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Abstract—A mode-matching analysis of infinite cylindrical duct with a partial absorbing internal surface is
considered. The solution for the field terms are determined in form of eigenmodes which are matched across
the boundary of each junction discontinuity. Numerical results are performed to show the influence of the
different parameters such as waveguide radius, length of the lined part and acoustic absorbing lining on the
propagation phenomenon. The method is also compared with the Wiener–Hopf technique which is more
difficult to implement and very good corroboration is observed.
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1. INTRODUCTION
Motors, jet fans and blowers produce a great deal of

noise on a daily basis. Unfortunately, increasing noise
pollution impacts millions of people and presents a seri-
ous risk to their health. For this reason, the propagation
of acoustic waves has received increasing attention due to
its importance in reduction of noise pollution.

The widely accepted method for reducing sound by
researchers is the use of silencers. Silencers can be
classified into two types as reactive and dissipative.
Reactive silencers are designed to reflect sound back
to the source by means of sudden changes on the
geometry while dissipative silencers use acoustically
absorbing materials to attenuate sound waves. To
reveal the effect of these silencers, lots of publications
have been developed extensively in the past. Several
analytical techniques such as Fourier method, Wie-
ner–Hopf technique and mode-matching technique
have been studied by many investigators [1–7]. Morse
[8], Cremer [9] and Lapin [10] included an infinite
closed duct as their models and studied the effects of
the acoustically absorbent lining on sound transmis-
sion. Then, Rawlins [11] provided a Wiener-Hopf
solution to the problem where the interior surface of
the semi-infinite tube is assumed to be acoustically
lined. Transfer matrix formulation, which has been
utilized in low frequency analysis, was also derived by
Peat [12] for the extended inlet or outlet duct systems
as a reactive silencer. In addition, Tiryakioglu et al.,
[13] used mode-matching approach in conjunction

with the Wiener–Hopf technique to model a dissipa-
tive silencer and examined the partially lined duct.

In mode matching technique, which is based on
dividing geometry into different regions, the unknown
fields are expressed in terms of eigenmodes which are
satisfying the appropriate boundary conditions in each
region. These unknown fields are obviously deter-
mined by considering the continuity conditions at the
junctions. Then, these fields containing an infinite
number of unknown coefficients are solved numeri-
cally. The mode matching technique which has been
applied in many scattering problems, is easy to imple-
ment and give accurate results. Hassan et al., [14] con-
sidered the mode matching analysis for wave scattering
in triple and pentafurcated spaced ducts. Hassan and
Bashir then treated a similar problem with soft outer
lining [15]. They studied five spaced waveguide prob-
lem. Recently, the mode matching analysis for two-
dimensional acoustic wave propagation in a trifur-
cated lined duct was investigated by Khalid et al., [16].

In the present work the effect of partial absorbing
internal surface on propagation of sound waves along
cylindrical duct is investigated. The mode-matching
method is applied to the problem and infinite system
of linear algebraic equations obtained by considering
boundary conditions and continuity relations. Then,
this system is solved for the prediction of reflection
and transmission coefficients. Some numerical results
showing the influence of the internal surface imped-
ance and length of the impedance loading are pre-
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Fig. 1. Geometry of the problem.
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sented. Also, the results from the current study are
compared with the study of [17] and [18] which are
solved with the Wiener–Hopf technique. For different
values of the absorbing lining, excellent corroboration
is observed. The results we have presented in this paper
demonstrate the significance of the finite coating and
would be beneficial in constructing dissipative silencers.

2. FORMULATION OF THE WAVEGUIDE 
PROBLEM

Consider the incident field propagating along a
waveguide with a partial absorbing lining, as shown in
Fig. 1, given by

(1)

Duct walls are assumed to be infinitely thin and
they occupy the region . The partial

 inner surface of cylinder is assumed to be
lined with acoustically absorbing material. The liner
impedance is denoted by . In Fig. 1,  is the
specific admittance where  is the velocity of sound.
From the symmetry of the geometry of the problem
and of the incident wave, the total field is taken inde-
pendent of  everywhere in circular cylindrical coordi-
nate system . We shall therefore introduce a
scalar potential  which defines the acoustic
pressure and velocity by  and ,
respectively, where  is the density of undisturbed

medium. The time dependence is assumed to be 
and suppressed through the paper, where  is the
angular frequency.

In order to simplify the solution, it is possible to
define the total field  as a piecewise function as
shown below

(2)

where  and  denote the unknown
fields in their relevant regions. The field terms satisfy
the below boundary conditions.
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Also, in addition to the boundary conditions given
by (3)–(5), the following edge conditions apply to
ensure the uniqueness of the problem under consider-
ation [19]:

(6)

(7)

(8)

(9)

3. SOLUTION OF THE WAVEGUIDE PROBLEM
We divide our waveguide into three regions for

solving the problem with the mode-matching tech-
nique. First, we determine the eigenfunction expan-
sions in cylindrical waveguides and related orthogo-
nality conditions in each waveguide region [20].

3.1. Region I 
Let’s solve the given problem in various regions by

applying the eigenfunctions expansion. The solution
in this region can be written as

(10)

where  is the amplitude of the reflected duct mode
in region I. Here where  is the Bessel function of
order ,  is the root of the equation

(11)

and  stands for

(12)

By using the following Lommel integral formulas
[21], we get
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where  is the root of the equation

(15)

and  stands for

(16)

The  satisfy the relation [22]

(17)

3.3. Region III 
For this region, the transmitted field can be written as

(18)

where  is the amplitude in region III. Here  and 
are given in (11) and (12) respectively.

4. FORMULATION OF THE INFINITE SET 
OF EQUATIONS

We apply the mode-matching technique by using
continuity relations at  and . First, the fol-
lowing equations are obtained at 

(19)

(20)
Substituting (10) and its derivative with respect to 

into (14), we obtain

(21)
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By following a similar procedure described in [22,
23], we can take an integral over  after multiplying
the both sides of equation (19) and (20) with
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 and  can be obtained from (23) and (24) as
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Similarly, from the continuity relations at , we
obtain

(27)
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By using (14) together with (18), we get the follow-
ing equations
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Fig. 2. Amplitude of the reflected field versus the trunca-

tion number  with  and .
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Fig. 3. Amplitude of the transmitted field versus the trun-

cation number  with  and .
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Fig. 4. Amplitude of the transmission loss versus the trun-

cation number  with  and .
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Fig. 5. Transmission loss versus impedance with  m,

 m.
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5. NUMERICAL RESULTS

In order to show the effects of the parameters like
the duct radius , the length  of the lining and the sur-

face impedance  on the radiation phenomenon,
some numerical results showing variation of the
reflection coefficient R1, the transmission coefficient
T1 and the transmission loss TL with different param-
eters are presented. Transmission loss is obtained by
using the following formula [18]

The values of dimensionless  and  are taken
from the study of [17, 18] while the absorbing lining is
taken from [1, 24]. The numerical results are carried
out for the dominant mode in the waveguide and by

a l
−β 1

= − 10 120 log .TL T

ka kl
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truncating the infinite series and the infinite systems
of linear algebraic equations after the first  terms.
Figures 2–4 show the amplitude of the reflected,
transmitted fields and transmission loss for 

and . It is seen that the infinite series con-
verge rapidly enough to truncate it after the first few
terms. The truncation number is chosen as .

Figures 5 and 6 illustrate the effect of the surface
impedance on the transmission loss. It is seen that
transmission loss can be reduced by changing the val-
ues of real and imaginary part of the surface imped-
ance.

Figures 7 and 8 show the dependence of the trans-
mission loss to the radius  and lining length . When

 increases, the transmission loss decreases. On the

N

= 10kl
−β = −1 1 3i

= 10N

a l
a
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Fig. 6. Transmission loss versus impedance with  m,
 m.
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Fig. 7. Transmission loss versus duct radius with  m,
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Fig. 8. Transmission loss versus lining length with
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Fig. 9. Comparison of the transmission coefficient with

 and .
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contrary, incremental transmission loss occurs for an
increasing values of .

Finally, the numerical results are corroborated with
the studies [17] and [18] where the problems are solved
by using Wiener–Hopf method, respectively. Figure 9
represents the graph of transmission coefficient
against the real part of the impedance for the Wiener–
Hopf technique and mode-matching technique. Fig-
ure 10 denotes the transmission loss for  and

, calculated using the techniques mode-
matching and Wiener–Hopf with zero Mach number.
For the comparison, we assumed that the expansion
chamber radius goes to duct radius in [17] and [18].

l

β = 0.5i
β = 0.9i
Results exhibit two approaches have a good agree-
ment.

6. CONCLUSIONS
Cylindrical duct with a finite lining on the wall

have been studied rigorously. The problem is solved by
using the mode-matching technique. In the solution,
infinite number of unknown coefficients, which sat-
isfy an infinite set of linear algebraic equations, are
involved and solved numerically. On the other hand,
the results have been compared with the Wiener–
Hopf technique. It is shown that very good agreement
is obtained. This knowledge is very important,
because in more complicated problems, where the
ACOUSTICAL PHYSICS  Vol. 69  No. 4  2023



MODE-MATCHING ANALYSIS FOR SOUND PROPAGATION 441

Fig. 10. Comparison of the transmission loss with
 and .
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Wiener–Hopf technique cannot be practicable, the
mode-matching method can be used. In particular, it
is observed that there is a remarkable reduction in the
transmission which is possible for certain parameters.
These results can be useful in acoustic analysis for dis-
sipative silencers.
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