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A new kind of fuzzy module over a fuzzy ring is introduced by generalizing Yuan and Lee’s definition of the fuzzy group and Aktag
and Cagman’s definition of fuzzy ring. The concepts of fuzzy submodule, and fuzzy module homomorphism are studied and some
of their basic properties are presented analogous of ordinary module theory.

1. Introduction

The concept of fuzzy subgroup of a group was first introduced
by Rosenfeld [1] in 1971. Since then the theory of fuzzy algebra
has been studied by many researchers [2-6]. In the definition
of fuzzy subgroups, two types of fuzzy structures are observed
in general. In the first type, the subset of a group G is fuzzy
and the binary operation on G is nonfuzzy in the classical
sense as Rosenfeld’s definition [1]. In the second one, the set
is nonfuzzy or classical and the binary operation is fuzzy in
fuzzy sense as Yuan and Lee’s [7] definition. By the use of Yuan
and Lee’s definition of fuzzy group based on fuzzy binary
operation, Aktas and Cagman [8] defined a new kind of fuzzy
ring.

In this study, we introduce a new kind of fuzzy module by
using Yuan and Lee’s definition of the fuzzy group and Aktas
and Cagman’s definition of fuzzy ring.

The fundamental properties of fuzzy groups and fuzzy
rings are presented in Section 2. The concept of fuzzy module
is introduced in Section 3. Finally, in Section 4, the concept
of fuzzy submodule and fuzzy module homomorphism is
presented and a fundamental homomorphism theorem of
fuzzy module is obtained.

2. Preliminaries

In this section we will formulate the preliminary definitions
and results that are required in this paper. Let 6 € [0, 1). Malik
and Mordeson [4] gave the following definition.

Definition I (see [4]). Let R and S be nonempty sets and let f
be a fuzzy subset of R x S; then f is called a fuzzy function R
into S if

(1) Vx € R, 3y € Ssuch that f(x,y) > 6;

(2) Vx e R for all y,, 9, €S, f(x,y,) >0and f(x, y,) >

6 imply y, = ,.

By the use of Definition 1, Yuan and Lee [7] gave the

following definition.

Definition 2 (see [7]). Let G be a nonempty set and let R be a
fuzzy subset of G x G x G. R is called a fuzzy binary operation
onGif

(1) Ya, b € G, Ic € G such that R(a, b, ¢c) > 6;

(2) Ya,b,c;,¢, € G, R(a,b,¢;) > 0 and R(a,b,c,) > 0
imply ¢, = ¢,.

Let R be a fuzzy binary operation on G; then we have a

mapping

R:F(G)xF(G) — F(G),

@
(A, B) — R(A, B),

where F(G) ={A| A: G — [0,1] is a mapping} and

R(A,B)(c)= \/ (A@AB(®b)AR(a,b,c)). 2
a,beG
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Let A = {a} and B = {b} and let R(A, B) be denoted as
a o b; then

(aob)(c) =R(a,b,c),

((@ob)oc)(2) = \/ (R(a:b,d) AR(d,c,2)),
deG (3)

(@o(boc)(@)=\/ (R(b,c,d)AR(a,d,z2)).
deG

Vc € G,

Using the notations in (3), we have the following.

Definition 3 (see [7]). Let G be a nonempty set and let R be a
fuzzy binary operation on G. (G, R) is called a fuzzy group if
the following conditions are true:

(Gl) Va,b,¢,z,,2, € G, ((aeb) oc)(zy) >0and (ae(bo
0))(z,) > 0 imply z; = z,;

(G2) Je, € Gsuch that (e, ca)(a) >0 and (a - e,)(a) >0
for any a € G (e, is called an identity element of G);

(G3) Va € G, b € G such that (a - b)(e,) > 0 and (b o
a)(e,) > 0 (b is called an inverse element of a and
denoted by a™').

Proposition 4 (see [7]). Consider ((aob)oc)(d) >0 & (ao
(boc))d) > 6.

Proposition 5 (see [7]). H is a fuzzy subgroup of G if and only
if
(1) Ya,b € H,Vc € G, (a~b)(c) > 0 implies c € H;
(2) a € H implies aleH.
Definition 6 (see [7]). Let H be a fuzzy subgroup of G. Let
(aH)(z) = \/R(a,x,2);  (Ha)(z) = \/ R(x,a,2),

x€H x€H
(4)

and aH (Ha) is called a left (right) coset of H.

Definition 7 (see [7]). Let H be a fuzzy subgroup of G :

Va,beG, Vhe H, (ac(hea))(b)>60=beH,
®)

and then H is called a normal fuzzy subgroup of G.
Definition 8 (see [8]). Let (G, R) be a fuzzy subgroup. If

(aob)(c) >0 & (boa)(c)>0, Va,b,cceQqG, (6)
then (G, R) is called abelian fuzzy group.

Theorem 9 (see [7]). Let [aH] = {a'H | ' H ~ aH}, @ =
{a'|d' € Gand a'H ~ aH}, G/H = {[aH] | a € G}, and

([aH], [bH], [cH]) = R([aH], [bH],[cH])  (7)

= \/ R(a',b',c'),

(a',b' ") eaxbxc
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and then R is a fuzzy binary relation on G/H.
Theorem 10 (see [7]). (G/H,R) is a fuzzy group.

Definition 11 (see [7]). Let (G;, R,) and (G,, R,) be two fuzzy
groups and let f: G; — G, be a mapping. If

Ry (a,b,c) >0 =R, (f (@), f (), f(c)) >0, (8)

then f is called a fuzzy (group) homomorphism. If f is 1-1,
it is called a fuzzy monomorphism. If f is onto, it is called
a fuzzy epimorphism. If f is both 1-1 and onto, it is called a
fuzzy isomorphism.

Let G be a fuzzy binary operation on R. Then we have a

mapping
G:F(R)xF(R) — F(R),
(A,B) — G(A,B), ©
where F(R) = {A| A: R — [0,1] is a mapping} and

G(A,B) ()= \/ (A@AB(®b)AG(a,b,c)). (10)

a,beR

Let A = {a} and B = {b} and let G(A, B) and H(A, B) be
denoted as a o b and a * b, respectively. Then

(aob)(c) =G(a,b,c),
(a +b)(c)=H(a,b,c),

Vc € R,
Vc € R,

((aeb)oc)(z) = \/ (G(ab,d)AG(dc,2),
deG

(@ (bo0) (@) =\/(Gb.cd)AG(ad,z2),
deG 11)

(@* (bo0)(2) = \/ (Gb,c,d) AH (a,d,2)),
deG

((axb)o(axc)(z)

= \/ (H(a,b,d) AH (a,c,e) NG (d, e, 2)).
deG

Using the notations of (11), we have the following.

Definition 12 (see [8]). Let R be a nonempty set and let G
and H be two fuzzy binary operations on R. Then (R, G, H) is
called fuzzy ring if the following conditions hold:

(R1) (R, G) is an abelian fuzzy group;

(R2) Va,b,¢,z,,z, € R, ((a % b) = c)(z;) > O and (a * (b *
c))(z,) > 0imply z; = z,;

(R3) Va,b,¢,z,,2z, € R, ((aob) *c)(z;) >0 and ((a * ¢) o

(b *0))(z,) > 0imply z; = z,; (a* (boc))(z;) > Oand
((a *b)o(a=*c))(zy) >0 imply z; = z,.

Definition 13 (see [8]). Let (R, G, H) be a fuzzy ring.

M) If(a = b)(u) >0 & (b xa)(u) >0, then (R,G, H) is
said to be a commutative fuzzy ring.
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(2) If Je, € Rsuchthat(axe,)(a) > Oand (e, *a)(a) >0
for every a € R, then (R, G, H) is said to be fuzzy ring
with identity.

(3) Let (R,G, H) be a fuzzy ring with identity. If (a *
b)(e,) > 0 and (b * a)(e,) > 6,Va € R, Ab € R, then
bis S'c}id to be an inverse element of a and is denoted
bya," .

Proposition 14 (see [8]). Let (R, G, H) be a fuzzy ring and let
S be a nonempty subset of R. Then (S, G, H) is a fuzzy subring

of R if and only if

(1) (@ b)(c) > 0 implies c € S and (a = b)(c) > 0 implies
ceSforalla,beS,ceR;

(2) a € Simpliesa™ € Sforalla €.

Definition 15 (see [8]). A nonempty subset I of a fuzzy ring
(R, G, H) is called a fuzzy ideal of R if the following conditions
are satisfied.

(DVx,yel,(xoy)(z)>0=>z¢clforallz eR;
@) VxelLx' el

(3) Foralls e I,forallr € R, (r * s)(x) >0 = x € I and
(s*r)(y)>0=>yel,x,yeR.

Definition 16 (see [8]). Let I be a fuzzy ideal of fuzzy ring R
andlet Q = {a oI | a € R}. One defines a relation over Q:

a;ol ~a,0ol & Ju el such thatG(a;I,az,u) > 0.
(12)

3. Fuzzy Modules over Fuzzy Rings

Let (R, G, H) be a fuzzy ring and (M, J) be an abelian fuzzy
group and let p be fuzzy function R x M into M. Then we
have a mapping

p:F(R)x F(M) — F (M),

(4,N) = p(AN), )

PANIx) =\ (AOANMAp(r.nx),

(r,n)eAXN

where F(R) ={A| A: R — [0, 1] isa mapping} and F(M) =
{N|N:M — [0,1] is a mapping}.

Let A = {r} and N = {m}, and let p(A, N) and J(a, b) be
denoted as r @ m and a @ b, respectively. Then

(rom)(x)=p(r,mx), VxeM,

(ro(m em,))(x) = \/ (J (my, my, m) A p (r,m, x)),

meM

((ryory) om)(x) = \/ (G(r,ryr) A p(rym,x)),

re€R

((”1 * ”2) Qm) (x) = \/ (H (”1>r2>7’) Ap(r,m, x)) ,

r€R

(ry o (r,om))(x) = \/ (p (ryymymy) A p (ry,my, x)),

(rom)) e (rom,))(x)

= \/ (p (romy, x)) A p(rimy, x,) AT (x4, %5, X)) .

X1,X, €M

(14)
Using the notations (14), we have the following.

Definition 17. Let (R, G, H) be a fuzzy ring and let (M, J) be
an abelian fuzzy group. M is called a (left) fuzzy module over
R or (left) R-fmodule together with a fuzzy function p : R x
M — M if the following conditions hold. For all r, 7,7, € R
and for all m, my,m, € M,

(M1) (re(m,em,))(x) > 8and ((rom,)®(r © m,))(y) > 0
imply x = y;
(M2) ((ry e ry) ©m)(x) > Oand ((r, om) & (r, om))(y) > 0
imply x = y;
(M3) ((ry *1,) © m)(x)>0and(r; © (r, © m))(y) >0
imply x = y.
Proposition 18. Let (R, G, H) be a fuzzy ring and let (M, ])
be an R-fmodule; then for all r,r,,r, € R, m,m,;,m, € M,
1) g’e(m1 om,))(x) >0 o (r o m)e(r © my))(x) >
(2) (ryery)om)(x) >0 & ((rpom)e(r,om))(x) > 6;
@) ((r xry)eom)(x)>0 o (r,o(r,om))(x) > 0.
Proof. (1) Let (r © (m; & m,))(x) >0Oandletx;,x,,y e M

such that p(r,my, x;) > 0, p(r,m,, x,) > 0,and J(x;, x,, ) >
0. By

(rom)o(rom) () -
> p(rymy, x)) A p(r,my, x,) AT (%1, %5, y) > 6

we getx = yfrom (Ml)andso ((r @ m;) @ (r © m,))(x) > 0.

Similarly by ((r @ m;) & (r ©m,))(x) > 6 we have (r © (m, ®
m,))(x) > 0.

It is easy to prove (2) and (3) similar to the proof of (1).

O

Proposition 19. Let (R,G,H) be a fuzzy ring with zero
element e, and (M, ]) be a left R-fmodule with identity element
ej. Then forallr € R, m € M,

(1) (roe)(e) > 6;
(2) (e, @m)(ey) > 6;
B)rom)(x) >0 = (rom ™) > 6;

@) rom)(x)>0= (G lom)(x!) >0.

Proof. (1) Let x € M such that (r © ¢;)(x) > 6. Then

(ro(e;@e;))(x) > ] (e e5e;) Ap(r.epx) >0, (16)



It follows that ((r © ¢;) & (r © e)))(x) > 6 from
Proposition 18. Then

(roe)e(roe)) (x) -
> p(rienx) Ap(r.e;nx) AT (x,x,x) > 6.

Thus J(x,x,x) > 6 and x = e; from Proposition 2.1 in
[7].
(2) Let x € M such that (e, ® m)(x) > 0. Then

((e,oe,) @m) (x) > G(ey e, e,) A pley,m,x)>6. (18)

It follows that ((e, © m) & (e, ® m))(x) > 0O from
Proposition 18. Then
((e,om) @ (e, om)) (x)
(19)

> ple,,m x) A p(e,mx)AJT(xx,x) > 0.

Thus similar to (1), J(x, x, x) > 6 and so x = e;.
(3) Let p(r,m,x) > 6 and let y € M such that
p(r,m™, ) > 0. Since

(ro (meam_l)) (e)) > ](m,m_l,ej) Np(r.enep) > 6,
(20)

by Proposition 18 we have ((r © m) & (r © mil))(e,) > 6.
Hence

((r om) e (r o) m_l)) (e))
(21)
> p(r,m, x) /\p(r,mil,y) AT (x, y,e5) > 6.
Therefore J(x, y,e;) > 6 and consequently y = x.
(4) It is obtained similar to (3).

Proposition 20. If(R,G, H) is a fuzzy ring and K is any fuzzy
subring of R, then R is a left K-fmodule.

Proof. Let (R,G, H) be a fuzzy ring and let (K,G, H) be a
fuzzy subring of R. Consider the mapping

p:KxR—R, (22)

defined by p(k,r) = H(k,r). It is obviously a fuzzy function
which satisfies the conditions in Definition 17. Moreover
observe that (R,G) is necessarily an abelian fuzzy group.
Consequently R is a left K-fmodule. O

4. Fuzzy Submodule and Fuzzy
Module Homomorphism

Definition 21. Let (R,G,H) be a fuzzy ring, (M,]) an R-
fmodule, and N a nonempty subset of M. If (N, ]) is an R-
fmodule, N is called a fuzzy submodule of M.

Proposition 22. Let (R, G, H) be a fuzzy ring, (M, ]) an R-
fmodule, and N a nonempty subset of M. Then N is a fuzzy
submodule of M if and only if
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(1) (N, ]) is a fuzzy subgroup of (M, ]);
(2) forallr € R, b € N, (r ob)(c) > 0 impliesc € N.

Proposition 23. If {N; | i € I} is a family of fuzzy submodules
of a fuzzy module M, then (;¢; N; is a fuzzy submodule of M.

Definition 24. Let A and B be two fuzzy modules over a fuzzy
ring (R, G, H) with a function p : Rx M — M. A function
f:A — Bisan R-fmodule homomorphism which provided
that, foralla,b € Aandr € R,

(1) G(a, b, x) > 0 implies G(f(a), f(b), f(x)) > 6;
(2) p(r,a,x) > 0 implies p(r, f(a), f(x)) > 0.

Clearly, an R-fmodule homomorphism f : A — Bis
necessarily an abelian fuzzy group homomorphism. Conse-
quently the same terminology is used for fuzzy modules:
f is an R-fmodule monomorphism (resp., epimorphism,
isomorphism) if it is injective (resp., surjective, bijective) as
fuzzy group homomorphisms.

Let f: A — Bbean R-fmodule homomorphism. Then
the kernel and the image of f as fuzzy group homomorphisms

are denoted by

Ker f={ae Al f(a)=ep},

Im f={beB|b=f(a),acA},

(23)

respectively.

Theorem 25. Let (R, G, H) be a fuzzy ringandlet f: A — B
be an R-fmodule homomorphism. Then

(1) f is an R-fmodule monomorphism if and only if
Ker f ={e )

(2) f: A — Bisan R-fmodule isomorphism if and only
if there exists a fuzzy module homomorphism g : B —
A such that gf = e, and fg = eg.

Proposition 26. Let f: A — B be an R-fmodule homomor-
phism. Then

(1) Ker f is a fuzzy submodule of A;
(2) Im f is a fuzzy submodule of B;

(3) if C is any fuzzy submodule of B, then f'(C) = {a ¢
A | f(a) € C}is a fuzzy submodule of A.

Proof. (1) Ker f is a fuzzy subgroup of the abelian fuzzy
group A from Theorem 26 in [8]. Let r € R and a e
Ker f such that p(r,a,x) > 0. Since f is an R-fmodule
homomorphism, p(r, f(a), f(x)) > 0. On the other hand, as
a € Ker f we have f(a) = eg. Therefore p(r,eg, f(x)) > 0
and so f(x) = ep from Proposition19. So x € Ker f is
obtained.

(2)Im f isafuzzy subgroup of the abelian fuzzy group A
from Theorem 26in [8]. Foranyr € R,b € Im f, there exists
a € Asuchthatb = f(a). Let x € A such that H(r,a, x) > 0.
Since f is an R-fmodule homomorphism, H(r, f(a), f(x)) >
0 which means H(r, b, f(x)) > 0 and so f(x) € B.



The Scientific World Journal

(3) f7'(C) is a fuzzy subgroup of the abelian fuzzy group
A from Theorem 5.2 in [7]. Letr € Rand x € f_l(C) such
that H(r, x,u) > 0. Since H(r, f(x), f(u)) > 0 and f(x) € C,
we have that f(u) € Cand u € f'(C). This completes the
proof. O

Proposition 27. Let I be a left fuzzy ideal of a fuzzy ring
(R,G,H), (A,]) an R-fmodule, and a € A. Consider the set
B=Ixa={xe€R|H(r,a,x)>0,r € I}. Then

(1) Bis a fuzzy submodule of A;

(2) the map ¢ : I — B given by ¢(r) = r * a is an R-
fmodule epimorphism.

Proof. (1) First we show that B is a fuzzy subgroup of A. Let
x,y € B;then there exist r,,7, € I such that H(r,a,x) >
0 and H(r,,a, y) > 0. From Proposition 19, H(r,,a, y) > 0
implies H(r;",a, y'). Since I is a left fuzzy ideal, there exists
r € I such that G(rl,rz_l,r) > 0.

Let u € B such that H(r,a,u) > 6. Then

((71 °r2_1) * a) (u) > G(rl,rz_l,r)/\H(r,a,u) >0. (24)

On the other hand, since H(rz_l, a, y_l) > 0and ((r; *a) ®
(ry U a))(u) > 0 from Proposition 18, we obtain

((r1 *a) @ (1,2—1 * a)) (1)
> H(r,,a,x) /\H(rzfl,a,yfl) /\](x,y’l,u) > 0.
(25)

Thus J(x, y_l, u) > 0, u € B, which means that (B, ]) is a
fuzzy subgroup of (4, J).

Now consider a mapping p : R x B — B defined by
p(r,b) = H(r,b). Let (r o b)(c) > 0, foranyr € R, b € B.
Since b € B, there exists r € I such that H(r,a,b) > 0.

Let s € I such that H(r,r,s) > 0. Then

(ro(roa))(c) > H(r,a,b) NH (r,b,c) > 0, (26)
and it follows that ((r * r) ® a)(c) > 6. Thus
((r*r)oa)(c) > H(r,r,s) NH (s,a,c) > 6, (27)

and we have H(s,a,c) > 0. Since s € I, ¢ € B is obtained.
Therefore B is a fuzzy submodule of A.

(2) Let r,r,7, € I such that G(ry,r,,r) > 0 and let
X, X1, X, € Bsuchthat o(r) = x, ¢(r;) = x;, and ¢(r;) = x,.
So, H(r,a,x) > 0, H(ry,a,x;) > 0, and H(r,,a,x,) > 0.
Since

((ryory) xa)(x) >G(r,ryr) AH (r,a,x) >0,  (28)
we have
((ry xa)e® (r, * a)) (x)
(29)
> H(r,a,x;) ANH (ry,a,x,) A (x1, x5, x) > 6.

It follows that J(x;, x,, x) > 8 which means J(¢(r;), ¢(r,),
o(r)) > 0.

Finally we show thatif » € R, k € I such that (r © k)(s) >
0, then (rog(k))(¢(s)) > 0. For this purpose, let p(k) = x € B
and ¢(s) = y € B;then H(k,a,x) > 0 and H(s,a,y) > 0.
Since

((r k) =a)(y) > H(r,k,s) ANH (s,a, y) > 6, (30)
we have
(r* (k= a))(y)>H (k,a,x) NH (r,x,y) > 0, (31)

and it follows that H(r, x, y) > 0, and consequently we obtain
(r © @(k))(@(s)) >0.¢:1 — Bisobviously surjective and
¢ is an R-fmodule epimorphism. O

Proposition 28. Let (R, G, H) be a fuzzy ring and B a fuzzy
submodule of an R-fmodule (A, ]) and let a, ® B ~ a, @ B,
a®B ~a' ®B, and c® B ~ ¢' ® B. Consider a mapping defined

by

L A A
p:Rx§x§—>[0,1],
p(r.[a®B],[c®B]) (32)
=(rolaeB)(ceB)= \/ p(ra.c).
(a'c")eaxc

If p(r,a;,x) > 0 and p(r,a,, y) > 0, thenx® B ~ y & B.

Proof. Let p(r,a;,x) > 0 and p(r,a,, y) > 0. Since a; ® B ~
a, ® B and by Definition 16, there exists u € B such that
](al_l,a2,u) > 0.Leta € Aand v € Bsuchthat J(a,,a,,a) > 0
and p(r,u,v) > 0. As Bis an R-fmodule, v € B. Then

(r@ (a{l eaaz)) (v) > ](a{l,a@u) Ap(r,u,v) >0,
(33)

Let (r © al_l) ® (r © a)))(w) > 0. By Proposition 19,
p(r,a,,x) > 0 implies p(r, al_l,x_l) > 0. Hence

((rOail) ® (r@ag)) (w)

> p(r,al_l,x_l) Ap(r.a,y) /\](x_l,y,w) > 6.
(34)

Thus w = v, 50 J(x', y,¥) > 0 and consequently x & B ~
y @ B. O

Then we have the following result.

Theorem 29. Let (R, G, H) be a fuzzy ring and B a fuzzy sub-
module of an R-fmodule (A, J). Then A/B is an R-fmodule with
the mapping p defined in Proposition 28.

Proof. Since (A, ]) is an abelian fuzzy group, (B, J) is neces-
sarily a normal fuzzy subgroup of A. Hence the abelian factor
fuzzy group A/B is well-defined. Since A is an R-fmodule, for
allr € R, a; € A, there exists a, € A such that p(r,a,,a,) > 6.
Then p(r[a, ® B, [a, @ B]) > p(r,a,,a,) > 0.



Let (ro[a®B])([x®B]) > Oand (ro[a®B])([y®B]) > 0.
Then there exist a,a, € @, x' € X, and y' € ¥ such that
p(r,a;,x") > 0and p(r,a,, y') > 0. Since a, ® B ~ a, ® B, we
have x' @ B ~ y' ® B from Proposition 28 and consequently
[x®B] = [yeB].

(1) Let (r © ([a, ® B] @ [a, @ B]))([x ® B]) > 8 and ((r ©
[a,@B])®(rofa,®B]))([y®B]) > 0andleta € A such that
J(a,,a,,a) > 0. Then there exist a{ € a, a; € a,, x',xi,x; €
A, y' € y,and b, b, € Bsuch that

J (a;,a,,a) /\p(r, a',x') >0,
p(r,a{,x;) /\p(r,a;,x;) A ](x;,x;,y’) >0, (35)
J (a{,bl,al) >0, ](aé,bz,az) > 0.

Let w € A such that ](a{,aé,w) > 0. Then by
J(aj, b, a)) > 6, J(a),by,a,) > 0, J(ay,a,,a) > 0, and the
proof of Theorem 4.2 in [7], we get b € B such that
J(w,b,a) > 6. Then J(a,b™",w) > 6. Since

(rea)e(roa))(y)
(36)
> p(r,a{,x'l) Ap (r, aé,x;) i (x;,x;,y’) >0
and A is an R-fmodule, we have (r © (a{ & aé))(y') > 6. So

(ro (a{ GBa;)) (y') > ](a{,a;,w) /\p(r,w,y/) > 0.
(37)

Hence p(r, w,y') > 0. Then

(r@ (aeabil)) (y') > ](a, bil,w) /\p(r, w,y'). (38)

Let x; € A, by € B such that p(r,a,x;) > 0 and
p(r,b7",by) > 6. Then

((r@a) o} (r@b_l)) (y’)

> p(ria,xs) Ap(r b7 by) AT (x3.b5, ") > 6.

(39)

It follows that J(x;,b;, ') > 6 and so x; ® B ~ y' @ B.
Therefore we obtain x' ® B ~ y' ® B and consequently [x @
B] =[yeB].

(2) Let ((ryor,) 0 [a@B])([x®B]) > 0and ((r;, © [a®
B]) @ (r,© [a® B]))([y ® B]) > 0 and let r € R such that
G(ry, 1y, 1) > 0. Then we have a;,a,,a; € a,x; € X, y; € ¥,
X,, x5 € A, and b, b, € Bsuch that

G(ry,rpr)Ap(r.a,x,) >0,
P (a5, %3) A p (1 a3, 3) AT (30 %3, 1) > 0, (40)
J(a;,b,a,) >0, J(a,b,ay) > 0.
Then, by

(rno(a @b))(x;) > J(ay,b,a)) A p(ry,ay,x,) > GE )
41

we have ((r, ©a;) ® (1, © b,))(x,) > 0. So there exist u; € A,
v, € Bsuch that

p(risapu)) Ap (ribyvi) A (ug, vy, x,) > 6. (42)
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Thus J(uy, v, x,) >0 andsou,; @ B~ x, ® B.
Since

(no(a eb))(x;)>J(a,bya) Ap(ryasx;) > 9(’ :
43

we have ((r, ©a,) & (r, ©b,))(x;) > 0. So there exist u, € A,
v, € Bsuch that

P (rpay, ;) AP (ry, by, v3) AT (g 5, x3) > 0. (44)

Similarly, we get J(u,, v,, x3) > O and sou, ® B ~ x; & B.
Since

((ryery)@a,) (%) > G(rysrpr) Ap(riap,x,) > 0,
(45)

we get ((r; ©a;) ® (1, ©a,))(x;) > 0. Hence
p(roanu) Ap(ryanu) N (s, x,) > 6. (46)

Therefore, since u; ® B ~ x, ® B, u, ® B ~ x5 & B,
J(x5, x5, 1) > 0, and J(u;,uy,x;) > 0, we obtain x; @ B ~
y,®Band [x® B] = [y e B].

(3) Finally, let ((r, * r,) © [a® B])([x ® B]) > 0 and
(r; © (r, © [a ® B]))([y @ B])>0andletr € R such that
H(r,,r5,7) > 0. Then there exist a,,a, € a, x; € X, ¥, € ¥,
X,, %5 € A, and by, b, € Bsuch that

H (r;,rpr)Ap(r.an,x,) >0,

p(ryay %) Ap(r, x5 31) > 6, (47)
J (a;,b;,a) > 0, J (a5, by,a) > 0,

and let w € A such that p(r,a,, w) > 0. By

(r10(r,0a,))(y1) > p(ryanx,) Ap (1, x5 1) > 6,

((ry xry) @a,) (W) > H(r,ryr) A p(r,ay,w) > 6,
(48)

we getw = y, and p(r,a,, y;) > 0.

Sincea, ® B ~ a, ® B, p(r,a,,x;) > 0, and p(r,a,, y;) >
0, then we have x; ® B ~ y, ® B from Proposition 28 and
consequently [x @ B] = [y @ B]. O

Theorem 30 (fundamental homomorphism theorem of fuzzy
modules). Let (R,G, H) be fuzzy ringand f : A — Ban
R-fmodule epimorphism. Then A/K is isomorphic to B where
K =Ker f.

Proof. We have shown that K = Ker f is a fuzzy submodule
of A in Proposition 26. Hence A/K is an R-fmodule from
Theorem 29. Now we define a mapping by

- A

:— — B,
ik (49)
[a®K]— f(a).

f is well-defined, one to one and surjective fuzzy group
homomorphism from Theorem 5.3 in [7]. Then it suffices to
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prove that, forany r € R,a € A, p(rla® K],[be K]) > 0
implies p(r, 7([(1 ® K]),?([b ®K])) >0.Let p(rlae K], [b&
K]) > 6 and let u € B such thatﬁ(r,?([a @® K]),u) > 0. Then
we have a’ € @,b’ € b such that p(r, a,b') > 0.

Let w € A such that p(r,a,w) > 6. Since f is an R-
fmodule homomorphism, we get p(r, f(a), f(w)) > 0, so
u= f(w).Bya' eK~aeo K,p(r,a',b') >0, p(r,a,w) >0,
and Proposition 28, we have b’ ® K ~ w® K and so [b® K] =
[w ® K]. Therefore f(w) = f([lweK]) = f(lbeK]) = f(
and consequently u = f(b).
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