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1 | INTRODUCTION

In a distributed multi-agent system, cluster consensus refers to reaching more than one agreement value or decision
among agents.!* In real world, size of the systems, the complexity of the decision-making process and the level of com-
munication between the agents lead to multi-agent systems that converge to different clusters where each cluster reaches
its own consensus within the group. Cluster consensus algorithms in multi-agent systems have numerous applications,
including in robotics, swarm intelligence, and distributed control systems.

In Reference 5, the single consensus problem has been investigated for first and second-order cooperative systems
with inherent nonlinear dynamics that satisfy a Lipschitz condition. Sufficient conditions have been derived such that
networks evolving over digraphs with a spanning tree achieve consensus in Reference 6. However, the case where the
directed graph does not contain a spanning tree has not been considered in References 5,6, which has been studied in
References 7-11 and 12 as the containment control problem. In containment control, the goal is to canalize followers
to the dynamic convex hull spanned by multiple leaders. While the literature consists of studies that consider the con-
tainment control problem, no research investigates on grouping of followers and the number of groups. In Reference 7,
an algorithm based on high-frequency feedback robust control for second-order nonlinear networks has been proposed
to ensure that all followers stay in the dynamic convex hull spanned by the leaders. The distributed containment con-
trol problem has also been investigated for second-order network with inherent nonlinear dynamics in Reference 8.
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Two control methods have been derived to guarantee that the followers converge to the dynamic convex hull space.
However, the problem of how many clusters the followers converge to has not been investigated. In Reference 9, the
authors have established a distributed event-triggered control law for nonlinearly networked cooperative systems to
guarantee that the containment objective is achieved in fixed time without dependence of initial states of agents. In
Reference 10, a method on selection of control gain has been developed to realize containment control of the follow-
ers utilizing inherent nonlinear dynamics. While this method ensures that the followers stay in the area spanned by
the leaders, it does not give any further information about the behaviours of the followers in that area. The authors
in Reference 11 have designed a centralized method to achieve the containment control objective and extended their
results to the decentralized counterpart for second-order nonlinear systems. In Reference 12, the same problem has
been investigated for high-order networks with inherent nonlinear dynamics. The authors have proposed an adaptive
method based on the relative state information to keep the followers in the dynamic convex hull spanned by the leaders.
In Reference 13, a distributed algorithm has been proposed to ensure that the followers converge to the region covered
by multiple leaders. A control protocol has been presented to achieve containment control for networks with nonlin-
ear dynamics in Reference 14 and the finite convergence time has been analysed. In Reference 15, the authors have
investigated the second-order consensus problem for systems having inherent nonlinear dynamics. For strongly con-
nected networks, a new generalized algebraic connectivity has been characterized to derive some sufficient conditions
for attaining consensus.

As discussed above, research on multi-agent systems>’1> with inherent nonlinear dynamics is limited to ensure that
the followers converge to the dynamic convex hull. However, the problems of determining the numbers and members
of clusters formed by the followers and obtaining the stability conditions for cluster consensus with nonlinear dynamics
evolving over arbitrary directed graphs are unsolved by state-of-the-art methods. In this paper, we contribute to the grow-
ing area of cluster consensus research by discussing the containment control problem as a cluster consensus problem and
investigating first and second-order cooperative networks with inherent nonlinear dynamics. We develop methods that
compute the number of clusters to which systems converge and the members of each cluster. The networks considered
in this paper have no structural restrictions such as the existence of a spanning tree, being strongly connected etc. Due
to these nonrestrictive characteristics of this study, the results of this paper can be applied to a wider range of real-world
applications consisting of multi agent systems.

The contributions of this paper can be summarized as follows:

1. In first-order networks with nonlinear inherent dynamics, a sufficient condition is obtained so that the systems can
achieve cluster consensus.

2. Sufficient conditions on controller parameters are derived to attain cluster consensus in second-order inherently
nonlinear systems.

3. Foragiven first or second-order inherently nonlinear network, the number of clusters and their members are explicitly
computed.

The rest of this paper is organized as follows. The main results for first-order multi-agent systems with inherent non-
linear dynamics are given in Section 2. These results are extended to second-order networks in Section 3. In Section 4, two
numerical examples are provided to verify the obtained results. Finally, there are some concluding remarks in Section 5.

2 | FIRST-ORDER NONLINEAR NETWORKS

Given a cooperative network consisting of n agents, the connections between agents are modelled via a digraph G = (V, &)
where V = {v1, ... ,v,} is the set of agents and £ C V X V is the set of directed edges. A directed edge, (v;, v;), indicates
that there exists an information flow from agent v; to agent v;. The adjacency matrix, .4, holds the weights of the directed
edges and its elements, ay, satisfy a; > 0if (v;, v;) € £, otherwise a;; = 0. The neighbor set of agent v; is the set of vertices
that are adjacent to v; and defined by NV; = {v; : (vj,v;) € €}. L is the Laplacian matrix associated with the adjacency
matrix, A, and its elements, [;;, are defined by

I = ZZ:Lk;ei ik, ifi=j )
—ay. if i ).
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In this section, the goal is to derive conditions leading first-order multi-agent systems to reach cluster consensus under
inherent nonlinear dynamics. Each agent, v;, has the following first-order nonlinear dynamics

X;(t) =f(xl-, H+u(t), i=1,...,n (2)

where x;(¢) € R and f(x;, t) are the state and the inherent nonlinear dynamics of agent v;, respectively; and u;(¢) is the
control input of agent v; given by

wi(®) =1 Y, ayog(t) = xi(1) ©)
YyEN:

where y; > 0 is control parameter. By using (1), the control input can be rewritten in the following form:

wi(®) = —n Y, L0, ©)
vjEM

When (2) and (4) are combined, the dynamics of agents are represented as

%) =fee ) —n Z (6, i=1,...,n, (5)
vEN;

or equivalently in the matrix form as
X(8) = f(x, ) — y1Lx(t) (6)

where x(£) = [x1(0), ... ,x,(O]T and f(x, 1) = [f(x1, 1), ... ,f (e, D]

Remark 1. Note that since each agent utilizes local and neighboring agents’ information in its update law, the
algorithm is fully distributed. In this section, we will determine the stability conditions for which the network
utilizing distributed algorithm (5) achieves cluster consensus.

Before presenting the main results, we state the definition of the first-order cluster consensus.

Definition 1. FIRST-ORDER CLUSTER CONSENSUS: The first-order system (2) is said to achieve cluster
consensus with £ non-empty distinct sets C,,, m = 1, ... , K such that for each cluster, if we have

tlimllxi(t) x5O =0 Vv, € Cn.

In the analysis of the cluster consensus problem, primary and secondary layer subgraph concepts are used to determine
the number of clusters. The definitions are given below:

Definition 2 (16). PRIMARY AND SECONDARY LAYER SUBGRAPHS (PLS AND SLS): A digraph, ¢ = (V, &),
can be uniquely parted into [, primary and [; secondary layer subgraphs with the following properties:

» aPLS (Gpii=1, ... ,1L,)
(i) has a vertex set, Vp;, containing a spanning tree and consisting of the maximum possible
number of vertices that do not receive information from V \ V.
» aSLS (G j=1,...,1)
(i) has a vertex set, V;, containing a spanning tree and a root vertex that receives information
from vertices of at least two different subgraphs in V \ V;; and
(ii) except for its root vertex, does not receive information from V \ V;.

The PLS and SLS concepts are functional tools in analysis of the cluster consensus problem. The following remark
gives detailed information on PLS and SLS notions:

Remark 2. The PLSs and SLSs in Definition 2 can be applied to an arbitrary digraph without any structural
limitations to determine clusters by using the detection algorithms in Reference 16. In order to determine
PLSs and SLSs, the following procedure can be followed:
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1. Firstly, PLS detection algorithm in Reference 16 is utilized to determine PLS vertex sets Vp;,i =1, ... , .
Each PLS should contain a spanning tree and cannot receive information from out of the group.

2. Secondly, SLS vertex sets Vs, j = 1, ... , L is obtained from the remaining vertex sets V' \ [J,_, . 5 Vi by
using SLS detection algorithm in Reference 16. Each SLS should contain a spanning tree, its root vertex
should receive information from at least two different groups and other vertices cannot receive information
from out of the group.

In order to illustrate determination of PLS and SLS, an example is given below.

Example 1. Consider the network with 10 agents in Figure 1A. By following the procedure in Remark 2, two
PLS vertex sets (V1 and V) are determined in accordance with the properties of PLS in Definition 2. The
corresponding subgraphs (G, ; and G, ,) are shown with dotted line in Figure 1B. In light of Definition 2 note
that two PLSs (Gp; and G,,»), contain a spanning tree and do not have a link coming from other groups. Subse-
quently, three SLS vertex sets (Vs 1, Vs 2 and V; ;) are obtained from the remaining vertex set. The corresponding
subgraphs (G 1, Gs» and G 3) are shown with dashed line in Figure 1C. Each SLS (s 1, G52 and G; 3) consists of
a spanning tree whose root vertex receives information from at least two different vertices in other clusters.

By using PLS and SLS detection algorithms in Reference 16, PLSs and SLSs and their members can be
obtained as V1 = {vi, V2, v3}, Vpo = {va, vs} and Vi1 = {ve}, Vi2 = {v7, Vs, W}, Vs3 = {vi0}, respectively. PLS
and SLS decompositions can be applied to any given digraph without any topological structure constraints.
PLSs and SLSs can be uniquely determined by the algorithms proposed in Reference 16.

A given multi-agent system dynamics can be rewritten in terms of the PLS and SLS concepts. Let np; (i=1, ... , 1)

and ng; (j =1, ... , ) be the number of agents in the i—th PLS and j—th SLS, respectively. n, = Zﬁilnp,i and ng = Z]l.;lnsj

denote the total number of agents in PLSs and SLSs, respectively. In this context, we can rewrite (2) as

Xp(1) FOp, 1) L, Onpxnx Xp()
. = -n 7
Xs(t) flxs, B Ly Ly Xs(1)
where x,(t) € R and x,(f) € R" are the state vectors for PLSs and SLSs, respectively; O, xn, is the n, X ng zero matrix and
the system matrices are given as

Lijin - Ly, Liige1 oo Ligag4
Ly = blkdiag{L1 1, ... . L1}, Lyp=| | Ly=

Ly - Ly, Livier - Lii

(A) (B) ©)

FIGURE 1 A network consisting of 10 nodes and 14 edges.
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where blkdiag{L; 1, ... Ly, } denotes the block diagonal matrix with Ly 1, ... sLy,, on the diagonal. Note that each row
of —L; 'Ly, adds up to 1 and all members of —L; ! L, are non-negative.'”'® In the light of this fact, the following assumption
is utilized for analysis of cluster consensus.

Assumption 1 (5). Given the function f(x, t) with nonnegative constants #; > 0 satisfying Zl.":pl n; = 1, there
exist a constant ! such that the inequality

n

1p p
0.0 = Y e, 0] <ly— Y x|, Vy,x € R ®)
i=1

i=1

holds.

Remark 3. For n, = 1, the system using (2) has only one PLS and the condition (8) reduces to the Lipschitz
condition as follows:

f.0) = fe, 0] <1y —x|,Vy,.x € R.

The condition in Assumption 1 ensures that followers stay in a region spanned by leaders.>’*2 All linear
functions and some nonlinear functions (xsin(¢f), —x cos(¢?) etc.) are suitable to use the condition (8). Note
that, if the condition (8) holds, then the Lipschitz condition is satisfied, but not vice-versa. Assumption 1
ensures that the SLSs always converge to the convex hull spanned by PLSs. Therefore, the convergence points
of SLSs do not depend on the initial values of SLSs, but on the initial values of PLSs. By using this assumption,
the containment control property for system with inherently nonlinear dynamics can be achieved. In
Example 4, this phenomenon is simulated in multi-robot systems to illustrate the rationale behind using
Assumption 1.

Under Assumption 1, consider the following transformation:

lyp(o] _ l Sp O] lxpm] ©
Vs(t) Onsxnp I, Xs(t)

where I,,_is the n; X n, identity matrix and S, = blkdiag {S1, ... ,Slp} with

1 0 O 0
1 -1 0 0
Si=l1 0 -1 0
1 0 0 - -1
- —np.[xnp.[

fori=1, ... ,I,.Note that S; = S7! which also implies S, = S;". Let yp; = [Vp.i.1, egl.]T be the transformed PLS states where

Ypil = Xpi1
epi = [Vpi2,Vpi3s --- ,yp,i,npﬁi]T
= [xp,i,l = Xp,i2sXpi1 — Xpi3s --- 5 Xpil — xp,i,npvi]T
fori=1, ... ,l,. Rewriting (7) with respect to y, and ys, we have
VO | Sefp. 0 y SprSEI On,xn, | [Vp(D) (10)
. - - 1 — N
Vs S, B LspSp1 L ys(t)
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From the above equation, the PLS and SLS dynamics can be rewritten in the following form:

yp(t) = ng()’p, H- YlsprSEIyp(t) (11a)
Y5(8) = f¥s, 1) = 11Leys(t) — 71 Lgp S, yp(8) (11b)

Since each PLS dynamics is independent of the other PLS dynamics, the overall system dynamics can be written as

Vp1(8) = S1fp1. 1) — 71S1L11S7 Y1 ()

Ipt,® = SfOpi,» ) = 1181, L1,1,S; ' Vpa, (O)

L

Vs = s, 1) = y1Lsys(t) — 71LspS;1yp(t)

Define E; = [1n,,1 T—Inp>,.—1] and F; = [Op, -1 — npvl-—l]T for i=1,...,l, where 1, ., =[1 .. 1]T € R~ and
Op, -1 = [0 O] € R™:71, In this context, each PLS dynamics can be written as the following two subsystems

Vpia®) =fWpi1, O — rilirFiepi(t) (12a)

epi(t) = feWp,i» 1) — nEiL;iFiepi(t) (12b)

where [; is the first row of Ly; and fe(p., £) = [f(pi1) = fOpin = Vpi2)s - 5f Wpir) = fOpir = Ypinm, "
The error dynamics of all PLSs can be written in the following form:

ep(t) = f,(Vps ) — nEL,Fep(t)

where  e,(t) = [eg’l(t), ,e;lp(t)]T, E = blkdiag{E, ... ,E},  F =blkdiag{Fy, ... ,F, } and j_”e(yp, H =

[feT(yp,l, 0, ..., eT(yp’lp, H)]T. Before presenting the main result, we need the following lemmas:

Lemma 1 (19). For any two real vectors a and b with the same dimension, the inequality
2a’b < a’®a + bTd7'b

holds where ® is any positive definite matrix with an appropriate dimension.

Lemma 2 (20). For a real, symmetric matrix P, the inequality
ImP)xTx < x"Px < Ay (P)x"x

holds where A,,,(P) and Ay (P) denote the minimum and maximum eigenvalues of P, respectively.

The following theorem states the conditions on the control parameter y; that guarantee cluster consensus of a
first-order multi-agent system with inherent nonlinear dynamics.

Theorem 1. Suppose that system (2) evolves over a digraph with I, PLSs and l; SLSs and there exists a positive
coefficient | that satisfies Assumption 1. The system in (2) converges to I, + I; clusters if there exists a scalar control
parameter y that satisfies

— 11[(ELyF)' P, + Py(EL,F)] + PPyl 1, +Pp <0 (13a)
— y1L{ Ps + PsLg] + P Am(Py)I,, + Ps < 0 (13b)

for some symmetric positive definite matrices P, € R»™»"»~% and P; € R"*"™ that yield (EL,F)"P, + Py(EL,F)
and LT Ps + PL; positive definite, respectively.

Proof. We investigate the PLS and SLS dynamics consecutively.
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Step 1 (Stability and the number of clusters for the PLS dynamics): Due to the structure of L,, each PLS
dynamics can be individually investigated as

Vpia(®) = fOpi1st) — niliiFiep (1)
epi() = feWp,i» 1) — nEiLiiFiep(f)

To prove the stability of all PLSs at once, the following candidate Lyapunov function is considered:
Vi(t) = ep(D) Ppey(t)

where P, = blkdiag{Py, ... , P, } with each P; being also a symmetric positive definite matrix that satisfy
(E;Li;F))TP; + Py(E;L;;F;) < 0. Under Assumption 1, differentiating V(¢) yields

Vi(t) = =11ep(0)" [(ELF)" Py + Pp(EL,F)lep(t) + 2€5(8) Pof o0pis
Using Lemmas 1 and 2, one can obtain the following:

V1) < —11e,(0"[(ELyF) P, + Py(EL,F)ley(t) + ep() Ppep(®) + fo¥p, ) PafoVp» 1)

Vl(t) < _ep(t)T[ﬁ ((ELpF)TPp + Pp(ELpF)) - lz/lmax(Pp)Inp—lp - Pp]ep(t)T
We have V(f) < 0 for e,(t) # 0, which implies that each PLS dynamics is asymptotically stable. The agents in
a particular PLS act together, that is, lim;_.. ||Xp;j, —Xpj, |l =0fori=1, ... I, and ji,j, =1, ... , n,;. This
implies that one can find a total of I, clusters in [, PLSs.

Step 2 (Stability and the number of clusters for the SLS dynamics): In this step, we will prove that the
following holds

lm|lys(t) + L' Lep Sy yp (0] = 0. (14)
Let es(t) = ys(t) + L' Ly S, 'y, (t). Taking derivatives gives

&s(t) = y5(t) + Ly ' Lgp S, 'y, (1)
= fs: 1) = NLsys(t) = 1LspSy yp(t) + L Lpf ¥, 1) = 11 L5 L Lp Sy yp(1)
= fs: ) + Ly Lpf p. 1) = 11Lss(8) + L Lep S, ' yp(0) — 1Ly ' L LS, 'y (8)
= s t) + Ly Lpf p. 1) — 1 Lses(t) — y1Ls ' LepLpS, ' yp (1)

Let w(t) = LpSljlyp(t) = Lpx,(t). The above dynamics become as follows:

es(t) = f¥s, 1) + Ly Lpf p. 1) — y1Lses(t) — y1Lg ' Lopoo(t)

Note that w(t) converges to zero as t — oo from Step 1 since Lpx,(f) — 0. In order to analyze the stability of the
above system dynamics, it is required to investigate the stability of the unforced system, that is, w(t) = 0 for
all t. If the origin of unforced system is asymptotically stable, then the states of forced system converge to zero
with w(t) = 0 as t — oo (p. 107 in Reference 21). For this reason, choose the Lyapunov function candidate

Vo) = es(t)TPses(t)

for the unforced SLS dynamics, that is, és(t) = f(ys, t) + Ls‘lLSpf(yp, t) — y1Lses(t). Taking derivative of V()
yields the following:

Va(t) = —p1es()T[LL Py + PLgles(t) + 2es(t) Ps[f (s, £) + Ly ' Lypf (p, £)]
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Using Lemmas 1 and 2, one can obtain the following:

Va(t) < —y1e(t)T[L{ Py + PsLyles(t) + es(t) Pyes(t) + [f s, ©) + L Lpf Op, O Ps[f 0, 1) + Ly Lpf (vp. )]
Va(t) < —e() [ (LI Py + PsLy) — 1> Ap(Py)I,, — Ples(t)

By (13b), we have V(1) < 0 for eg(t) # 0, which implies that the origin of e(t) is asymptotically stable. This
implies that the following expression holds

ys() = _Ls_lLspSEIyp(t), > o

Note that original states x,(f) and x,(t) can be obtained from x,(t) = S;lyp(t) and x,(t) = y,(t). Therefore, as
t — oo, we have

Xs(t) = _Ls_lLspxp(t)7 [ — o

Let x,(8) = lim,_ o xp(8) and xj(¢) = limy_ X(£). As t — o0, X,(t) converges to trajectory x5 (0) containing [,
distinct routes from Step 1. From PLS and SLS dynamics in Reference 17, it is known that [, distinct points at
any t gives I clusters in x}(t) which is a convergent trajectory for x,().

Step 3 (Total number of clusters): We have [, distinct PLSs from Step 1 and [ distinct SLSs from Step 2.
Hence, one can conclude that the total number of cluster is computed as K = [, + L. [

Remark 4. By using Theorem 1, the selection method of control parameter y; can be established as follows:

1. Find a symmetric positive definite matrix P, such that (ELPF)TPP + P,(EL,F) is positive definite (e.g., solve
for P, from (EL,F)"Py + Pp(EL,F) = I, ).

2. Calculate the maximum eigenvalue of Pp.

3. Find a symmetric positive definite matrix Ps such that LT P; + P;L is positive definite (e.g., solve for P from
LIPy+ PiLy = I,,).

4. Calculate the maximum eigenvalue of P.

5. Choose a control parameter y; that satisfies (13a) and (13b) by using data from the previous steps. (Note
(13a) and (13b) can be simultaneously satisfied by choosing a high enough y;).

Recall that the protocol (5) used as update rule is fully distributed from Remark 1. However, L, and L
global matrices should be known only for the stability analysis and the selection of control parameter y;.

Remark 5. Any inherently nonlinear network satisfying Assumption 1 for first-order dynamics can be inves-
tigated in the context of the cluster consensus problem. The control parameter (y;) can be selected by using
the condition in Theorem 1 and the number of clusters can be calculated by applying PLS and SLS detection
algorithms. In the existing literature, the total number of clusters is not explicitly computed for a multi-agent
system. In this context, this is the first study that states the stability conditions and number of clusters in a
first-order network with inherent nonlinear dynamics under an arbitrary digraph. The main challenges of
our study are that determining the groups which will be formed in a network with an arbitrary directed graph
requires graph theoretic techniques; and while the dynamics of the agents in some of these groups are to be
examined as a standard consensus system, some must be considered as a leader-follower system. The results
of this section show that the members of these two different types of groups can be systematically determined
by using detection algorithms while the conditions stated in Theorem 1 guarantee that first-order cluster
consensus dynamics are stable.

SECOND-ORDER NONLINEAR NETWORKS

The system is modeled by a second-order dynamics as follows:

Xi(t) = vi(t)
Vi(t) = fOa, vi, £) + ui(t)

15)
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where x;(t) and v;(t) are the states of vertex v;, f(x;, v, t) is a second-order inherent nonlinear function and u;(¢) is the
control input described as follows:

w(®) =—n Y g0 =12 Y, v (16)
vEN; V;EN;

where y; and y, are coupling strengths. The system dynamics with control input can be rewritten in matrix form as

X Onxn In
x(¢) _ 0, N x(t) a7
V(t) feev,0) -nL —pL|[v®
where x(t) = [x1(0), ... , X, (D]T, v(&) = v1(0), ... ,vu(D]T and f(x,v, 1) = [f(x1,v1,0), ... ,f (X, Vi, H)]T. PLS and SLS dynam-
ics can be written as follows:

xp(t)- _ [ O"p + Onpxnp Inp Xp(l’)
Vp(t)_ _f(xpvvpst) -nlp —r2Lp vp(h)

xs(t)- [ 0y, Onxn, In, _xx(t) On,xn On xn Xp(1)
= : + + v v (18)
Vs (1) | _f(xSv Vs, £) —nLs =L |1V —71Lsp —7v2Lgp | | Vp(1)

Remark 6. Note that the second-order consensus protocol (17) is a fully distributed algorithm since each agent
exploits its own and neighbors’ information. In this section, the stability conditions are derived for the network
operating distributed algorithm (17) to achieve cluster consensus.

Before presenting the main results on second-order networks with inherent nonlinear dynamics, the definition of the
second-order cluster consensus is given below.

Definition 3. SECOND-ORDER CLUSTER CONSENSUS: The second-order system (15) is said to achieve cluster
consensus with £ non-empty distinct sets C,,, m = 1, ... , K such that for each cluster, if we have
lim|x;() —G(0[l = 0 and limlvi(t) = v (Ol =0 Vv, v; € Cpm
—00 — 00
The following assumption is utilized for analysis of cluster consensus in second-order systems:

Assumption 2 (8). Given the function f(x,v, t) with nonnegative constants #; > 0 satisfying Zl.n:"l n=1,
there exist constants I, [, such that the inequality

n, n, n,
.zt — Z"Iif(xisviat) <hly- Z nixi| + Lz - vai . W.zx,veR (19)
=1 i=1 i=1

holds.

Remark 7. For n, =1, the system using (15) has only one PLS and the condition (19) reduces to the Lipschitz
condition as follows:

f0.z2,0) = fx,vi, O] L hly —xi| + Llz—vil, VYy,z,x,v € R

Similar assumptions are utilized in Reference 8. Under Assumption 2, consider y = Sx and z = Sv transformations as

follows:
Yp(® _ Sp Onpxns Xp(0) Zp(®) _ Sp Onpxns vp(t)
O] |0u, L |1%O] [20] |0, L, |Lv®
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Letypi = [Vpi1s eg AT and zp; = [2pias eg 1" be the transformed second-order PLS dynamics where
1 2

Ypi1 = Xp,i1
— T
€pi = [yp,i,Zayp,i,3, ayp,i,npvi]
— T
= [Xpi1 = Xp,i2s Xpil = Xp,i3s -+ »Xpi1 = Xpin,,]
Zpi1 = Vpil
— T
epz,i - [Zp,i,27 Zp,i,3’ »Zp,i,np‘i]

— T
= [vp,i,l — Vpi2>Vpi1 — Vpi3s --- 5 Vpil — vp,i,npyi]

Rewriting (18) with respect to y, s, Z» and z,, we have

0] _ [0
oI 20

(20)
M| _ | Spf0p2p- 1) = SpLpS; ' 2p(1)
Zs(t) f(ys» Zs» t) - LsZs(t) - Lspsglzp(t)
From the above equations, the PLS and SLS dynamics can be rewritten in the following form:
Vp(0) _ On,xn, In, Yp(®) + On,
2p(t) —nSpLpSyt —12SpLpS;t [ 2p(D) Spf Vp>2p- 1) oD

Vs(®) On xn, I, V() + Onsxnp Onsxn}, (0 + O,
Zs(b) —y1Ls  —y2Ls| [zs(0) _Y1Lspsgl _YZLSPSEI Zp(t) f(.ySa Zs> 1)
Since each PLS dynamics is independent of the other PLS dynamics, the overall system dynamics can be written as

yp,l(t) _ Onp71><np‘l Inp,I yp,l([) + Onp,l
Zp,l(t) —}/1S1L1,151_1 —}’251L1,151_1 Zp,l(t) S]f(yp,l, ZP,ls t)

lyp,lp (t)] — Onp.lp Xy Inp,lp lyp,lp ([)] 4 l Onp_,p ]

2p.1, (1) —1nSi,Li, Sl;l —1251, L1, Sl_p1 Zp., (1) SLfWpl, 2t )
Ys(0) O, xn, I, ys(6) + Onsxnp Onsxnp p(t) + Op,
Zs(t) —nLs —r2Ls| | 2s(®) _VlLspS;1 _VZLspsl;l Zp(t) S5, 2, 1)

Define E; = [lnp‘i—l —Inp,,.—1] and F; = [Onp_l-—l _Inpyi—l]T fori=1, ... ,l,. In this context, each PLS dynamics can be
written as the following two subsystems

. T T T

3par®] _ [0 1] [a®] | % G |[eao] 0
Zp,i,l(t)_ 0 0 Zp,i,l(t) —ylli,lFi _Ylli,lFi epz,i(t) f(yp,i,lsZp,i,lst)
épl’i(t) Onp',-—lxnpj—l Inp.i_l epl’i(t) + Onp,i_l

épz,i(t)_ _VlEiLi,iFi _VZEiLi,iFi epz,i(t) Fe(.yp,i» Zp,ia t)

where Fo(Vp.i, Zp.i» ) = [[Opits Zpits ) = fOpia = Ypi2s Zpin — Zpi2s D) oo fOpitsZpins ) = fWpin = Ypin,» Zpid = Zpiim,,» D).
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The error dynamics of all PLSs can be written in the following form:

e () _ Onp—lpxnp—lp Inp—lp e (D) + Onp—lp

ep,(0) —nEL,F  —yELpF | [ep, (D) Fe(yp, 2p, 1)
where ?e(yp, Zp,t) = [FeT Op1,3p1,0) ... F, T Op.t,» 2p.l,» t)] " Before presenting the main result on second-order networks,
we need the following lemma:

Lemma 3 (20). Let M be a symmetric matrix of the form

M= M, M,
M M;
where M, is invertible. Then M > 0 if and only if M; > 0 and M; — MZTMl‘le > 0.

The following theorem states the conditions on control parameters that guarantee cluster consensus of a second-order
multi-agent system with inherent nonlinear dynamics.

Theorem 2. Suppose that system (15) evolves over a digraph with I, PLSs and I; SLSs and there exists positive
coefficients I, and I, that satisfy Assumption 2. The system in (15) converges to L, + I; clusters if there exists a pair
of control parameters (y1, y,) that satisfies y1 > l; y, > I, and

L < min { , 1 } - (22)
v; 24m(Pp) 2Am(Py)
for the symmetric positive definite matrices P, € R% >~k po e R™*" that are obtained from
(EL,F)"P, + P,(EL,F) = I -1, (23a)
LIP +PL, =1, (23b)

Proof. Step 1 (Stability and the number of clusters for the PLS dynamics): Each PLS dynamics can be individu-
ally investigated as

Bpaa®| _ |0 1] [y 0 r Op o1 | |eni® N 0
Zpia(t) 0 0] [Zpi1(D) —nlbiiFi —nliiFi] | ep,i(H) SOpi1>2pinst)
épl,i(t) _ Onpvi—lxnp_[—l Inpvi—l epl,i([) + Onp_[—l
ep,.i(0) —nEiLiiF;i  —y2EiLiiFi| | ep, () Fe(Yp,i»Zpisb)
To prove the stability of all PLSs at once, we consider the Lyapunov function candidate

Vi(0) = e, () Hpep(1)

T T A7 wi T r 17 T r 17
where e,(1) = [e, (1) ey, (D] withep, () = (€1 -+ +€, | | ey, () = |10 - +€, | and

H, = 71}’2Inp,,p 71Pp
71Pp Y2Pp

ensures that H, > 0. Therefore, when :—; <

2

with P, = blkdiag(Py, ... ,P; }. From Lemma 3, % < AMEPP)

2/1;(19) —2holds, V() > 0if e,(t) # 0 and V(¢) = 0 if and only if e,(¢) = 0. V1 (t) can be computed as
M p
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Vi(t) = 21728 1(t)epz(t)+21/1 z(t)Ppepz(t) v7 pl([)[(EL F)'P, + Py(ELyF)lep, (1)
— 2n172¢] (OI(EL,F) Py + Py(ELyF)ley, (t) — v2ek (D(EL,F)' P, + Py(EL,F)ley, (1)

+2(n1ep (1) + 1265, (D)PF(1) (24)
Note that the inequality
IEOIl < Lillep, (D1 + Lllep, @)l
holds and by choosing y; > ; and y, > ,, we have
(r1ep, (1) + v2€p, (DPRFo(t) < An(Pp)(lly1ep, Ol + ll726,, 1) (25)
Together with (24) and (25), we can obtain the following inequality:
V() < ~[Am(Qp) = 44m(Pp))(IIy1p, (DI + 17285, (D)II*)

-1 0p 1

1,
where Q, = lozp_zp It "y, fy ] Note that 4,,(Qp) — 4Am(P,) > 0 if and only 1f ho<
P P

Z/lM(P S — 2 holds. By
n 1

v; < 220(Pp)
The agents in a particular PLS act together, that is, lim,_ o [|Xp,ij, — Xp.ij,|| = 0 and lim,_ [[Vp,ij, — Vp.ij,Il =0

— 2, we have V() < O for e, () # 0, which implies that each PLS dynamics is asymptotically stable.

fori=1, ... ,l,andji,j>» =1, ... ,np;. This implies that one can find a total of I, clusters in [, PLSs.
Step 2 (Stability and the number of clusters for the SLS dynamics): In this step, we will prove that the
followings hold

lim lys(®) + L5 LopS; (DIl = O,
e (26)
lim||2,() + L' LSy ' zp (0]l = 0

ast — co. Let e, (t) = ys() + Ly LS, 'y, () and e, () = z5() + Ly ' LS, 7p(t). We have

-1 -1
ot) = esl(t) _ ys(®) + Ls_lLspSIi yp(t) 27)
esz(t) Zs(t) + L LspSp 1Zp(t)

Taking derivatives yields

&5, (1) = Yy(8) + Ly Lep S, 'y, ()

&, (1) = 25(t) + Ly Lyp S, "2p(1)

&, (1) = es,(1)

&, (1) = y1Lses (1) — yaLses, (1) + f (V5 Zs, ) + Ly Lapf W, Zp, £)
= =11 Ly L LS, 'yp(t) — 1oL ' Lep Ly S, "2 (1)

Letw(t) = —y1L; Ly LpS, ' yp () = v2Ly ' LepLpS, ' 2p(t) = —y1 L5  Lp Lpxp(8) — y2 L5 Ly Lyvy(8). The above dynam-
ics can be expressed as follows:

e, (1) = e, (1)
es,(t) = y1Lses (1) — yaLses, (1) +f s, 25, 1) + Ls_lLspf(yp» Zp, 1) + (1)

Note that w(t) converges to zero as t — oo from Step 1. In order to analyze the stability of the above system
dynamics, it is required to investigate the stability of the unforced system, that is, w(t) = 0 for all ¢ (p. 107 in
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Reference 21). One can obtain the derivative of the unforced system’s error dynamics as

ésl(t) _ Ons + Onsxns InS €s, (t)
ész(t) f(ys’ Zs, 1) + Ls_lLspf(yp, Zps b —y1Ls —y2Ls esz(t)
In order to prove asymptotic stability of (27) choose the Lyapunov function candidate

Va(t) = es(t)THses(t)

for the unforced SLS dynamics where e,(1) = [e] (t) e (1)] " and

1, P
H, = "172dn, V16 .
ylPS YZPS

From Lemma 3, & < — ensures that H; > 0. Therefore, when 22 < —L— — 2 holds, V,(t) > 0 if e,(t) # 0
73 Ap(Pg) 75 24y (Py)

and V,(t) = 0 if and only if es(t) = 0. V,(¢) can be computed as

Va(t) = 2717265 (D)es, (1) + 271, (HPses, () — yres (DILg Ps + PyLges, () — 21725 (D[Lg Ps + PsLsles, ()
- szest(l‘)[LsTPs + PsLles, (1) + 2(7’195; 0+ 72@3;“))133 [f s, zs, 1) + Ls_lLSpf(.Vp7 Zp, 1]

Following a similar procedure as in Step 1, the following inequality can be obtained:

V() < —[Am(Qs) — 4AnP)1(lly1es, 1I* + lly2e5,11%)

Onsxn

s . e 7 1
I, - %Ps] . Note that 4,,(Q;) — 4Ap(Ps) > 0 if and only 1fé < @ 2 holds, V,(t) >

I,

where Q, = l

Onxxnx

0 holds. By :— < u;@

(27) is asymptotically stable. This implies that the following expression holds

— 2 holds, V,(t) > 0, we have V,(t) < 0 for e(t) # 0, which implies that the origin of

ys(t) = _LglLspS;lyp(t)a
zs(t) = =Ly Lep Sy '2p(t), ¢ — o0

Note that original states x,(f) = Sljlyp(t), Xs(8) = ys(8), vp(t) = S;lzp(t) and vy(t) = zs(t). One can obtain the
following

Xs(t) = _Lx_lLspxp(t)
vs(t) = _Ls_lLspr(t)

Let x;(t) = limy_ o Xp(8), X5 (1) = limy— 0 X,(2), V(D) = lim;_ o vp(8) and V(1) = lim; o Vs(£). As t = o0, Xp(1)
converges to trajectory x;(¢) and v,(t) converges to trajectory v,(f) containing [, distinct routes from Step 1.
From PLS and SLS dynamics in Reference 17, it is known that [, points at any ¢ gives I clusters in x(¢) and
vi(t) which are convergent trajectories for x(t) and vy(t), respectively.

Step 3 (Total number of clusters): We have [, distinct PLSs from Step 1 and [ distinct SLSs from Step 2.
Hence, one can conclude that the total number of cluster is computed as K = I, + [ since (22) is satisfied. =

Remark 8. By applying Theorem 2, the selection method of control parameters y; and y, can be established

as follows:

1. Calculate the maximum eigenvalue of P, which is a symmetric positive definite matrix that satisfies (23a).
2. Calculate the maximum eigenvalue of P; which is a symmetric positive definite matrix that satisfies (23b).
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3. Obtain a pair of control parameters y; and y, that satisfies (22) by using the maximum eigenvalues of P,
and P;.

Note that the protocol (17), which is used as update rule, is fully distributed from Remark 6. However, L,
and L; global matrices should be known only for the stability analysis and the selection of control parameters
y1and ya.

Remark 9. Given adigraph G = {V, £}, Theorems 1 and 2 state the cluster consensus results on the total num-
ber of clusters for first and second-order systems with inherently nonlinear dynamics, respectively. According
to these theorems, the total number of clusters for both systems can be calculated as [, + I; with the same clus-
ter members. Although the clusters are the same, the stability conditions and the methods of the proofs are
different from each other. First of all, the Lyapunov functions that we utilized in the proofs of Theorems 1 and
2 are not the same. Furthermore, Lemma 1 is used to prove the result of Theorem 1 while Lemma 3 is used in
the proof of Theorem 2. Therefore, the second-order cluster consensus problem is not exactly an extension of
its first-order counterpart.

SIMULATION RESULTS

In this section, numerical simulations are provided to verify the results obtained in Sections 2 and 3. Reconsider the
network with 10 agents in Figure 1A. The Laplacian matrix is selected as follows:

0o 0 0 0 0 0 0 0 0 0
-3 3 0 0 0 0 0 0 0 ©
8 -6 14 0 0 0 0 0 0 O
0o 0 0 0 0 0 0 0 0 O
|0 0o 0 -7 7 0 0 0 0 0
0 0 -3 -8 0 11 0 0 0 O
0 -10 0 0 -6 0 16 0 0 0
0O 0 0 0 0 0 -5 14 -9 0
0 0 0 0 0 0 -4 0 4 0
-8 0 0 0 0 0 -9 0 -6 23]

Example 2. (First-order nonlinear dynamics) Consider the first-order consensus dynamics with inherent
nonlinear functions in (2). The nonlinear function is given as f(x, t) = xsin(t). Note that Assumption 1 is
satisfied with [ = 1 and for the choice of

_0.0909 0 0 0 0 ]
0.1919 0.0126 O 0 0.0972 0.0167 0.0931 0.0110

P, =10.0126 0.0357 0 , Ps=10 0.0167 0.0714 0.0357 O )
0 0 0.1429 0 0.0931 0.0357 0.3448 0.0097
0 0.0110 0 0.0097 0.0435

the conditions (13a) and (13b) hold. By Theorem 1, if y; > 0.3858 then the first-order dynamics of the given
system reach cluster consensus. When y; = 1, the simulation result is depicted in Figure 2 and the network
acts as five distinct clusters. These are the same clusters, as in Example 1, which are V), ; = {vi, 3, v3}, V2 =
{va,vs} and V1 = {vs}, Vs = {v7,vg, o}, Vi3 = {vio}

Example 3. (Second-order nonlinear dynamics) Consider the second-order consensus dynamics with
inherent nonlinear functions in (15). The nonlinear function is given as f(x,v, t) = —x — vsin(¢). Note that

(28)
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FIGURE 2 State evolution of first-order nonlinear dynamics for network in Figure 1A.

Assumption 2 is satisfied with I, = 1 and I, = 1. By Theorem 2, P, and P; matrices can be obtained as

_0.0455 0 0 0 0
0.1919 0.0126 0 0 0.0486 0.0083 0.0465 0.0055

P, =(0.0126 0.0357 0 | Ps= 0 0.0083 0.0357 0.0179 0
0 0 0.0714 0 0.0465 0.0179 0.1724 0.0048
0 0.0055 0 0.0048 0.0217

The conditions on y; and y, for PLSs and SLSs can be obtained as

L < min { 1 1 } — 2 =min{5.1844,5.2447} — 2 = 3.1844

v; 22m(Pp)” 22nm(Py)

When y; =y, = 1, the simulation result is depicted in Figure 3 and the network acts as five distinct clusters.
Note that clusters and their members are the same as in Example 2.

Example 4. (Multi-robot system) In this example, we consider the rendezvous problem as a potential
application in multi-robot systems. Consider the communication topology in Figure 4. Note that the network
does not contain a spanning tree. By using PLS and SLS detection algorithms in Reference 16, PLSs and SLSs
and their members can be obtained as V,1 = {vi,v2}, Vo2 = {v3}, Vo3 = {va} and Vi1 = {vs, 6}, Vs2 = {v7},
V;3 = {vs}, respectively. The following Laplacian matrix is used as system matrix:

(1 -1 0 0 0o 0o o0 O]
2 2 0 0 0 0 0 0
O 0 0 0 0 0 0
L O 0 0 0 0 0 0 09)
3 0 -2 0 10 -4 -1 0
0O 0 0 -7 7 0 0
0 3 6 0 9 0
0 0 0 -4 0 0 -2 6]

Each robot is randomly placed in 2-D coordinate system. Inherent nonlinear functions are chosen as f(x, t) =
0.5sin(x) and f(y, t) = 0.5sin(y) for x and y-coordinates, respectively. The goal is to have robots in the same
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FIGURE 3 State evolution of second-order nonlinear dynamics for network in Figure 1A.

FIGURE 4 Anetwork consisting of eight nodes and 11 edges.
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cluster converge to a common coordinate. Note that Assumption 1 is satisfied with [ = 1 and for the choice of
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FIGURE 5 Position of the robots are marked by squares for the time instants t = 0.07 s, t = 0.88 s, t = 10.43sand t = 20 s.

the conditions (13a) and (13b) hold. By Theorem 1, if y; > 0.8588 then the multi-robot system reaches cluster
consensus. As can be seen from the simulation results in Figure 5 for y; = 1, SLSs converge to convex hull
spanned by PLSs.

5 | CONCLUSION

This paper has discussed the cluster consensus problem for first and second-order networks with nonlinear inherent
dynamics. We have analyzed convergence properties of the given nonlinear systems. The number of clusters and the
agents in each cluster have been calculated by using PLS and SLS concepts. Two different control parameter selection
methods are provided for first and second-order systems. The obtained results in this paper have been justified by two
numerical examples. The extension of the results for nonlinear cooperative-competitive networks expressed by signed
digraphs is currently under investigation.
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