=2(n—DIA1(X) + B1(X)] + 2[C1(X) + D1(X)]
+2(n — 2)[C1(§) + D1(E)In(X)
+ (n — D[A2(X) + B2(X)] + Ca(X) + D2(X)
+ (n = [ (8) + D2(E)In(X). (24)

Thus we can state the followings

Theorem 3.5: In a [(AGPS),,, V1, the 1-forms are related
by (24).

4. Example of a Sasakian manifold with
[A(GPS)s, V]

Chose a 3-dimensional manifold spanned by a set of
vector fields {e1, e, e3} defined by

aX1 8X2 3X3 3X2

0
€3=$=ﬁ,

0 0 0 0
e=x1|—+—)—-20—,e=—,

where {x'; x% x3} is a standard coordinates in R3. Define
1-form n, characteristic vector field &, Riemannian met-
ric g and (1-1) tensor ¢ by n(2) =g(Z,e3), & = %
g(ej,e) = djjand pe; = —ey, pe; = ejand ¢ez = 0. Let
Vbe the Levi-Civita connection with respect to the
Riemannian metric g. Then we have [e, e3] = 2e3,
[e1,e3] =0, [ez,e3]1 = 0. Thus, M(¢, &, n, g) defines a
Sasakian manifold.

The Levi-Civita connection V of the metric tensor g
can be obtained by using Koszul's formula which are as
follows:

V81 e3 = —ey, VE'| e = ez, Ve1 e = OI
V62e3 = e, V62e2 = 0, V62e1 = —e3,
Vese3 =0, Ve,e2 =e€1, Ve = —es.

In view of the above, one can easily obtain the
following:

VE’1 e3 = O, VE1 e = e3, VE1 e = Or
Veze?: =0, Vezez =0, Veze1 = —e3,
Ves€3 =0, Ve,e2 =e€1, Ve = —e5.

By virtue of the above results, we can easily obtain the
non-vanishing components of the curvature tensors as
follows:

R(e1162)e2 = _3e1l R(e],e3)e3 = e, R(eZI e3)e3 = €,
and

R(e1,e2)e2 = —5e1,R (e, e3)e3 = 2eq,

R(ez, e3)e3 = 2e;.



Since {e1, e, e3} forms a basis of the Sasakian manifold,
any vector field Y, U, V, W € x(M) can be written as
Y =aje; + biey + cre3; U = axeq + bey + cpes;

V =asze; + bsey +czes W = azeq + baes + caes;

where a;, b, ¢; € RT (the set of all positive real numbers).
Then

G(Y,U,V, W) = (4203 + bab3 + ©2¢3)

x (a104 4+ b1bs + c1¢a)

— (a1a3 + b1b3 + ¢1¢3)

X (G204 + babs + ca¢q) = 6(say)
G(eq, U, V, W) = as(aas + babs + c2¢3)

— a3(a204 + babg + ca¢q) = 61 (say)
G(ez, U, V, W) = bs(azas + bybs + cac3)

— b3(a2a4 + babs + c2¢4) = 62(say)
G(es, U, V, W) = c4(aaz + bybz + cac3)

— ¢3(a204 + babg + cacq) = 63(say)
G(Y,e1,V,W) = az(araq + b1bs + c1ca)

— a4(a1a3 + b1bs + c1¢3) = O4(say)
G(Y,e3,V,W) = b3(arasq + b1bg + c1¢s)

— ba(araz + b1bs + c1¢3) = Os(say)
G(Y,e3,V,W) = c3(a1aq + b1ba + c1¢a)

— ca(araz + b1bz + ¢1¢3) = Gp(say)
G(Y,U, e, W) = ax(a1as + bi1bs + c1¢a)

— a1(a204 + babg + ca¢q) = 67(say)
G(Y,U, ey, W) = by(aras + bibg + cica)

— b1(a2a4 + byba + c2c4) = Og(say)
G(Y,U,e3, W) = ca(aras + biba + c1¢a)

— €1(a204 + babg + c2¢4) = Og(say)
G(Y,U,V,er) = ai(a,a3 + bybs + c2¢3)

—ar(aras + by1bs + ¢1¢3) = Oho(say)
G(Y,U,V,e) = b1(a20a3 + bybs + c2¢3)

— bi(a1az + bibz + ¢1¢3) = Hq1(say)
G(Y,U,V,e3) = c1(axa3 + bybs + c¢3)

— c1(a1as + bibs + ¢1¢3) = O12(say)

RY(Y,U,V,W) = —5(a1b; — azb1)(d3bs — aqbs)
+ 2(a1¢2 — a2€1)(a3€4 — a4C3)
+ 2(b1c2 — bacr)(b3cy — baca)
= A(say)
R (e1,U,V, W) = —5by(asbs — asb3) + 2c2(azcs

— a4¢3) = Aq(say)
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RY(e2,U,V, W) = —5a;(azbs — asb3)
+ 2¢2(b3cs — bac3) = A (say)
RY(e3,U,V, W) = 2c2(asca — aac3) — 2by(bsca — bacs)
= A3(say)
RY(Y,e1,V,W) = 5b1(a3bs — asb3) — 2¢1(a3¢s — asc3)
= Asg(say)
RY(Y,e3,V,W) = —5a1(asbs — asbs)
+ 2¢1(b3cs — bacs) = As(say)
RY(Y,e3,V, W) = 2¢1(ascs — ascz) — 2b1(bzcs — bacz)
= Ae(say)
RY(Y,U,e1,W) = —5bs(a1b2 — azb7)
+ 2c4(arca — axcy) = Az(say)
RY(Y,U, ez, W) = —5a4(a1bs — azb7)
+ 2¢c4(b1ca — bacy) = Ag(say)
RY(Y,U,e3, W) = 2ca(arca — axcr) — 2ba(brca — bycr)
= Ao(say)
RY(Y,U,V,e1) = —5bs(aiby — azby)
+ 2c3(a1¢c; — axcr) = Ao(say)
RY(Y,U,V,e3) = —5a3(arby — azby)
+2¢3(b1¢2 — bacy) = Aqa(say)
RY(Y,U,V,e3) = 2c3(arc2 — ax¢1) — 2b3(b1¢y — bycr)
= A12(say).
Making use of the above results we obtain the covariant
derivative as follows:
(Ve RV)(Y, U,V, W) = —[b1}3 + baks + b3ko + baki2]
(Ve,R)(Y, U, V, W) = [a123 + G226 + 3o + dahia]
(Ve,RV)(Y, U, V, W) = [arAy + aaAs + azhg + darii]
— [b1A1 + bakg + b3ry + bakio]

where RV (Y, U,V, W) = g(R(Y, U)V, W). For the follow-
ing choice of the one forms

Ar(er) = —b;—f,& (en) = — b;“,

Aa(er) = —b;—j"’,Bxeo - —b“gz ,

(e = 22, Brer) = 2,

Ayer) = a;—:g,Bz(ez) - ““Tt” ,

Ai(e3) = M,& (e3) = %,
1

Ci(e3) = mrcz(eﬂ = 9365 1 b3l
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1
Di(e3d) =————,Dr(e3) = —————,
1(es) C3ho + d3A12 2 G369 + d3612
bid1 + barg b3ry + bario
Ax(e3) = —T—Z,Bz(eiz) = _T—zl

one can easily verify the relations

(VeRY)(X, Y, U, V) = [A1(e) + B1(e)IRV(X, Y, U, V)
+ C1(X)RY (e, Y, U, V)
+CG(MRY (X, e, U, V)
+D1(URV(X, Y, e, V)
+Di(VRV(X, Y, U,e)
+ [A2(e) + B2(eDIG(X, Y, U, V)
+ G(X)G(e;, Y, U, V)
+ G(V)G(X, €, U, V)
+ Dy (U)G(X, Y, e;, V)
+Dy(V)G(X, Y, U, e))

for 1, 2, 3. From the above, we can state that

Theorem 4.1: There exists a Sasakian manifold (M3, g)
which is an [A(GPS),, V1.
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