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Abstract

Let R be a commutative ring and M an R-module. In this article, we
introduce the concept of S-2-absorbing submodule. Suppose that S C R
is a multiplicatively closed subset of R. A submodule P of M with
(P :g M)NS = ( is said to be an S-2-absorbing submodule if there
exists an element s € S and whenever abm € P for some a,b € R and
m € M, then sab € (P :r M) or sam € P or sbm € P. Many examples,
characterizations and properties of S-2-absorbing submodules are given.
Moreover, we use them to characterize von Neumann regular modules
in the sense [9].

1 Introduction

In this article, we focus only on commutative rings with nonzero identity
and nonzero unital modules. Let R always denote such a ring and M de-
note such an R-module. The notion of prime submodule has an important
place in commutative algebra and it is frequently used to classify the modules.
Also, there have been many generalizations and study of prime submodules.
See, for example, [5], [7], [10], [14], [16] and [17]. Recently, the authors in
[18], introduced the notion of S-prime submodules which is a generalation of

Key Words: 2-absorbing submodule, S-2-absorbing submodule, von Neumann regular

module.
2010 Mathematics Subject Classification: 13C05, 16E50, 16D60, 15A15.

Received: 31.08.2019
Revised: 25.09.2019
Accepted: 17.12.2019

239



ON S-2-ABSORBING SUBMODULES AND VN-REGULAR MODULES 240

prime submodules and they used the S-prime submodules to characterize cer-
tain class of modules such as torsion free modules and simple modules. Let
S C R be a multiplicatively closed subset, that is, S satisfies the following
conditions: (¢) 1 € S and (i7) s152 € S for each s1,s2 € S. Recall from [18]
that a submodule P of M with (P :g M) NS =  is said to be an S-prime
submodule if there exists a fixed s € S such that am € P for some a € R and
m € M implies that sa € (P :g M) or sm € P. In particular, an ideal I of
R is an S-prime ideal if I is an S-prime submodule of R-module R. One of the
important generalizations of prime submodule is the concept of 2-absorbing
submodule. Recall from [5] that a proper submodule N of M is said to be a
2-absorbing submodule if whenever abm € N for some a,b € R and m € M,
then either ab € (N :g M) or am € N or bm € N. Predictably, a proper ideal
I of R is a 2-absorbing ideal if and only if I is a 2-absorbing submodule of
R-module R. The aim of this paper is to study the concept of S-2-absorbing
submodule and use them to characterize von Neumann regular modules in the
sense [9]. For the sake of completeness, will give some notations which will be
used throughout this article.

Let N be a submodule of M, K be a nonempty subset of M and I be an
ideal of R. Then we define the residuals of N by K and I as follows:

(N:gK)={reR:rK C N}
(N:yI)={meM:ImC N}

Particularly, (0 :g M) is denoted by ann(M). Also we use (N :ps s) to denote
(N :ar Rs) for each s € R and we use (N :gr m) to denote (N :r Rm) for each
m &€ M.

In this study, we introduce the concept of S-2-absorbing submodules of
a module which is a generalization of S-prime submodules and 2-absorbing
submodules. Also, this concept can be considered as a unification of S-prime
and 2-absorbing submodules. A submodule P of M is said to be an S-2-
absorbing submodule if (P :g M) NS = () and there exists a fixed s € S such
that abm € P for some a,b € R and m € M implies that sab € (P :g M) or
sam € P or sbm € P. In particular, an ideal I of R is an S-2-absorbing
ideal if I is an S-2-absorbing submodule of R-module R. Note that a 2-
absorbing submodule P of M with (P :p M) NS = ( is also S-2-absorbing
but the converse is not true (See Example 1 and Example 3). Also note that if
S C u(R), where u(R) is the set of units in R, then S-2-absorbing submodules
and 2-absorbing submodules coincide (See Example 2). Among other results in
this paper, in Section 2, we study the properties of S-2-absorbing submodules
similar to 2-absorbing submodules. Also, we give the relations between S-
prime and S-2-absorbing submodules (See Proposition 1 and Proposition 2).
Furthermore, we investigate the behavior of S-2-absorbing submodules under
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localization, homomorphism, in trivial extension and in cartesian product of
modules (See Proposition 1, Proposition 4, Proposition 6 and Theorem 3). In
Theorem 1, we show that P is an S-2-absorbing submodule of M if and only
if there exists an s € S such that IJN C P for some ideals I,J of R and
some submodule N of M implies sIN C P or sJN C Por sIJ C (P :gr M).
Recall from [8] that an R-module M is said to be a multiplication module if
for each submodule N of M, there exists an ideal I of R such that N = IM, or
equivalently, N = (N :g M)M. In Theorem 2, we give a characterization of
S-2-absorbing submodules in multiplication modules.

Section 3 is devoted to the study of von Neumann regular modules in the
sense [9]. Recall from [21] that a ring R is said to be a von Neumann regular
(for short, vn-regular) ring if for each a € R there exists an © € R such
that @ = a?z. In this case, the principal ideal (a) = (e) is generated by an
idempotent element e € R. Note that a ring R is a vn-regular ring if and only
if (a) = (a?) for each a € R. So far, the concept of vn-regular rings has been
studied in many papers and has various generalizations. See, for example, [12],
[13] and [22]. Recently, Jayaram and Tekir extended the notion of vn-regular
ring to modules as follows: an R-module M is said to be a vn-regular module
if for each m € M, there exists a € R such that Rm = aM = a?M. In section
3, we first prove the Chinese Remainder Theorem for modules (See Theorem
5). Finally, we characterize vn-regular modules in terms of S-2-absorbing
submodules (See, Proposition 9 and Theorem 6).

2 S-2-Absorbing submodules

Definition 1. Let M be an R-module and S a multiplicatively closed subset
of R. A submodule P of M is said to be an S-2-absorbing if (P :g M)NS =
and there exists a fired s € S such that abm € P for some a,b € R and
m € M implies that sab € (P :gp M) or sam € P or sbm € P.

Example 1. Let M be an R-module and S a multiplicatively closed subset of
R. Every 2-absorbing submodule P of M with (P :g M)NS = 0 is also an
S-2-absorbing.

Example 2. Let M be an R-module and S C R a multiplicatively closed subset
consisting of units in R. Then a submodule P of M is 2-absorbing submodule
if and only if P is S-2-absorbing.

Example 3. Consider the Z-module M = Z X Z,q, where p # q are prime
nurﬁbers, Then the zero submodule Piis not 2-absorbing since pq(0,1) =
(0,0) € P but pg ¢ (P 5 M) = 0, p(0,T) = (0,5) ¢ P and q(0,T) = (0,4) ¢
P. On the other hand, set S = reg(Z) and put s = pq € S. If ab(x,m) € P for
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some a,b,x,m € Z, then abx = 0. Without loss of generality, assume that
a = 0. Then sa(z,m) = (0,0) € P. Thus P is an S-2-absorbing submodule of
M.

Let R be a ring and S C R a multiplicatively closed subset of R. The
saturation S* of S is defined as S* = {z € R : % is a unit of S™'R}. Note

that S* is a multiplicatively closed subset containing S.

Proposition 1. Let M be an R-module and S a multiplicatively closed subset
of R. Then the following statements hold:

(i) Every S-prime submodule is an S-2-absorbing submodule.

(#) Suppose that S; C Sz are multiplicatively closed subsets of R. If P is an
S1-2-absorbing submodule and (P :g M)NSy = 0, then P is an So-2-absorbing
submodule.

(iii) A submodule P of M is an S-2-absorbing submodule if and only if it
18 an S*-2-absorbing submodule.

(iv) If P is an S-2-absorbing submodule of M, then S™1P is a 2-absorbing
submodule of S™'M.

Proof. (i), (ii): It is clear.

(iii): Let P be an S-2-absorbing submodule of M. Assume that (P :p
M) N S* #0. Then we have r € (P :g M) N S*. Then % is a unit of S™'R,
that is, 15 = 1 forsomea € Rand s € Ssincer € S*. Hence us = ura € S for
some u € S. Then we get ura € (P :g M) NS which is a contradiction. Thus
we obtain (P :g M)NS* = (. Then by (ii), P is an S*-2-absorbing submodule
of M since S C S*. For the converse, suppose that P is an S*-2-absorbing
submodule of M. Given abm € P for some a,b € R and m € M. Then there
exists s’ € S* such that s'ab € (P :g M) or s'am € P or sbm € P. On
the other hand, %f =1 for some z € R,s € S and so us'cz = us for some
u € S. Note that ¢ = us € S. Also, we have tab € (P :g M) or tam € P or
tbm € P. Thus P is an S-2-absorbing submodule.

(iv): Let 227 € P for some 2,2 € S7'R and 2 € S~'M. Then we
get v'abm = (u'a)bm € P for some v/ € S. By the assumption, there is
an ' € S such that s'(v'a)b € (P :g M) or s'(v/a)ym € P or s'bm € P.

Thus we }}ave either 22 = s1wab € S™H P :g M) C (S7IP :g-15p STIM) or
%% = SS,“;,‘;Z‘ € S~'Por %% = % € S™'P. Hence, S™'P is a 2-absorbing
submodule of S~™1M. O

The converses of (i) in previous proposition is not true in general. To see
this, take S as the set of units in a ring R and remember that any 2-absorbing
submodule need not be a prime submodule. The following example shows that
the converse of (iv) in previous proposition is not always true.
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Example 4. (S™1P is 2-absorbing but P is not S-2-absorbing): Consider the
Z-module M = Q* and S = reg(Z) = Z — {0}. Let P = {(m,n,0) : m,n €
Z}. Then note that (P :z M) =0 and (P :z M)NS = . Now, take s € S. Then
there exist prime numbers p # q such that ged(p, s) = ged(q, s) = 1. Also it is
clear that pq(%,%,O) = (¢,p,0) € P but sp(%, %,0) ¢ P, sq(%, %,0) ¢ P and
spq # 0. Thus P is not S-2-absorbing submodule. Further, note that S~*M is
a vector space and the proper subspace ST1P is a 2-absorbing submodule.

Proposition 2. Let S be a multiplicatively closed subset of R and M an R-
module. Then the intersection of two S-prime submodule is an S-2-absorbing.

Proof. Let Py, P, be two S-prime submodules of M and P = P, N P,. Let
abm € P for some a,b € R and m € M. Since P; is an S-prime submodule
and abm € Py, there exists s; € S such that sya € (P1 :g M) or s1bm €
P;. Now, we will show that s;bm € P; implies that s10 € (P, :g M) or sym €
Py. Assume that s;bm = b(sym) € Py. Since P; is an S-prime submodule, we
get either s1b € (P, :p M) or s3m € Py. If s;b € (Py :r M), then we are
done. So assume that s?m € P;. By [18, Lemma 2.16], we know that (P; :p/
s?) C (Py :pr 1) and this yields m € (P; :ar s3) € (Pr :ar 81). Thus we have
sym € Py. In a similar manner, since P is an S-prime submodule, there exists
s9 € S such that sqa € (Py :gp M) or sab € (Py :gp M) or som € P,. Without
loss of generality, we may assume that s1a € (P; :g M) and som € P5. Now,
put s = s159 € S. This implies that sam € P and hence P is an S-2-absorbing
submodule of M. O

The intersection of two S-2-absorbing submodules is not necessarily S-2-
absorbing. See the following example.

Example 5. Let p,q,r be distinct prime numbers. Consider Z-module M =
Z X 7Z. Now, set S ={m € Z : gcd(m,pgr) = 1}. Then S is a multiplicatively
closed subset of Z.. Then note that Py = pqZ X 7. and Py = Z X prZ are S-2-
absorbing submodules of M. Also we have P = PiN Py = pgZ X prZ. Now, take
s € S. Then ged(s,p) = ged(s, q) = ged(s,r) = 1. Also note that pq(1,r) =
(pq,pqr) € P but spq & (P :z M), sp(1,7) ¢ P and sq(1,r) ¢ P. Thus P is
not S-2-absorbing submodule.

Lemma 1. Let S be a multiplicatively closed subset of R. If P is a submodule
of M with (P :g M)NS =0, then the following statements are equivalent:
(i) P is an S-2-absorbing submodule of M.
(ii) There exists an s € S such that abN C P for some a,b € R and a
submodule N of M implies either saN C P or sbN C P or sab € (P :g M).

Proof. (i) = (4i): Suppose that P is an S-2-absorbing submodule of M. We
know that there exists s € S such that zym € P for some x,y € R and
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m € M implies szy € (P :g M) or szm € P or sym € P. Let abN C P for
some a,b € R and a submodule N of M. Now, we will show that saN C P
or sbN C P or sab € (P :g M). Suppose to the contrary. Then saN ¢
P, sbN ¢ P and sab ¢ (P :g M). We have ny,ny € N with san; ¢ P
and sbng ¢ P. Since abny € P, sab ¢ (P :g M) and sany ¢ P, we get
sbn, € P since P is S-2-absorbing. In a similar manner, we have sans € P.
On the other hand, we have ab(ny + ng) € P and sab ¢ (P :g M). Then
either sa(ny + ng) € P or sb(ny + ny) € P since P is S-2-absorbing. Let
sa(ny + ng) = sany + sang € P. Then this yields that san; € P since
sang € P, a contradiction. Let sb(ny + ng) = sbny + sbng € P. Then we
get sbny € P since sbny € P, again a contradiction. Therefore, saN C P or
sbN C P or sab e (P :gr M).

(#4) = (i): Tt is clear. O

Corollary 1. Let S be a multiplicatively closed subset of R and P an ideal
of R with PNS = (. Then P is an S-2-absorbing ideal of R if and only if
there exists an s € S such that abl C P for some a,b € R and an ideal I of R
implies either sal C P or sbl C P or sab € P.

Theorem 1. Let S be a multiplicatively closed subset of R and P a submodule
of R-module M with (P :g M)NS = 0. P is an S-2-absorbing submodule of
M if and only if there exists an s € S such that IJN C P for some ideals I, J
of R and some submodule N of M implies either sSIN C P or sJN C P or
slJ g (P ‘R M)

Proof. («): Directly from definition.

(=): Suppose that P is an S-2-absorbing submodule of M. Then there exists
an s € S and whenever abm € P for some a,b € R and m € M then either
sab € (P :g M) or sam € P or sbm € P. Given IJN C P for some ideals I, J
of R and some submodule N of M, we must show that sIN C P or sJN C P
or sIJ C (P :g M). Suppose to the contrary. Then there exists € I and
y € J such that ssN ¢ P and syN ¢ P. By Lemma 1, it is obtained that
szy € (P :g M) since zyN C P. On the other hand, since sIJ ¢ (P :g M),
there exist a € I and b € J such that sab ¢ (P :g M). Then by Lemma 1,
we have saN C P or sbN C P since abN C P. Consider the following three
cases:

First case: Assume that saN C P but sbN gZ P. Note that 2bN C P,
sbN ¢ P and stN ¢ P. Then we conclude that szb € (P :g M) by Lemma
1. Since stN ¢ P and saN C P, we also have s(z + a)N ¢ P. Then by
Lemma 1, we have s(a+z)b € (P :g M) since (a +z)bN C P, s(a+z)N ¢ P
and sbN ¢ P. As s(a+x)b € (P :g M) and szb € (P :g M), we get
sab € (P :gp M) which is a contradiction.

Second case: Assume that salN ,CZ P and sbN C P. It can be easily obtained
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in a similar manner to the first case.

Third case: Assume that saN C P and sbN C P. Then we get s(b+y)N gz P
since syN ¢ P and sbN C P. Thus by Lemma 1, we get sz(b+y) € (P :r M)
since z(b+y)N C P, s(b+y)N € P and saN ¢ P. As sz(b+y) € (P :g M)
and szy € (P :g M), we have szb € (P :p M). Also, it is clear that s(a+z)N €
P since stN ¢ P and saN C P. Then by Lemma 1, s(a + z)y € (P :g M)
since (a+z)yN C P, s(a+x)N € P and syN ¢ P. As s(a+z)y € (P :g M)
and sxy € (P :g M), we conclude that say € (P :g M). Also, by Lemma 1,
we get the result that s(a+x)(b+vy) = sab+ say+ sxb+szy € (P :g M) since
(a+2z)(b+y)N C P, s(a+xz)N € Pand s(b+y)N € P. As s(a+z)(b+y) €
(P :p M) and say, szy,szb € (P :g M), we have sab € (P :rp M), again a
contradiction. O

Corollary 2. Let S be a multiplicatively closed subset of R and P an ideal of
R with PNS = 0. Then the following statements are equivalent:

(i) P is an S-2-absorbing ideal of R.

(ii) There exists an s € S such that IJK C P for some ideals I,J and
K of R implies sIJ C P or sIK C P or sJK C P.

Let M be a multiplication R-module and K, L be two submodules of M.
Then K = IM and L = JM for some ideals I,J of R. Also the product of
K and L is defined as KL = IJM [1]. Further, note that this product is
independent of the presentations of submodules K and L of M [1, Theorem
3.4].

Proposition 3. Let S be a multiplicatively closed subset of R. If P is an
S-2-absorbing submodule of M, then (P :gr M) is an S-2-absorbing ideal of R.
Also, the converse is true in case M is a multiplication module.

Proof. (=) : Assume that P is an S-2-absorbing submodule of M. Let abc €
(P :r M) for some a,b,c € R. Then we have RaRb(cM) C P. Since P is an
S-2-absorbing submodule, by Theorem 1, we have an fixed s € S such that
sRaRb C (P :g M) or sRa(cM) C P or sRb(cM) C P. Thus we get either
sab€ (P:gr M) or sac € (P :g M) or sbc € (P :g M). Hence, (P :g M) is an
S-2-absorbing ideal of R.

(«<): Suppose that (P :g M) is an S-2-absorbing ideal of R. Let IJN C P
for some ideals I, J of R and some submodule N of M. Then it is easy to note
that IJ(N :g M) C (IJN :g M) C (P :r M). By Corollary 2, there exists
an s € S such that either sIJ C (P :g M) or sI(N :g M) C (P :g M) or
sJ(N :g M) C (P :g M). Since M is multiplication, we have sI.J C (P :p M)
or sIN C P or sJN C P. Therefore, P is an S-2-absorbing submodule of
M. O

As a result of Proposition 3 and Theorem 1, we give the following corollary.
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Corollary 3. Let M be a multiplication R-module, S be a multiplicatively
closed subset of R and P a submodule of M with (P :g M)NS = 0. Then the
following statements are equivalent:

(i) P is an S-2-absorbing submodule of M.

(ii) There exists an s € S such that KLN C P for some submodules
K,L,N of M implies sKL C P or sKk N C P or sLN C P.

Theorem 2. Let M be a finitely generated multiplication R-module and S be
a multiplicatively closed subset of R. Suppose that P is a submodule of M with
(P:gr M)NS =0. Then the following statements are equivalent:

(i) P is an S-2-absorbing submodule of M.

(i) (P :r M) is an S-2-absorbing ideal of R.

(iii) P = IM for some S-2-absorbing ideal I of R with ann(M) C I.

Proof. (i) < (ii): It is clear from Proposition 3.
(#3) = (414): It is obvious.

(#3i) = (i): Let JKN C P for some ideals J, K of R and some submodule
N of M. Then we have JK(N :g M)M C P = IM. Also by [19, Theorem
9 Corollary], we get JK(N :g M) C I +ann(M) = I. Then by Corollary 2,
there is an s € S such that sJK C I or sJ(N :g M) C I or sK(N :g M) CI.
So we conclude that sJK C I C (P:g M) or sJ(N :g M)M C IM = P or
sK(N :g M)M C IM = P, that is, sJK C I C (P :g M) or sJN C P or
sKN C P. Hence, P is an S-2-absorbing submodule of M. O

Proposition 4. Suppose that f : M — M’ is an R-homomorphism and S C R
1s a multiplicatively closed subset. The following statements hold:

(i) If P’ is an S-2-absorbing submodule of M' and (f~1(P") :rg M)NS = 0,
then f=Y(P') is an S-2-absorbing submodule of M.

(i) If f is an epimorphism and P is an S-2-absorbing submodule of M
containing Ker(f), then f(P) is an S-2-absorbing submodule of M.

Proof. (i) Let abm € f~1(P’) for some a,b € R and m € M. Then we get
f(abm) = abf(m) € P’. Since P’ is an S-2-absorbing submodule, there exists
s € S such that either sab € (P’ :g M’) or saf(m) = f(sam) € P’ or
sbf(m) = f(sbm) € P'. If sab € (P' :g M’), then we conclude that sab €
(f~Y(P") :r M) since (P' :g M') C (f~Y(P") :r M). On the other hand,
if f(sam) € P’ or f(sbm) € P’, we can conclude either sam € f~1(P’) or
sbm € f~1(P'). Hence, f~*(P’) is an S-2-absorbing submodule of M.

(ii) Suppose that P is an S-2-absorbing submodule of M containing Ker(f).
First, we will show that (f(P) :r M’)NS = 0. Indeed, if (f(P) :g M")NS # 0,
there is an s € S such that s € (f(P) :g M’). This implies that sM’ C f(P)
and so f(sM) = sf(M) C sM’' C f(P). Thus, we have sM C sM + Ker(f) C
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P + Ker(f) = P, that is, sM C P which contradicts with P is an S-2-
absorbing submodule. Now, suppose that abm’ € f(P) for some a,b € R
and m’ € M’. Then m’ = f(m) for some m € M as f is an epimoprhism.
This implies that abm’ = abf(m) = f(abm) € f(P). As Ker(f) C P, we
get abm € P. Since P is an S-2-absorbing submodule of M, there is an
s € S such that sab € (P :gp M) or sam € P or sbm € P. Consequently,
we obtain that sab € (f(P) :g M’) or f(sam) = sf(am) = sam’ € f(P) or
f(sbm) = sf(bm) = sbm’ € f(P) since (P :g M) C (f(P) :r M'). Therefore,
f(P) is an S-2-absorbing submodule of M’. O

Corollary 4. Let L be a submodule of an R-module M and S C R be a
multiplicatively closed subset. The following statements hold:

(i) If P’ is an S-2-absorbing submodule of M with (P’ :g L)NS =, then
LN P is an S-2-absorbing submodule of L.

(i) Assume that P is a submodule of M containing L. Then P is an S-2-

absorbing submodule of M if and only if P/L is an S-2-absorbing submodule
of M/L.

Proof. (i) Consider that the injection ¢ : L — M defined by i(m) = m for all
m € L. Then we have i ~*(P') = L N P'. Now, we will show that (i~1(P’) :x
L)N S = (. Indeed, if s € (i71(P") :gp L) NS, then we have sL C i~}(P’) =
LNP C P andsose (P :gL)NS, acontradiction. The rest is obtained
by Proposition 4 (1).

(ii) (=): Consider the canonical homomorphism = : M — M/L defined by
w(m) =m+ L for all m € M. The rest of proof is clear by Proposition 4 (2).
(«<): Let abm € P for some a,b € R and m € M. Then we have ab(m+ L) =
abm+ L € P/L. Thus, there exists an s € S such that sab € (P/L:g M/L) =
(P:r M) or sa(m+L)=sam+ L € P/L or sb(m+ L) =sbm+ L € P/L by
the assumption. Therefore, we get sab € (P :g M) or sam € P or sbm € P.
Consequently, P is an S-2-absorbing submodule of M. O

Proposition 5. Let S be a multiplicatively closed subset of R and P be an
S-2-absorbing submodule of R-module M. Suppose that (P :g m)NS =0 for
allme M — P. If (P :g M) is an S-prime ideal of R, then (P :r m) is an
S-prime ideal of R for each m € M — P.

Proof. Let P be an S-2-absorbing submodule of R-module M and (P :g m)N
S = ( for all m € M. First note that (P :g M)NS = ) since (P :g M) C
(P :g m) for each m € M. Assume that (P :g M) is an S-prime ideal of
R. Given ab € (P :g m) for some a,b € R, we must show that there exists a
fixed s € S such that either sa € (P :g m) or sb € (P :g m). Then abm € P.
Since P is an S-2-absorbing submodule, there exists a fixed s; € S such that
xym* € P for some z,y € R and m* € M implies that either syzy € (P :g M)
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or s;am* € P or s;ym* € P. On the other hand, since (P :g M) is an S-
prime ideal of R, there exists a fixed s € S such that zy € (P :g M) for
some x,y € R implies either sox € (P :g M) or soy € (P :g M). Now, put
s = $182 € S. Then we can easily get sjab € (P :g M) or s;am € P or
s1bm € P since P is an S-2-absorbing and abm € P. If syam € P or s;bm €
P, then sa € (P :gp m) or sb € (P :p M). Assume that sjab € (P :g M).
Since (P :g M) is S-prime ideal, then we get either sys0a € (P :g M) or
s9b € (P :g M). Thus we conclude sa € (P :g M) C (P:gm)orsbe (P:g
M) C (P:gm). O

Assume that M is an R-module. The trivial extension R « M = R &
M of M is a commutative ring whose addition is componentwise and whose
multiplication is defined as (a,m)(b,m’) = (ab,am’ 4+ bm) for each a,b € R
and m,m’ € M [15]. Let I be an ideal of R and N a submodule of M. Then
I < N is an ideal of R o« M if and only if IM C N [3, Theorem 3.3]. In
this case, I o« N is called a homogeneous ideal of R o« M. Also, if S is a
multiplicatively closed subset of R and P is a submodule of M, then S
P ={(s,p) : s € S,p € P} is a multiplicatively closed subset of R « M 3,
Theorem 3.8].

Proposition 6. Suppose that S is a multiplicatively closed subset of R and P
is an ideal of R with PNS = (). Then the following statements are equivalent:
(i) P is an S-2-absorbing ideal of R.
(i) P o< M is an S o 0-2-absorbing ideal of R o< M.
(#ii) P o< M is an S o< M-2-absorbing ideal of R o< M.

Proof. (i) = (i7) : Let (z,m)(y,m")(z,m*) = (zyz,xym* + xzm’ + yzm) €
P o« M for some z,y,z € R and m,m’,m* € M. Then we get zyz € P. By
the assumption, we have an s € S such that szy € P or szz € P or syz €
P. Then we obtain (s,0)(z,m)(y,m') = (szy,szm’ + sym) € P «x M or
(s,0)(xz,m)(z,m*) = (sxz,szm* + szm) € P «x M or (s,0)(y,m')(z,m*) =
(syz, sym* + szm’) € P o« M, where (s,0) € S « 0. Thus, P x M is an
S o 0-2-absorbing ideal of R o< M.

(#4) = (4i7) : It is clear from Proposition 3 since S x 0 C S o< M.

(#91) = (4) : Assume that zyz € P for some z,y, z € R. Then (x,0)(y,0)(z,0) €
P o M. Since P < M is an S o< M-2-absorbing ideal of R o< M, there is an
(s,m) € S « M such that (s,m)(z,0)(y,0) = (szy,aym) € P «« M or
(s,m)(y,0)(z,0) = (syz,yzm) € P o« M or (s,m)(x,0)(z,0) = (sxz,xzm) €
P « M and hence we get sxy € P or syz € P or stz € P. Therefore, P is an
S-2-absorbing ideal of R. O

Let M; be an R;-module for each i = 1,2,...,n and n € N. Assume that
M =My x My x---x M, and R= Ry X Ry X --- X R,. Then M is clearly
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an R-module with componentwise addition and scalar multiplication. Also,
if S; is a multiplicatively closed subset of R; for each i = 1,2,...,n, then
S =51 xSy x -+ x5, is a multiplicatively closed subset of R. Furthermore,
each submodule N of M is of the form N = Ny x Ny X --- x Ny, where N; is a
submodule of M;. Now, we determine S-2-absorbing submodules of cartesian
product of modules.

Proposition 7. Let M; be an R;-module and S; be a multiplicatively closed
subset of R; for each i = 1,2. Let M = M7 X My, R = Ry X Ry and S =
S1 %X Sy. Assume that Ny is a submodule of My, Ny is a submodule of My and
N = Ny X Ny. Then the following statements are equivalent:

(i) N is an S-2-absorbing submodule of M.

(ii) (N1 :g, M1) NSy # @ and Na is an Sg-2-absorbing submodule of My
or Ny is an Sy-2-absorbing submodule of My and (N3 :gr, M2) NSy # 0 or
Ny is an S1-prime submodule of My and Ns is an Sa-prime submodule of M.

Proof. (i) = (ii) : Assume that N is an S-2-absorbing submodule of M. First,
note that (N :g M) = (Ny :r, M1) x (N3 :g, M>) is an S-2-absorbing ideal
of R by Proposition 3. So that (N1 :g, M1) NSy =0 or (N2 :g, M) NSy = 0.
Assume that (N7 :g, M;) NSy # 0. Now, we will show that Ny is an Sa-
2-absorbing submodule of Ms. Let zym € Ny for some z,y € Ry and m €
Ms. Then we have (Og,,2)(0gr,,y)(0r,,m) = (Opr,, zym) € N1 x Ny = N. As
N is an S-2-absorbing submodule of M, there exists s = (s1,$2) € S such
that s(Ogr,,x)(Or,,y) = (Ogr,,s22y) € (N :g M) or s(Ogr,,z)(0pry,m) =
(Op1,, s22m) € N or s(Og,,y)(0pr,, m) = (Opr,, S2ym) € N. This implies that
soxy € (Na :g, Ma) or ssxm € Ny or soym € Nao. Hence, Ny is an S5-2-
absorbing submodule of Ms. If (Ny :g, M3) NSy # (), similarly N; is an
S1-2-absorbing submodule of M;. Now assume that (N7 :g, M) NS; = 0
and (N :g, M2) N Sy = (. We will show that N; is an Sj-prime submod-
ule of M; and N> is an Sa-prime submodule of M. First, note that there
exists a fixed s = (s1,s2) € S satisfying N to be an S-2-absorbing sub-
module of M. Suppose that N7 is not an Si-prime submodule of M;. Then
there exists a € Ry and m; € M; such that am; € Ny but s1a ¢ (N7 :g,
Ml) and symg ¢ Ni. On the other hand (NQ Ry MQ) NSy = (Z), So ¢
(N2 :r, Ms) so there exists mo € My such that somo ¢ Ny. Also note that
(a,1)(1,0)(my, ma) = (am1,0p,) € Ny X Ny = N. Since N is an S-2-absorbing
submodule of M, we have either (s1,s2)(a,1)(1,0) = (s1a,0) € (N g M)
or (s1,s2)(a,1)(my,ma) = (s1amq,same) € N or (s1,s2)(1,0)(mq,me) =
(s1m1,0p,) € N. Then we conclude that either sja € (Ny :r, Mp) or
symy € Ni or ssmo € Ny which both them are contradictions. Hence, N; is
an Si-prime submodule of M;. Similar argument shows that N is an Ss-prime
submodule of M,.
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(#4) = (4) : Let (N7 :g, M1) NSy # 0 and Ny be an Sy-2-absorbing sub-
module of Ms. Now, we will show that IV is an S-2-absorbing submodule of
M. First, note that (N :g M)NS = 0. Let a,b € Ry; =,y € Ro; my €
Mi and my € My such that (a,z)(b,y)(m1,me) = (abmy,zyms) € N. As
(N7 g, Mp) NSy # 0, there exists s; € S; such that sym € Np for all
m € M. Also there exists a fixed so € Sy satisfying N to be an Sp-2-
absorbing submodule of M;. Now, put s = (s1,$2) € S. Also note that
xymo € Ny. Since Ny is an Ss-2-absorbing submodule of Ms, we conclude
either soxy € (N :g, Ms) or ssxmg € Ny or sgymg € Ny. This yields
that s(a,z)(b,y) = (s1ab, sexy) € (N1 :g, My) x (Ng :gp, M3) = (N :g M)
or s(a,z)(mi,mg) = (s1amq, sgxmg) € N1 x No = N or s(b,y)(mi,mg) =
(s1bmy, sayma) € Ny x Ny = N. Hence, we conclude that N is an S-2-
absorbing submodule of M. If (Ny :g, M2) NSy # § and Ny is an Sp-
2-absorbing submodule of Mj, similar argument shows that N is an S-2-
absorbing submodule of M. Now assume that IV} is an S;-prime submodule of
M; and N5 is an So-prime submodule of Ms. Let a,b € Ry; x,y € Ry; my €
My and mg € My such that (a,z)(b,y)(m1,m2) = (abmy,zymsa) € N. Then
we have abm; € N; and xzyms € Ny. Since N; is an Si-prime submodule
of My, there exists a fixed s; € S; such that either sya € (Ny :g, M;) or
s1b € (N7 :r, My) or symy € Ny. Similarly, there exists sy € So such that ei-
ther sox € (Ng :g, Ms) or say € (N3 :g, Ma) or soma € No. Put s = (s1,82) €
S. Also without loss of generality, we may assume that s;a € (N7 :5, M7) and
sama € Ny. Then we have s(a,x)(my,ma) = (s1amq, s2xmg) € Ny X Ny =
N. Hence, N is an S-2-absorbing submodule of M. O

As seen in the above theorem, we have that if N7 is an S;-2-absorbing
submodule of M; and N is an Ss-2-absorbing submodule of My, then Ny X No
may not be an S; X Ss-2-absorbing submodule of M; x Ms. See the following
example.

Example 6. Consider the submodules Ny = 97 and No = 4Z of Z-module
Z. Let S1 = Z — 37Z and Sy = Z — 27Z. Note that N1 and Ny are S1 and
So-2-absorbing submodules of Z, respectively. But N = Ni X Ns is not an
S =51 x Sy-2-absorbing submodule of M =7 x Z since (3,2)(1,2)(3,1) € N
but for each s = (s1,82) € S, s(3,2)(1,2) ¢ (N :z M), s(1,2)(3,1) ¢ N and
s(3,2)(3,1) ¢ N.

Theorem 3. Let n > 1 and M; be an R;-module and S; be a multiplicatively
closed subset of R; for eachi=1,2,....,n. Let M = My X My x---x M,, R =
RiXxRyx---xR, and S = S1 xSy x---x8S,. Assume that N; is a submodule
of M; for eachi=1,2,...,n and N = Ny X Ny X ---x N,,. Then the following
statements are equivalent:

(i) N is an S-2-absorbing submodule of M.
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(i) Ny is an Sk-2-absorbing submodule of My, for some 1 < k < n and
(Ny :g, My) NSy # 0 for each t € {1,2,...,n} — {k} or Ng, is an Sk,-
prime submodule of My, and Ny, is an Sk,-prime submodule of My, for some
1<ky#ks<nand (N :g, M)NSy # 0 for eacht € {1,2,...,n} —{k1, ka}.

Proof. To prove the result, we will use induction on n. The implication (i) <
(#) is trivial when n = 1. If n = 2, (i) < (1) follows from Proposition 7.
Assume that the implication (i) < (i) is true for all k& < n. Now, we will
prove that (i) < (i) is true for k =n. Put R=R' X R,,, M = M’ x M,, and
S=98x%x8,,where R = Ry x Ro X -+ X Ryy_1, M' = My x My x -+ x M, _1
and 8’ =51 x Sy x -+ x8,_1. Also put N = N’ x N,,, where N’ = Ny x Ny x
-++ X Nyp_1. Then by Proposition 7, N is an S-2-absorbing submodule of M if
and only if (N' :pr M')NS" # 0 and N, is an S,-2-absorbing submodule of
M,, or N’ is an S’-2-absorbing submodule of M’ and (N, :gr, M,) NS, # 0
or N’ is an S’-prime submodule of M’ and N,, is an S,,-prime submodule of
M,,. The rest follows from induction hypothesis and [18, Theorem 2.15]. O

Lemma 2. Let M be an R-module and S C R a multiplicatively closed subset
of R. Assume that P is an S-2-absorbing submodule of M. Then the following
statements are satisfied:

(i) There exists s € S such that (P :py s3) = (P :p s™) for alln > 3.

(ii) There exists s € S such that (P :g s3M) = (P :g s"M) for allmn > 3.

Proof. (i) : Assume that P is an S-2-absorbing submodule of M. Then there
exists s € S such that whenever abm € P, where a,b € R and m € M, then
either sab € (P :g M) or sam € N or sbm € P. Now, take m’ € (P
s*). Then we have s*m’ = s2s?m’ € P. As P is an S-2-absorbing submodule
of M, we conclude that s(s*m’) = s3m’ € P and so m’ € (P :j; s®). Thus
(P :pr s*) C (P :pr 3). As the reverse inclusion always holds, we have (P :j;
s%) = (P :pr s). Assume that (P :p s3) = (P :p s%) for all k < n. Now, we
will show that (P :ps s%) = (P :pr s™). Let m’ € (P :py s™). Then s"m/ =
s2(s"72)m/ € P. As P is an S-2-absorbing submodule of M, we conclude either
s3m’ € P or s"~'m’ € P. This implies that m’ € (P :py s3) U (P :pr s"7 1) =
(P :pr s3) by induction hypothesis. Thus we have (P :5s s%) = (P :as s").

(i) : Follows from (i). O

Theorem 4. Let M be an R-module and S C R a multiplicatively closed
subset of R. Assume that P is a submodule of M with (P :g M)N S = 0.
Then the following statements are equivalent:

(i) P is an S-2-absorbing submodule.

(i) (P :ar s) is a 2-absorbing submodule for some s € S.
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Proof. (ii) = (i) : Assume that (P :p; s) is a 2-absorbing submodule for
some s € S. Let abm € P C (P :p s) for some a,b € R and m € M. As
(P :pr ) is a 2-absorbing submodule, we conlcude either ab € ((P :pr s) : M)
or am € (P :p 8) or bm € (P :p s). This implies that sab € (P :g M) or
sam € P or sbm € P. Thus, P is an S-2-absorbing submodule.

(7) = (i1) : Let P be an S-2-absorbing submodule. Fix s € S satisfying P
to be an S-2-absorbing submodule. Then by Lemma 2, we have (P :p; s%) =
(P s™) and (P :g M) = (P :g s"M) for all n > 3. Now, we will show that
(P :p 8%) = (P :p 8?) is a 2-absorbing submodule of M. Let abm € (P :ps s9)
for some a,b € R and m € M. Then we have s5(abm) = (s%a)(s2b)(s*m) € P.
As P is an S-2-absorbing submodule, we conclude either s(s2a)(s%b) = s°ab €
(P :p M) or s(s?a)(s®>m) = s’am € P or s(s?b)(s*>m) = s°bm € P. This
implies that ab € (P :g s°M) = (P :g sM) = ((P :pr s%) : M) or am €
(P 85) = (P s5) or bm € (P :py 8°) = (P :pr 89). Hence, (P :p s%) is a
2-absorbing submodule of M. O

3 vn-regular modules

In this section, we will study the concept of vn-regular modules and char-
acterize them in terms of S-2-absorbing submodules. Recall that M is said
to be a vn-regular module if for each m € M, there exists a € R such that
Rm = aM = a?>M [9]. Tt is clear that vn-regular modules are multiplication.
To see this, take a vn-regular R-module M. Let N be a submodule of M. Then

N = Y Rn. Since M is vn-regular Rn = a,, M = a2 M for some a,, € R. Then
neN
we have

N= > Rn= > a,M = (Zan>M.
neN neN neN

Hence, M is a multiplication module. Also, if M is finitely generated vn-

regular module, then TM N JM = IJM for every ideal I and J of R [9,

Lemma 6 and Theorem 1].

Proposition 8. Let M be a finitely generated vn-reqular module and S C R a
multiplicatively closed subset. Suppose that P is a submodule of M with (P :g
MYNS =0. Then P is an S-2-absorbing submodule of M if and only if there
exists an s € S such that KNLNN C P for some submodules K, L and N of
M implies either s(cKNL) C P ors(KNN)C P ors(LNN)CP.

Proof. (=): Let M be a finitely generated vn-regular module and P be an
S-2-absorbing submodule of M, where S is a multiplicatively closed subset of
R. Then M is multiplication. Assume that KNLNN C P for some submodules
K,L and N of M. This implies that KLN = (K :g M)(L :g M)(N :r
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MYM C KNLNN C P. By Corollary 3, there exists an s € S such that
sKL C PorsKN C PorsLN C P. Since M is a finitely generated vn-regular
module, by [9, Lemma 6 and Theorem 1], for any submodule N and N’ of M we
have NN’ = (N iz M)(N' :p M)M = (N :g M)M 0 (N’ :r M)M = NN
Then we conclude that s(K NL) C Por s(KNN)C Pors(LNN)CP.

(«=): Similar argument. O

Let M be an R-module. £(M) be the lattice of all submodules of M and
L(R) be the lattice of all ideals of R. Consider the mapping p : L(M) — L(R)
defined by pu(N) = (N :g M) for all N € £L(M). Recall from [20], an R-
module M is said to be a p-module if p is an homomorphism. Smith, in
[20, Lemma 3.1], showed that an R-module M is a p-module if and only if
(N:g M)+ (K :g M) = (N+ K :g M) for all N,K € L(M). Also, the
author showed that a finitely generated module is a p-module if and only if
it is multiplication [20, Theorem 3.8]. Now, in the following, we prove that
Chinese remainder theorem for p-modules.

Theorem 5. (Chinese Remainder Theorem) Let M be a p-module and K, N be
two submodules such that K + N = M. Then M/ (KNN) >~ M/K x M/N.

Proof. Suppose that M is a p-module and K, N are two submodules such
that K + N = M. Then by [20, Lemma 3.1], (M :g M) = R = (K
M)+ (N :g M). Then there exist z € (K :g M) and y € (N :g M) such
that 1 = 2 + y. Now, consider the mapping 7 : M — M/K x M/N defined
by m(m) = (m + K,m + N) for each m € M. Then « is well defined and
R-homomorphism. Take (m + K,m’ + N) € M/K x M/N for some m,m’ €
M. Then m = xm+ym and m’ = xm/ +ym’. Now, put m* = ym+xm’. Then
note that m*+ K = (ym+am’)+ K = ym+ K = (zm+ym)+ K = m+ K and
similarly we have m* + N = m/ + N. Thus 7(m*) = (m + K, m' + N) and so
7 is epimorphism. On the other hand Ker(m) = K N N and so by the first
isomorphism theorem, we get M/ (K N N) = M/K x M/N. O

Recall from [11], an R-module M is said to be a reduced module if for
each a € R and m € M, am = 0 implies that aM N Rm = 0. Note that an
R-module M is a reduced module if and only if a?m = 0 for some a € R and
m € M implies am = 0. In [9, Lemma 10], the authors proved that all finitely
generated vn-regular modules are reduced.

Proposition 9. Let M be a finitely generated reduced module and S C R a
multiplicatively closed subset. Suppose that all proper submodules are S-2-
absorbing. Then for each a € R, there exists s* € S such that s*aM C a®M.

Proof. Suppose that M is a finitely generated reduced module and its all
proper submodules are S-2-absorbing, where S is a multiplicatively closed
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subset of R. Take an element a € R. If a®M = M, then aM = M C a®>M =
M and we are done. Assume that a®M is a proper submodule. Since a®M =
aa(aM) C a®M, by Lemma 1, there exists s € S such that sa?M C a®M. On
the other hand, since M is finitely generated, we can write M = Rmj + Rmo+

-+ + Rm,, for some my,ma,...,m, € M. Then for each i = 1,2,...,n, we
have sa®m; = a3r; 1mq+a3r; ama+- - -+a3r; ym, and so we have —a3r; ym; —
Cl37"i)2m2 — .+ (sa2 — asri,i)mi — = a3ri’nmn = 0. Thus we conclude that

det(A)M = 0, where A is the n by n matrix

sa® —a’ry 1 —a’ry o .. —a®ry,
—a®ry sa® —a’rag ... —a®ry .,
—ar,1 —a’ry 0 <o sa? —adry,

nxn

. Then we conclude that (a?)"(s™ + ax)M = 0 for some x € R. This implies
that (a(s™ 4+ az))* m = 0 for all m € M. Since M is reduced, we get a(s" +
ax)m = 0 and so s"am = —a?zm. This implies that s*aM C a>M where
s*=s5"€bS. O

Let M be an R-module. Recall from [2], M is said to be a simple module if
the only submodules of M are {0} and M. Note that all simple modules are vn-
regular (See, [9, Example 2]). Also, an R-module M is said to be semisimple
if M = @®;crM; is the direct sum of simple submodules {M;};c;. Now, we
characterize vn-regular modules in terms of 2-absorbing submodules.

Theorem 6. Let M be a finitely generated module. The following staments
are equivalent:

(i) M is reduced multiplication module and all proper submodules are 2-
absorbing.

(i) M is vn-reqular module and there are at most two prime submodules.

(iii) M is simple or M is multiplication module such that M = M, ® M, for
some simple modules My and Ms.

Proof. (i) = (i) : Suppose that M is a finitely generated reduced multiplica-
tion module and all proper submodules are 2-absorbing. Put S = u(R) and
apply Proposition 9. Then aM = a?M for each a € R, that is, a is M-vn-
regular element of R. By [9, Theorem 1], R/ann(M) is a vn-regular ring and
so by [9, Lemma 7], M is vn-regular module. First, we will show that all
prime submodules are maximal. Let P* be a prime submodule of M. Then
(P* :r M) is a prime ideal in R and (P* :g M)/ann(M) is a prime ideal in
R/ann(M). Since R/ann(M) is von-regular, (P* :g M)/ann(M) is a maximal
ideal in R/ann(M) and so (P* :r M) is a maximal ideal in R. Let N be a sub-
module of M containing P*. Since (P* :gr M) C (N :g M), we conclude either
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(N:g M)=Ror (N :g M)=(P*:g M). As M is multiplication, N = M or
N = P*. Hence, P* is a maximal submodule of M. Now, we will show that

M has at most two prime submodules. Let P;, Py, P3 be distinct prime sub-
3

modules of M. Put P = ﬂPi. Then by assumption, P is 2-absorbing submod-
i=1

3
ule. By [5, Proposition 1], (P :g M) = ﬂ (P; :r M) is a 2-absorbing ideal of
i=1

3
R. As H (P;:g M) C (P:g M), by [4, Theorem 2.13], without loss of gener-
i=1

ality we may assume that (P; :g M)(Py:g M) C (P:g M) C (Ps:r M). As
(Ps :g M) is a prime ideal, we get either (P; :g M) C (Ps :g M) or
(P2 :g M) C (P; :g M). Then we have Py C P3 or P, C P5. As P; and
P, are maximal submodules, we have either P, = P; or P, = P3. Hence,
M has at most two prime submodules.

(it) = (¢i1) : Suppose that M is finitely generated vn-regular module and
M has at most two prime submodule. Since M is finitely generated vn-regular
module, by [9, Lemma 6], R/ann(M) is a vn-regular ring. Thus similar in the
proof (i) = (ii) shows that all prime submodules are maximal. Also by [9,
Lemma 11], 0 = P or 0 = PN Q, where P, Q are prime submodules of M. If
0 = P, then M is simple. So assume that 0 = PNQ for some prime submodules
P and Q of M. Then P+ @Q = M. By Theorem 5, M = M/P x M/Q, where
M/P and M/Q are simple modules.

(#it) = (i) : Suppose that M is simple. Then zero submodule is clearly prime
so that 2-absorbing. Now, assume that M = M; & M, is multiplication mod-
ule for some simple modules M; and M>. Without loss of generality, we may
assume that M = M; @ Ms is multiplication module, where M7, M> are simple
submodules of M. Since M = M & M is finitely generated multiplication, M
is p-module so that (M :g M) = R= (M1+ My :g M) = (M :g M)+ (Ms :g
M). This implies that ann(M;)+ann(Ms) = R. Let K be a submodule of M.
Then by [6, Lemma 2.6], all the posibilities are 0B 0,0® My, My &0, My & My
for K. If K is 06 My or M1 0, then K is prime. Assume that K = 040. Then
(K :g M) = ann(My) N ann(Ms), where ann(M;) and ann(Ms) are maxi-
mal ideals of R. Since M is multiplication module, by [4, Theorem 2.13] and
[17, Theorem 2.3], K is a 2-absorbing submodule of M. Hence, all proper
submodules are 2-absorbing. O
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