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Target Capturing 1n an Ellipsoidal Region for a
Swarm of Double Integrator Agents

Antonio Bono, Graduate Student Member, IEEE, Luigi D’ Alfonso, Giuseppe Fedele, Member, IEEE, and
Veysel Gazi, Senior Member, IEEE

Abstract—In this paper we focus on the target capturing
problem for a swarm of agents modelled as double integrators in
any finite space dimension. Each agent knows the relative position
of the target and has only an estimation of its velocity and
acceleration. Given that the estimation errors are bounded by
some known values, it is possible to design a control law that
ensures that agents enter a user-defined ellipsoidal ring around
the moving target. Agents know the relative position of the other
members whose distance is smaller than a common detection
radius. Finally, in the case of no uncertainty about target data
and homogeneous agents, we show how the swarm can reach a
static configuration around the moving target. Some simulations
are reported to show the effectiveness of the proposed strategy.

Index Terms—Agents-based systems, cooperative control, swarms,
target-capturing.

I. INTRODUCTION

TUDIES on natural and engineering swarms have
S attracted many researchers in recent years. The collective
dynamics of swarm systems is an interesting natural
phenomenon, but also has wide potential engineering
applications [1], [2]. As reported in [3], in many scenarios
such as surveillance, security, rescue and so forth, it is
required that the swarm members enclose a target object or a
prescribed region by using neighbor information.

Some relevant literature contributions are here summarized.
One common approach to this task involves a cyclic-pursuit
where agenti simply pursues agent i+ 1 modulo n while
moving around the target. The paper in [4], for example,
considers the target capturing where each agent is modelled as
single integrator model and it is able to sense the distance
from the target and from the agent to be pursued. More
recently, in [5], the cyclic-pursuit approach is managed to be
applied in the underwater domain, using a sliding mode
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control under the hypothesis that one designated agent knows
the position of the target object in the inertial frame and
broadcasts the target coordinates information to the remaining
members of the formation. Other solutions are based on
artificial potential functions that constitute the subject of many
studies (see [6] and references therein). The method is
exploited in [7] by considering multiple circular trajectories
around the known moving target. In [8], a control law based
on a gradient descent method has been developed using some
local data among the agents and the target position in order to
encircle and grasp the target. Similarly, in [9] a potential
functions and sliding mode control based strategy is
developed for capturing/enclosing a moving target by a swarm
composed of agents with fully actuated dynamics containing
model uncertainties. In the above works, all vehicles require
the information of the target in terms of its position or
trajectory. Moreover, in those based on the cyclic pursuit, the
network topology among the vehicles is limited to cycle
graphs and then enclosing the target objects cannot be
achieved with other graph configurations. The problem of the
partial knowledge on the target has been faced in [10] and
[11] where at least one vehicle can observe the target which is
included in the connection graph topology. Reference [10]
solves the consensus of the agents on a circle around the target
in the case of mobile vehicles in Cartesian coordinates. The
target position together with its velocity is exactly known by
at least one vehicle. These constraints are partially relaxed in
[11] where a fleet of UAVs and the evader flying at a constant
altitude is considered. In particular the target-centric
formation problem is addressed where each UAV should
maintain a constant distance from the target at a constant
angle. The main limitation of this strategy is the use of the
dynamic characteristics of the unmanned aerial vehicles,
which makes it difficult to generalise the method in other
frameworks. Indeed the uncertainty is managed by using a
sliding mode controller to mitigate the partial information
available to the capturing vehicles.

In this paper, we consider a swarm of agents modelled by
double integrator dynamics and propose a control law that
ensures the enclosing of a moving uncertain target without
imposing a consensus on prescribed positions around it. The
choice of modelling agents as double integrator systems also
stems from the fact that overall dynamics of many different
agents such as fully actuated robots, drones, or even
manipulators can be represented by double integrator models.
For example, a general form for a fully-actuated holonomic
dynamics model can be represented as [12]
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M(pi)pi + fi(pi, pi) = u; (1)
where p;, pi, Pi,u; € R?, and M(p;) € R4 denote the position,
velocity, acceleration, control input, and mass (inertia) matrix
of agent/robot i, respectively. The term fi(p;, p;) represents the
other effects (such as centripetal, Coriolis, gravitational
effects, and additive disturbances). If f; and M; are known, a
control input

ui = fi(pi, pi) + M(p)ii; (2
reduces the model (1) to the point mass model
pi = ;. 3)

Similarly, the overall dynamics of other types of agents can
be captured by the double integrator model. This is one of the
reasons for extensive utilization of this model in the literature.
Moreover, although in other kinds of cooperative task more
complex agents dynamics have been considered [13]-[16], the
single or double integrator models can serve as high-level path
generator for systems with particular vehicle dynamics [2],
[17]. In the simulation section, an example of this approach is
described for a swarm of differential drive mobile robots.

In order to enclose the moving uncertain target, the agents
arrange themselves in an ellipsoidal ring that is defined by two
regions centered on the target: a distancing region that is
forbidden to the agents and represents the free space allowed
to the target and a containment region that agents enter in
steady-state and they cannot leave. Ellipsoid is a shape which
requires different level attractions/repulsions on different
semi-axes. It is worth mentioning that, differently from many
other approaches, the ellipsoidal ring constitutes a non-trivial
geometric constraint to address because of its non-convexity.

The swarm is assumed to know the target position but to
have only uncertain information about its velocity and
acceleration. The estimation errors are bounded by some
values a priori known. Moreover, while agents have a
continuous, even if uncertain, knowledge of the target, they
can sense the other agents through local proximity sensors (for
collision avoidance). Consequently, the topology of
connections is time variant.

At first, there seems to be a contradiction in the ability of
the agent to know the position of the target at each time
instant and instead the position of other agents only when they
are within its detection range. However, it is worth
mentioning that in the robotic context there are usually
different types of sensors on board. In the scenario presented,
for example, the perception of the leader and of the neighbors
agents could be provided by two different modules: one, based
on computer vision and therefore capable of detecting objects
at a considerable distance, devoted to the perception of the
leader; another one, based on proximity sensors (ultrasonic,
infrared, etc.), devoted to the perception of the closest agents.
The benefit of such a setup would be to use computer vision,
which is computationally expensive, only for the leader and to
use the simpler and faster proximity sensors for the
neighbours agents. Regardless of the possible scenarios, the
assumption of target position knowledge is not limiting. In the
early stages of the tracking, in fact, we can always use an
estimate of the target’s position in place of the real data. This
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estimate will be replaced as soon as the agent is able to locate
the target thanks to its perceptive abilities. Different strategies
have been proposed in this regard. If at least one vehicle in the
swarm has target information also with uncertainties (only the
upper and lower bounds on the exact target motion are
available), and the corresponding communication graph is
connected, then a target-centric formation can be maintained
using [11]. Many systems, however, have some kind of
sensors to measure the relative position and/or velocity of the
target with possibly bounded measuring errors. For example,
[18] uses the two-step weighted least squares as well as time
of arrival measurements to estimate the position of moving
targets. These targets only passively receive signals from the
multi-agent network, which then broadcasts the related
information to the agents. An estimator of the target location
is proposed in [19] based on the position of the agents and the
bearing angle to the target. The papers in [20], [21] extend the
results in [19] in the case of multiple targets and provide a
method for elliptical circumnavigation around them. A
bearing-based coordinated circumnavigation control scheme is
also proposed in [22], based on the networked agents’
coordinated estimation algorithm for the velocity of the target
as well as the distance towards the target. In particular, an
estimation algorithm is designed to estimate the target’s
velocity and the distance between the agent and the target,
based on the local velocity and bearing information.

The proposed strategy relies on the works in [23]-[26]
where multi-agent systems based on kinematic models have
been studied in the context of finite-time reference tracking
and rotational aggregation around a given reference. Although
in all these previous works the swarm model benefits of
similar interaction terms among the agents, here the control
law uses ad hoc attractive and repulsion terms that ensure
agents to enclose the target without colliding with it.

Finally, the main contributions of the paper can be
summarized as follows:

1) Cooperative enclosing of a moving target, with uncertain
information about velocity and acceleration available, is
achieved by spreading the follower agents in an ellipsoidal
ring.

i) The ring is formed by two ellipsoidal regions centered on
the target: a containment region where agents converge and
remain inside during the tracking and a distancing region that
is forbidden to the swarm.

iii) In case of exact information, at steady-state, the agents
can achieve a static configuration such that the moving target
lies in the convex-hull formed by their positions.

iv) The proposed strategy holds for any finite space
dimension (d > 2).

The remainder of this paper is organized as follows:
Section II defines the capturing problem that the paper aims at
solving; the proposed model and its main properties are
described in Sections III and IV, respectively; Section V
shows the applicability of the strategy through examples and a
software in the loop (SIL) simulation; Section VI concludes
the paper by summarizing the achieved goals and discussing
future research directions.

Notation: Let M be the set of dxd matrices with real
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elements. The eigenvalues of the generic matrix A€ M are
denoted with 1;(A4),i=1,2,...,d. The operator ||-|| denotes the
Euclidean norm for both vectors and matrices and ||V||i =vT Ay
is a weighted square norm of the vector veR? using the
matrix 4. Consider Pe M, P=P” >0, the shaping matrix of
the ellipsoid centered at & € RY, ie., S(P.&)={xeRs.t.(x—
ETP(x—&) < 1). The set of the semi-axes of such an ellipsoid
will be expressed by S(P)2{1/VA;(P), 1/ VA2 (P),...,
1/424(P)}. C™ denotes the set of functions f(-):R — RY
continuously differentiable up to the m-th order.

II. PROBLEM FORMULATION
Consider a group of n agents whose dynamics evolve in

d > 2 dimensional Euclidean space based on

| .
X =vi®), V()= ;Mi(l), i=12,...,n

“)

where m; >0 denotes the mass, x;(f)€R? denotes the
position, and v;(f) € R? denotes the velocity of agent i at time
t>0. The control (force) input is represented by u;(r) € RY.
We assume that the agents need to track and capture/enclose a
target whose position and velocity at time ¢ are denoted by
xr(f) and vr(f) = i7(f), respectively, with x7(f) € C%. Let us
define the position and velocity error dynamics for agent i

zi(t) = xi(1) — x7 ()
wi(®) = vi(t) = vr (), Q)

Under these definitions the agent’s error dynamics are
expressed as

zi(1) = wi?)

i=1,2,...,n.

i=1,2,...,n

(6)

where ar(f) e R? denotes the acceleration of the target or
basically ar(f) = vr(t) = ¥r(r). We assume that each agent i
possesses only an estimate of the target velocity and
acceleration, namely 9.(1),a%.(1)€C’ and that the errors
related to these estimates are bounded, i.e.,

1
wi(t) = %”i(t) —ar(1),

1

vz (@) =PI < by, lar (@) —ar |l < ba (7
with known bounds b, >0and b,>0. Note that this
assumption is both: reasonable, because the data relative to
velocity and acceleration typically come from an estimation
process that is error prone; and necessary, since otherwise, if
the errors are unbounded, the considered problem would be
infeasible. In order to accomplish the capturing task, all agents
must surround the target without colliding with it. Moreover,
here we require the agents to keep some distance from the
target by staying outside a distancing region and at the same
time to be close to it by staying inside a larger containment
region. Both regions were chosen to be of ellipsoidal shape for
this work. Formally, the capturing requirements can be
expressed as follows. Problem: Target capturing problem
with uncertain data (TCPUD). Given a swarm composed of
n agents with the double integrator dynamics expressed in (6),
consider a target with known position and uncertain velocity
and acceleration. Determine the agent’s control law

w®) €RY, i=1,2,...,n, such that for a given shaping matrix
P = PT >0 e R the following conditions hold:

1) Distancing: All agents remain outside a distancing region
defined by the ellipsoid &(P,xr(?)), i.e., Vi=1,2,...,nand
Yt > 19, xi(t0) ¢ E(P, x7(10)) = xi(1) ¢ E(P, x7(1)).

2) Containment: All agents reach and remain inside the
containment region defined by the ellipsoid S(P/cz,xT(t)).
The parameter ¢ that defines the width of this region, must be
greater than a lower bound that takes into account the
uncertainty on the target velocity and acceleration. In other
words, dc(by,b;)>1 such that, at steady-state,
xi() € E(P/c?, x7 (D)), ¢ > c(by, b)) Vi=1,2,...,n.

Remark 1: Apparently the definition of a containment
region seems a trivial consequence of the stability and
cohesiveness of the swarm. However, it is worth noting that,
in general, the parameter c, i.c., the width of the containment
region where agents should remain in order to solve the
TCPUD, depends on the estimation errors bounds (b,,b,). In
Section IV this dependency is clearly analyzed and it is also
shown that the value of ¢ can be arbitrarily chosen in two
cases: i) the relative velocity of each agent with respect to the
target, namely w;(¢), is properly constrained; ii) no uncertainty
on the target data exists.

As can be easily seen from above, both the distancing and
the containment regions are described by the same type of
ellipsoid with the only difference that semi-axes of the
containment region are multiplied by the factor ¢, which
depends on the accuracy of the target’s velocity and
acceleration estimates. Thus, to meet these requirements,
agents have to remain in an ellipsoidal ring around the target
as the one shown in Fig. 1.

Ellipsoidal ring

2nd axis

— &P, )
<=~ &Ple(b,, b)), 1))
— &P, r(t)

-10 0 10 20 30
Ist axis

Fig. 1.
order to solve the TCPUD. The ellipse drawn with the dashed line represents

An example of the ellipsoidal ring where agents have to remain in

the limit on the smallest containment region that the user can choose in this

example according to the uncertainty on the target’s velocity and acceleration.

III. SWARM MODEL

In order to solve the TCPUD, the control protocol of an
individual agent is chosen as
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Pz(1)

ui(t) = — a;Pz;(1) + B;ihi(t) + W

—y(vi(t) = V(1)) +midp (1), i=1.2,...n  (8)

where @; € R*, B; € R and y € R™ are controller parameters to
be determined. The term #A;(f) is a swarm interaction term
calculated as

hi(r) = Z 8(lIzi(1) = zj(DID(zi (1) — (1))

JENi(D)

€

where N;(f) indicates the set of neighbors of agenti at time
instant ¢ In other words, we have N;(t) = {j € {1,2,...,n}\{i} s.t.
[lx;(£) — x;()|| < r} where r € R* denotes the common detection
radius of the agents; g : R — R™ is continuous and satisfies

JleR” st gllgIDllgll <1 Vi (10)

8UllgdIhg() =0 if llg@®Il = r. 11

Remark 2: Agents interact with each other if their mutual
distance is less or equal to a common detection radius 7. This
means that in (9), the interaction term between two agents
g(llzi = zjll)(zi — z;) does not exist when the distance is greater
than  and instead it is present when the distance is less or
equal tor. If g(llglDllgll # 0 when ||g||=r (agents begin to
interact) this would make the swarm interaction term (9) not
continuous and consequently also u;(¢), leading to an ODE
with a discontinuous right-hand side [27].

The swarm interaction term h;(¢) constitutes the coupling
between the otherwise independent individual agent’s
dynamics. It represents a proximity based collision avoidance
and distancing from each other term. Note that A;(¢) satisfies

hi) = 09! due to the symmetry of the agent’s interac-
tions. This in a sense means that, although the interaction term
affects the individual agent’s dynamics, its average effect on
the overall swarm dynamics is zero. Nonzero 3';_, h;(f) would
mean non-reciprocal interactions resulting in some kind of
bias in the overall swarm dynamics. Also, thanks to condition
(10) the norm of 4;(¢) is bounded by the bound

IRl < INi(DIL < nl (12)
where |N;(?)| is the cardinality of N;(f). All the other terms in
(8), instead, are related to the influence of the reference on the
agents: the first term is responsible for the attraction of each
agent to the target position; the third one ensures that no agent
enters the distancing region; finally, the fourth and fifth terms
take into account the dynamics of the target using velocity and
acceleration estimates. The shared control parametery, in
particular, can be considered as a kind of velocity matching
coefficient.

IV. ANALYSIS OF AGENT’S DYNAMICS

Before showing the capabilities of the swarm under the
proposed control law, let us introduce a preliminary result
used in the following proofs.

Lemma 1: Let f(y)=p+py—In(y)with peR, and y e R*.
If p> Wy(l/e), where Wy(-) is the principal branch of the
Lambert 7 function, then f(y) > 0 holds.

Proof: The minimum of the given function is at y* =1/p
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and it is equal to f(y*) = 1+ p+1In(p). Such a value is greater
than zero if pe” > 1/e whose solution is given by the principal
branch of the Lambert W function [28], i.e., p> Wy(l/e) =
0.28. ]

A. Boundedness of Agent’s Velocities

Here we show that the velocities of the agents relative to the
target are bounded.

Lemma 2: Consider the swarm described by the model (6)
with the control protocol in (8) where a; > Wy(1/e). Then, the
agent’s velocity error w;(#) is ultimately bounded by

nl+m;b
wi(D)ll < w; = bv+ﬂ—’" Moa  i=1.2.....n. (13)
Y
Proof: Consider the Lyapunov function
1
Vi = E(aiziTPzi—ln (zF Pz = 1)+ mw] w;) (14)

with a; > Wy(1/e).

Note V;; is positive since the summation of the first two
terms is positive due to Lemma 1 and the third term is positive
because it is quadratic.

By using (6) and the bounds b, and b,, the derivative of V;;
can be written as

. @ ~ 1 Py
Vi= a’,’ZiTPW,' +m,~wiT( - —lPZ,' + &h, + —T—l
m; m; m; z; Pzi—1
L (v )+ 25 —ar < P
—-—Wi—Vp)t+ar—ar|- ————
m; zl.TPz,-—l

T 2 T IN) T Ai
=Biw; hi=ylwill* —yw; (vr = 93) +myw; (@ —ar)

11> (1)

< Binllwill =ylwill= + Ylwillby + milwillba.

From this inequality one can see that as long as
[lwill > b, + Binltmiba e will have Vi1 < 0 which means that the
agents organize so that their velocity error becomes less than
IbwiDl] < ;= by + P, m

As expected the bigger the uncertainties about the velocity
and acceleration of the target, the bigger the bound. However,
one should also note that the bounds are very conservative and
in practice the actual bounds turn out to be smaller. Moreover,
by increasing the value of the parameter y the effect on the
uncertainty in the acceleration can further be decreased.

B. Solution of the TCPUD

The main result of this work is formalized in the next
theorem that indicates how to choose the control parameters to
solve the TCPUD.

Theorem 1: Consider the swarm described by the model (6)
with the control protocol in (8) and assume the i -th agent
starts at 7o outside a containment region defined by the

ellipsoid &(P/c2, xr(to)) with
Lmili‘/f_"ll(n;ibwyb»} 6
%

If the control parameters are chosen as

> c(by,by) =
c>c( ) ,-T?X{

a; > max {a;, Wy(1/e)}

an
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where

(c+ (- Dyyw; ” \/1_3‘1”)(cy+miwi ” \/ﬁ”)
&= (18)
o(c* = 1{ey—mi | VP

and
L —mi|| VP|| (mibg +¥by)
l nim;|| VP||
then, the i -th agent asymptotically enters the containment
region and remains indefinitely inside the ellipsoidal ring
defined by the containment and distancing regions.
Proof: Consider the Lyapunov function Vj; = %(m,-w,- +yzi
(m;w; +7vz;), the model (6), and the bounds b, and b, then the
derivative of Vj, is

(19)

)T

Vio = (mjw; +yz:)T (mav; +y2,)

Pz;
— (mw: N _oiPria Bl ——
= (mjw; +vyz;) ( a;Pz; +Bih; + TPZi 1

g
=y =V +vr —vp) +m(ay —ar) + YWi)
T T T T
= —ma;w; Pz —ya;z; Pz +miBiw; hi +ypiz; h;
vz Pz
' Pzi—1

m; wl.TPzi

Z Pzi—1

’ .
—myyw; (vr —V7)

—y2 vp = 90) +miw! @ —ar) +ymiz! (&% — ar).
(20)
Defining Y; = \/ﬁzi and Q; = \/f’w,» and substituting in the
above equation one obtains
Vio = —miciQ Y;—yai Y Y;+miB;QF VP
m; Ql'Y; yYTy;
+
¥Iyi-n " (ofvi-1

+’yﬂ,‘Yl-T \/ﬁ_lh,‘ +

—(myQ] VP 4+ NP (or - 0)
+(m2 QI VP 4+ mpyY! NP V)@ - ar). 21)
Assuming that «; > Wy(1/e), and using the result of
Lemma 2 we have [|Qill < || VP|/Iwill < || VP||#; and, since
zl.TPzi > 1, Vip can be upper bounded by

Vio < mias | VE||lvil = yasl viP
| VP | VP [ty | VBt
N m; || VP||willYill L P
Wik -1 IvilP> -1
+ (may | V[ | VB [+ 20| v
e N I

where for the third and fourth terms, the bound (12) is used
and for the last four terms the estimations bounds (7) are
considered. As long as the i-th agent is outside the ellipsoidal
region defined by P/c?,c > 1 then,

1 1

dP;i—1>c-1 TPa 1) < @-1) (23)
Using this property we have
Vi <killVillP> + kol Yill + k3 (24)
where

o = —y(ai - ﬁ) 25)

= || - D
+ 72| VP | by + | VP (26)
ks = miw; |j \/ﬁ” H VP! ”(,8,-nl+ybv +miby). 27)

The right hand side of (24) is a parabola in ||Y;]|. In other
words, Vi is bounded by a parabola in the variable ||Y;|| with
coefficients ky,kp,k3. Noting that ¢>1 and assuming
a; > ﬁ we have k| <0 and kp,k3 > 0. The right hand side
has two real roots, one of which is negative and the other one
is positive. Since it is a function of ||Y;||, only the positive root
ri is a valid solution. By proper choice of the controller
parameters, if we impose that c¢>r;, then Vi <O for
zl.TPzi >¢? and thus the agents will enter the ellipsoid
E(P/c?, x7(1)).

To obtain such a behavior we can use the free control
parameter ;. Its admissible values can be easily inferred as
a; > a; with

(e @ 09, | NP1 ey | V)
= .28
C(C2 — 1)(6)/— mw; ” \/ﬁ” )

To ensure that the assumption «;

1 . . .
> oo i satisfied, B;

must be chosen as
< 072 —m; || \/ﬁ” (m;ib, +7bv)
T N

At the same time, to meet the hypothesis of a positive f3;,
the containment region must be chosen with

29

m; || VP|| (miba +vby)
c> " .
Finally, to satisfy the requirement «; > Wy(1/e) we choose
a; > max{a;, Wy(1/e)}. Since the radial approach velocities of
the agents are finite, the unbounded repulsive effect from the
distancing region due to the term Pz(r)/ (ziT(t)Pzi(t) -1
dominates all the attractive terms and prevents the agents
entering the distancing region. Therefore, when the agents
enter the containment region then they remain within the two
ellipsoids, i.e., () € E(P.xr (1) N E(P/c2, xr (1)) m
Corollary 1: If the conditions of the theorem hold for all the
n agents, the TCPUD is solved since all agents can reach and
remain in the ellipsoidal ring.
Remark 3: Clearly there is no guarantee that an edge
between two agents cannot be lost when their mutual distance

(30)
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is greater than » and it can also be the case that one or more
agents become singletons, i.e., they are not connected with
any other agent. However, also in these cases, agents tend to
enter the ellipsoidal ring and remain therein indefinitely. Note
that the results of the paper are clearly valid also in the case of
fixed (connected) graph where the neighborhood of each agent
is constant.

Remark 4: According to the Theorem 1, in order to properly
choose the control parameters each agent must know the mass
of all the other ones. In the robotic context this is not usually a
problem since the vehicles of a team are all known. However,
if some uncertainty affects these data, it is always possible
to use an upper bound value of the mass, m, in place of the
single mass in (16) and consequently c¢(by,b,)=max{l,
|| VP||(mb, +yb,)/y*}). As expected, this larger mass makes
the admissible containment regions wider.

This theorem does not provide any guidance on how to
choose the y control parameter. Its effect, however, is decisive
for two characteristics of the swarm: i) the relative speed of
the agent with respect to the target, w;(f), is inversely
proportional to it (see (13)); ii) if y exceeds a certain value, it
allows to arbitrarily choose the containment region even in the
case of uncertain data. According to (16), this is possible if
mill VP|(miba +yby)/v* < 1V¥i=1,2,...,n that is satisfied if

1 / 4b,
i=1,2,...,n{§mi| bv[l 4t m]} (31

v > max

Finally, we provide an outline of the steps necessary to
solve the TCPUD:

1) According to the TCPUD definition, set the distancing
region P, the estimation bounds b,,b, and the agents mass m;
(or alternatively an upper bound value m).

2) Choose y giving priority to the agents’ maximum relative
velocity (see (13)) or the smallest possible containment region
(see (31)).

3) Choose the parameter ¢ (containment region) according
to (16).

4) Each agent, given the above parameters, chooses the
control parameters «;,3; according to (17) and (19),
respectively.

Following these indications, which respect the formal
conditions required by Theorem 1, it is always possible to find
a set of parameters that solve the TCPUD.

VA

C. Stationary Behavior

This section shows some characteristics of the swarm model
in the case of known target. It proves that asymptotically the
individuals will converge to a static position w.r.t. the target
and therefore to a constant relative configuration. In particular
it is shown (see Theorem 3) that, thanks to the interaction
term, when the agents are in the ellipsoidal ring and, at steady-
state at least two agents are connected then, they organize so
that the target is a convex combination of the agents’
positions. With that objective, let us consider the case in
which:

1) No uncertainty affects the data about the target, i.e.,
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b, =b,=0. (32)
i) All the agents have the same mass, i.e.,
mi=m,¥i=1,2,...,n. (33)

Note that assuming the same mass for all agents does not
imply an additional restriction since the effect of the mass can
easily be compensated by appropriately scaling the agents’
control input. In terms of the perfect knowledge of the
velocity and acceleration, the analysis here can also represent
the case in which the estimation errors on the velocity and
acceleration of the target vanish as time progresses. For
example, it could be the case that a tool such as a high gain
observer [29] is utilized to estimate the velocity and
acceleration of the target from its position data guaranteeing
asymptotic convergence of the estimation errors to zero.

In the described case, we still can apply the results of
Lemma 2 and Theorem 1 to solve the TCPUD. The resulting
control law is

N = —aPe 4p—dD
ui(t) = — aPz;i(t) + Bhi(t) + P(Zl-T(t)PZ,'(t) 1
—ywi®)+mar(), i=1,2,...,n (34)

with ¢>1, B< C’yz/(mnln \/ﬁ“), and «a > max{Wy(1/e),a}
where

(e+ @ =gt || VP ){er? + mpnt]| V)
o2 - 1)(072 —mpnl @||) :

a =

The previous control parameters «;, 8, i = 1,2,...,n of the
control law (8), become now the common values «,f thanks
to the equal mass. This homogeneity, moreover, transforms
the result of Lemma 2 in

Bnl+mb,

Y

In the following theorem it is shown how, at steady-state,
the swarm reaches a static configuration around the moving
target.

Theorem 2: Consider the swarm described by the model (6)
under the conditions (32), (33) and the control protocol (34).
If there exists a function J : R* — R such that V) J(llg@®)I) =
8(llgOlhg(n), and &> Wy(1/e) in (34) then lim;eow;(t) =
0; Vi=12,...,n, or, in other words, all agents reach a
velocity consensus.

n
Proof:Let U(t)= ) Ui(t) be the candidate Lyapunov
i=1

function where

Iw@ll <w=b,+ (36)

Ui = 55T (0P~ 5 - In(&F (0P -1)

B

D7 JAlzi0 =20l = nly

JENi(@®)

£ 2T wio) 37)

2
with z;() e D = {z eRY | Pz > 1} and
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b= max
2i(1),zj(DEEP/ 2 O\EPO

)J(”Zi(f) -z;®OlD

J(2max{S(P/c*)}). (38)
Note that, according to Lemma 1, U;(¢) is positive definite
in 8(P/c%,00\EP,0) if a > Wy(1/e).
For any u >0, let Q, = {z(t) € D|U(¢) < u} denote the level
sets of U(r) and observe that given i and j # i,

V.U, ( o Pa B,
ZiYi i ZlT(l‘)PZi(l‘)—l ) i
= =Y Lo, (39)
m 2m
V., Ui = gl =202 (40)
v, U= {Wi’ ifi=j (41)
i 0, otherwise
and then U(t) = Y}, U;(¢) results in
n
U0 = Y (Vo UT 020+ Vo U (30
i=1
+ > (VU 020+ Vi UF (r)w,-(t)))
JENi(D)
Ly
=—= ) Iwm@IP
m i=1
ﬁ n
t3- 00 D 80 =200 — @) witd)
m3 JEN; (D)

n
+ LN Sl - OGO~ 50 w0,
i=1 jEN;(t)
(42)
Since connections are bidirectional and the summations in
the last two terms include all the possible couples of
neighbour agents, such terms have zero sum and therefore,

n
U = -2 3 1wl <0. (43)
=
Clearly, U() is always nonpositive, hence the level sets Q,
are positively invariant. Then, by continuity of U(f) € D, it
follows that ziT(t)Pzi(t) > 1Vi and thus Q, are compact [30].
By the LaSalle’s Invariance Principle [31], every solution
starting in €, asymptotically converges to the largest invariant
set in {z(f) € D|U(t) = 0}. This means that the agents will
reach a static configuration w.r.t. the reference x7(f). [ |
The benefits of the agents’ interaction term on the swarm
steady-state configuration will now be highlighted showing
that the g(-) term properties drive the swarm to a configuration
where the target position results in a convex combination of
the agents’ positions.
Lemma 3: Under the conditions of Theorem 2, at steady-
state ziTPzi > %,\ﬁ is satisfied.
Proof: The proof straightforwardly follows, yielding to
ziTPzi = "T“, for agents without neighbours. If N; is not empty

807
then, starting from (34) it follows that at steady-state:
1 ¢ 1
e
] z; Pzi— 1
ﬂ n
=53 N elli-zilhel Gi-z) >0 (44)
m i=1 jeN;
from which
"y Pz 1
a> A (45)

n Tp,. _
=1y Z}szj z; Pzi—1
Jj=1

1 .
5—i=1,...,n. As
o Pz-1

Vi follows from (45) and the

that represents a convex combination of

1
a consequence « > —w———
4 o py-17

same arguments in [32]. [ ]

Theorem 3: Under the conditions of Theorem 2 and
assuming that at steady-state there exist at least two agents i, j
such that j € N, then,

n n
=Y Gy &= 1.6>0 Vi
i=1 i=1

i.e., the agents reach a configuration where the target is in the
convex hull of their positions.
Proof: In a steady-state condition it follows that:

(46)

Pz;
—aPzi+phi+ — =0. 47
' Pzi—1 )
By summing on i and considering that z; = x; — x7 the proof
i _Z Z wi F—g—— L
follows with & =¢&;/¥)_ & with & =a o ———

and & > 0 by Lemma 3. Note that, at least one &; is not zero by
the assumptions of the theorem. [ ]

V. SIMULATIONS

In this section we will use three simulations in order to
better show the behavior of the swarm described in the
previous results. The first two are numerical simulations of the
proposed protocol while the last is based on the SIL
methodology.

A. Example 1

Let us consider a group of six agents in the 2D-space with
mass m; =ix0.1kg,i=1,2,...,6 and the common detection

radius is r=10m. The actual target trajectory is a
hypotrochoid described by the equation
20 2c0s(0.8¢) + 5cos(0.53¢
xT(t)z[ ]+15 OsO80 5050301 = e
10 25sin(0.8¢) — 5sin(0.53¢)

The estimates of its velocity and acceleration made by each
agent are

o) = vr () + [0, b, cos(in)]” (49)

& (1) = ar(t) + 10, b sin(in]” (50)
where bi, and b, i=1,2,...,6, have been randomly chosen
with uniform distribution in (0,b,) and (0,b,), respectively.
For this simulation »,=0.5m/s and b,=1m/s have been
chosen. We set a distancing region defined by the matrix
P= RT(n/6)diag(1/4, 1)R(7t/6) where R(r/6) € S O(2) repre-
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sents a clockwise rotation of n/6rad. To solve the TCPUD,
we use the control protocol (8) where the damping coefficient
is y=10 and the other control parameters have been chosen
according to Theorem 1. In particular, c=2,8;,=1,i=1,
2,...,6 and [ay,a2,...,a6] =[11.57,11.80,12.04,12.29,12.54,
12.80]. Finally, to properly define A;(¢) (see (9)), we choose

1

slig® =lgwli+e  r+e
0, if llg(t)ll > r

with & =0.01. Moreover, according to (10), g(llg(O)IDllg®]l <
[=1Vt. With these choices and random agents’ initial
positions outside the containment region as required by
Theorem 1 (see Table I), a simulation with ¢ € [0,30] s leads to
the paths shown in Fig.2 . As expected by the theoretical
results, the agents converge to an ellipsoidal ring around the
moving target defined by the distancing and containment
regions.

, A 0<llg@ll<r 51)

TABLE I
INITIAL POSITIONS OF THE AGENTS IN THE FIRST TWO EXAMPLES

Agent 1 2 3 4 5 6
50.08  52.74 5534 4856  50.90  47.50
39.51 42,69 40.82  32.02 4347  40.69

1st axis (m)

2nd axis (m)

45

40t
35t
30t

25+
20 +

2nd axis (m)

15+

10 b

10 20 30 40 50 60
1st axis (m)

Fig. 2.

trajectory in red. Circles are the initial positions while crosses are the final

Example 1. Agents’ paths in coloured lines along the target

ones. In the magnified view, the final agents’ positions inside the ellipsoidal

ring are shown.

B. Example 2

In this simulation we want to highlight the ability of the
swarm to reach a static configuration around the target when
the conditions of Theorem 2 are met. To this aim we consider
the same scenario of the previous simulation with some
important differences: all agents have the same mass
m; =0.5kg,i=1,2,...,6; the target position, velocity and
acceleration, are perfectly known by all the agents thanks to
b, = b, = 0; the detection radius is r =3 m and is such that
agents are not guaranteed to know all the other ones once in
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the ellipsoidal ring (max{S(P)}=2m); B=1and a=36
according to Theorem 1; a new interaction term /;(¢) is used
thanks to

1
- , if0<|lgdll<r
gligl =4 llg®I*+&  r’*+e (52)
0, if [lg(ll > r
with € =0.01. According to (10), g(llg®IDllg®l <! :#E vr,
holds and the function J(-) that satisfies Theorem 2 is
1 2 g0l
ﬂmmm—ibdmmn+a—7ﬁz) (53)

Starting from the same positions of the previous example, a
simulation with 7 € [0,60]s has been run. Fig. 3 shows how
the velocities of the agents relative to the target tend to zero,
and consequently a static configuration around the moving
target is achieved. Such a configuration is shown in Fig. 4(a)
that also highlights another important feature of the proposed
control law: the convex hull formed by the agents’ positions
includes the target ensuring an effective enclosing (see
Theorem 3). It is worth pointing out that such a goal is
achieved even if not all the agents know each other as evident
from Fig. 4(b).

o
50 +

Z w0 H 0.10 [\,

= 130 J;\ 0.05 j

= .l 000

T 20 -\‘% 10 20 30, 40 50 60 |
10\ / 1
S ) S

0 10 20 30 40 50 60

Time (s)

Fig. 3.
i.e., wi(#). The magnified view helps showing how the relative velocities tend

Example 2. The evolution of velocities of the agents w.r.t. the target,

to zero according to Theorem 2. After about 60 s, the agents reach a static
configuration around the target (see Fig. 4). The dashed line, finally, is the
common upper bound w = 3m/s provided by Lemma 2 (see (36)).

C. Software in the Loop Simulation

This last simulation aims to show how the proposed control
protocol can be used in a realistic scenario where the TCPUD
is assigned to a team of differential drive UGVs.

For this purpose, we have chosen the Simulink-Gazebo co-
simulation environment [33]. The advantage of such a tool is
to quickly implement the control logic in Simulink and, at the
same time, to exploit the high fidelity ODE physics engine of
Gazebo for the dynamics simulation. This relationship can be
appreciated in Fig.5 , where a scheme with the main
components of the simulation is shown. Here the proposed
protocol is not used directly as control input for the single
robot. The actual controller, in fact, is the classic non linear
tracker for differential drive robots reported in [12] followed
by a proportional controller that computes the torque
commands for the wheels. Since this algorithm is based on the
differential flat property of the unicycle model, a reference
trajectory and its derivative up to the second order must be
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Agents final positions

W
T

~

/‘f‘% |

2nd axis (m)
w

[\S]
T
i

1t | | =
22 24 26 28
1st axis (m)

(a) The convex hull formed by the agents’ positions (magenta polytope)
includes the target (black asterisk) as stated in Theorem 3. The red line
represents the target trajectory in the last time instants.

Final connections graph

2nd axis (m)
oW e s
(=3 W [=) W [=)

[}
n

20 F

23 24 25 26
Ist axis (m)

(b) The connections graph: the positions of the nodes are equal to the
real positions of the agents. It is evident how the detection radius does
not allow a complete connectivity.

Fig. 4. Example 2. Agents’ configuration at the final instant # = 60s.
Target acceleration estimate
Target velocity estimate
Target relative position
L L Wheels Wheels L
Target Des. rel. pos. 2nd derivative speed torque
capturing Des. rel. pos. st derivative - Tracking |command _| Torque command _ Gazebo
> control Desired relative position algorithm control dynamics
protocol >
’_' Wheels speed
Attitude
Neighbors relative positions
Fig. 5.  SIL simulation. The input/output relationships among the main components of the simulation.

provided. The evolution of the error (6) and the control input
(8) are sufficient to generate these required data if we assume
that the coordinate bases of the different agents are
directionally aligned (this is commonly achieved by using
compasses or landmark data). To better show the behavior of
the team due to the control protocol (8) we also assume that
each robot receives from Gazebo the relative positions of the
target and all the other robots inside its detection radius. In
this way we avoided the influence of all the issues related to
the measurements and localization processes. The exchange of
data between Simulink and Gazebo occurs at each sampling
time Ty = 0.01 s, that is also used to compute an Euler-forward
discretized version of the proposed protocol (8) and the
tracking algorithm [12].

With this setup, we have simulated six Pioneer 2DX [34]
mobile robots whose mass is m; =5.67kg,i=1,2,...,6 and
equipped with a detection radius » = 10m. The target robot is
of the same kind and tracks the following figure-eight
trajectory:

(54)

o6 = [22] N 8[ cos(0.21) ]

-1 sin(0.41)/2
While all robots know the target relative position (z;(r) =
xi(t) — x7(1)), the estimates of its velocity and acceleration are

affected by the same kind of error reported in the first
simulation. The chosen distancing region is an ellipse defined
by the matrix P* = diag(1/4,9/16). By tracking the references
given by the protocol, however, there is no guarantee for a
real robot not to enter the distancing region. This is due to two
factors: the real size of the robot that is not taken into account
in the protocol and the performance of the tracking algorithm.
Such a drawback can be easily overcome by using a larger
region in the protocol than the one actually desired. In this
simulation, for example, we have enlarged both the axes of a
factor 1.5 obtaining P =diag(1/9,1/4). The velocities
matching coefficient is y =25 and the other control parameters
have been chosen according to Theorem 1. In particular,
c=15,8=2,and «a;=73.42,i=1,2,...,6. To define the
hi(t) term the same g(||g(¢)||) function of the first simulation
has been chosen (see (51)). The simulation run with these
parameters gives satisfactory results as confirmed by the
tracking errors reported in Fig. 6 and by the convergence in
the containment region that occurs at £ =11.58 s. A snapshot
of the simulation at the final instant r=60s, reported in
Fig. 7, shows that all the agents are in fact inside the
ellipsoidal ring. A video of the entire experiment is also
available at the following link: https://www.youtube.com/
watch?v=nS3vMuOS8j3g.
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Fig. 6.
position reference: e;, i =1,...,6, represents the norm of the tracking error

SIL simulation. The norm of the tracking error for the relative

between the position of the robot ith and its reference trajectory.

Fig. 7.

the formation around the target robot. The yellow ellipse is the distancing

SIL simulation. A snapshot from the simulation video focusing on

region and the blue is the containment one.

VI. CONCLUSIONS

In this paper a strategy for the uncertain target capturing
problem has been proposed. It has been shown that the swarm
enters an ellipsoidal ring around the target and remains
therein, indefinitely. Moreover, steady-state properties of the
swarm have been investigated particularly stressing the
capability of the agents to organize such that the target is a
convex combination of the agents’ positions. Future develop-
ments will be devoted to consider more general agent’s
dynamics and removing hypotheses on the communication
facilities, e.g., send/receive operations amongst the agents
may be subject to latency phenomena.
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