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Abstract

Let R be a commutative ring with a nonzero identity. A proper ideal I of R
is said to be a 1-absorbing prime ideal if xyz ∈ I for some nonunits x, y, z ∈ R,
then xy ∈ I or z ∈ I. It is well known that prime ideal ⇒ 1-absorbing prime
ideal ⇒ primary ideal ⇒ semi-primary ideal, that is, the class of 1-absorbing
prime ideals comes between the classes of prime ideals and primary ideals. Also,
the above right arrows are not reversible. In this article, we characterize rings
over which every 1-absorbing prime ideal is prime and every primary ideal is
1-absorbing prime. Also, by comparing 1-absorbing prime ideals and other
some classical ideals such as 2-absorbing ideals and semi-primary ideals, we
characterize Noetherian divided rings and von Neumann regular rings.

Key words: primary ideal, 1-absorbing prime ideal, 1-absorbing primary
ideal
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1. Introduction. Throughout this paper, we consider only commutative
rings with nonzero identity. Let R always denote such a ring. The concept of
prime ideals and its generalizations have a distinguished place in Commutative
Algebra since not only they are used in the classification of commutative rings
but also they have some applications to other areas such as Algebraic Geometry,
General Topology, Cryptology and Graph Theory. See, for example, [15] and [20].
A proper ideal P of R is said to be a prime ideal if xy ∈ P for some x, y ∈ R
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implies that x ∈ P or y ∈ P [19]. The set of all prime ideals and maximal ideals
of R will be designated by Spec(R) and Max(R), respectively. A ring R with
|Max(R)| = 1 is said to be a local ring. Otherwise, we say that R is non-local. For
every proper ideal I of R, the radical of I is defined as

√
I := {x ∈ R : xn ∈ I for

some positive integer n}. Note that
√
I is the intersection of every prime ideal of

R that contains I. In particular,
√
0 denotes the set of all nilpotent elements of

R. A ring R is called a reduced ring if
√
0 = (0). Recall that a proper ideal Q of

R is said to be a primary ideal if whenever xy ∈ Q for some x, y ∈ R, then x ∈ Q
or y ∈

√
Q. Note that if Q is a primary ideal, then p =

√
Q is a prime ideal. The

converse need not be true in general. For instance, let R = k[X,Y ], where k is
a field, and Q = (X2, XY ). Then

√
Q = (X) is a prime ideal. Since XY ∈ Q,

X /∈ Q and Y /∈
√
Q, it follows that Q is not a primary ideal of R. A proper ideal

Q of R with prime radical is said to be a semi-primary ideal of R [12]. Thus we
have the following irreversible right arrows of ideals:

prime ideal ⇒ primary ideal ⇒ semi-primary ideal.

A commutative ring R is called a π-regular ring if for each a ∈ R there exist x ∈ R
and n ∈ N such that an = a2nx. Note that the reversibility of the above first right
arrow characterizes π-regular rings. Also, Gilmer [12] studied the reversibility of
the above second right arrow in commutative rings with nonzero identity.

One of the important generalizations of prime ideal is 2-absorbing ideal which
was first studied by Badawi in [5]. A proper ideal I of R is said to be a 2-
absorbing ideal if whenever xyz ∈ I for some x, y, z ∈ R, then xy ∈ I or xz ∈ I
or yz ∈ I. Note that if I is a 2-absorbing ideal of R, then

√
I is a prime ideal

or
√
I = P ∩Q, where P , Q are distinct prime ideals of R that are minimal over

I ([5], Theorem 2.4). In a very recent study, Yassine et al. [13] defined a new
class of ideals between prime ideals and 2-absorbing ideals as follows: a proper
ideal I of R is said to be a 1-absorbing prime ideal if whenever xyz ∈ I for some
nonunits x, y, z ∈ R, then xy ∈ I or z ∈ I. From [11] and [13], we also have the
following irreversible right arrows of ideals:

prime ideal ⇒ 1-absorbing prime ideal ⇒ 2-absorbing ideal
prime ideal ⇒ 1-absorbing prime ideal ⇒ primary ideal ⇒ semi-primary.

The first goal of our paper is to study reversibility of the above right arrows in
commutative rings with nonzero identity. Among many results in this paper, we
show that every nonzero proper ideal of R is a 1-absorbing prime ideal if and only
if either R ∼= k1×k2, where k1, k2 are fields, or (R,m) is local with m =

√
0 ̸= (0)

such that m2 ⊆ (x) for every nonzero x ∈ R (see Theorem 2). We also prove that
in a Noetherian ring R, every primary (semi-primary) ideal is a 1-absorbing prime
if and only if R is a von Neumann regular ring (i.e. its factor ring R/I is a reduced
ring for every ideal I of R) or (R,m) is local with m2 = (0) (see Proposition 5).
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We characterize rings in which every 2-absorbing ideal is a 1-absorbing prime ideal
(see Proposition 6 and Theorem 4). A commutative ring R is said to be a UN-ring
if
√
0 is a maximal ideal of R [10] and R is said to be a divided ring if its every

prime ideal is comparable with principal ideals [7]. For more details on divided
rings and UN-rings, we refer [16] and [17] to the reader. In particular we show
that if R is a Noetherian ring, then every 2-absorbing ideal is a 1-absorbing prime
ideal if and only if R is a UN-ring or R is a domain with unique nonzero prime
ideal if and only if R is a divided ring (see Theorem 5).

2. Notes on 1-absorbing prime ideals. Recall from [8] that a proper
ideal P of R is said to be a 2-prime ideal if whenever xy ∈ P for some x, y ∈ R,
then x2 ∈ P or y2 ∈ P . It is easy to see that every 1-absorbing prime ideal
is also a 2-prime ideal. To see this, choose x, y ∈ R such that xy ∈ P . Then
note that x2y ∈ P gives x2 ∈ P or y2 ∈ P since P is a 1-absorbing prime
ideal. But the converse is not true in general. For instance, let R = k[X,Y ] and
P = (X2, XY, Y 2), where k is a field. Then by Proposition 2.4 (2) in [14] P is a
2-prime ideal of R. Since X(1 + Y )X ∈ P and X(1 + Y ), X /∈ P , we have that
P is not a 1-absorbing prime ideal of R.

In this section, we compare 1-absorbing prime ideals and other classical ideals
such as prime, primary, semi-primary, 2-absorbing and 2-prime ideals.

Lemma 1. Let R be a ring. The following statements are satisfied:

1. If I is a 1-absorbing prime ideal that is not a prime ideal, then (R,m) is
a local ring and m2 ⊆ I ⊊ m.

2. Every 1-absorbing prime ideal is primary.

Proof. The proof of both statements 1. and 2. follows directly by combin-
ing Theorem 2.4 from [13] and Lemma 2.1 from [11].

Proposition 1. Let R be a ring. Then, there exists a 1-absorbing prime ideal
of R which is not prime if and only if R is a local ring with maximal ideal m such
that m2 ̸= m.

Proof. (⇒) Suppose that there exists a 1-absorbing prime ideal I of R which
is not prime. Then, by Lemma 1, R is a local ring (with maximal ideal m) such
that m2 ⊆ I ⊊ m. Therefore, we have the desired result.

(⇐) R is a local ring with maximal ideal m such that m2 ̸= m. Then, by the
definition of 1-absorbing prime ideal, m2 is 1-absorbing prime ideal which is not
prime. Thus, R contains a 1-absorbing prime ideal which is not a prime ideal.

Proposition 2. Let R be a ring and let I and J be two 1-absorbing prime
ideals of R that are not prime. Then I ∩J and I +J are 1-absorbing prime ideals
of R.

Proof. First by Lemma 1, R is local (with maximal ideal m) and m2 ⊆ I∩J .
Let xyz ∈ I ∩ J for some nonunit elements x, y, z ∈ R. Since x, y ∈ m, then
xy ∈ m2 and so we have xy ∈ I ∩ J . Thus, I ∩ J is a 1-absorbing prime ideal of
R. Similarly, we prove that I + J is a 1-absorbing prime ideal of R.
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Theorem 1. Let R be a ring. Then, (0) is a 1-absorbing prime ideal of R if
and only if R is a domain or (R,m) is a local ring such that m2 = (0).

Proof. (⇒) Suppose that (0) is a 1-absorbing prime ideal of R and R is not
a domain. Then, (0) is a 1-absorbing prime ideal of R that is not a prime. Hence,
by Lemma 1, R is a local ring with a maximal ideal m such that m2 ⊆ (0). Thus,
(R,m) is a local ring such that m2 = (0).

(⇐) Clear.
In [13], the authors give a partial characterization of rings in which every

nonzero proper ideal is 1-absorbing prime ([13], Theorem 1.6). Now, in the follow-
ing theorem, we give a complete characterization of this class of rings.

Theorem 2. Let R be a ring. The following are equivalent:

1. Every nonzero proper ideal of R is 1-absorbing prime.

2. R ∼= k1 × k2, where k1 and k2 are fields or R is a local ring with maximal
ideal m =

√
0 ̸= (0) such that m2 ⊆ (x) for every nonzero x ∈ m.

Proof. (1) ⇒ (2) Suppose that R is non-local. Then R has at least two
maximal ideals. Let m1 and m2 be two distinct maximal ideals of R. Assume
that m1 ∩ m2 ̸= (0). Then by using [13], Theorem 2.4 and our hypothesis, we
conclude that m1 ∩ m2 is prime ideal of R. Thus m1 = m2, a contradiction. So
m1 ∩ m2 = (0), and then R ∼= R/m1 × R/m2. Consequently, R is isomorphic
to a product of two fields. Now, suppose that R is local with maximal ideal m.
Then, by our hypothesis every nonzero proper ideal of R is 2-absorbing. So, by
[5], Theorem 3.4 we get the desired result.

(2) ⇒ (1) If R ∼= k1×k2, where k1 and k2 are fields, it clear that every nonzero
proper ideal of R is prime and so is 1-absorbing prime. Now, suppose that R is a
local ring with maximal ideal m =

√
0 ̸= (0) such that m2 ⊆ (x) for every nonzero

x ∈ m. Let I be a nonzero proper ideal of R. Then, there exists x ∈ I such that
x ∈ m \ {0}. Thus, m2 ⊆ (x) ⊆ I. Now, let abc ∈ I for some nonunit elements
a, b, c ∈ R. Then, ab ∈ I since ab ∈ m2 ⊆ I, and so I is 1-absorbing prime of R.
Thus, we conclude that every nonzero proper ideal of R is 1-absorbing prime.

Recall that a ring R is said to be a von Neumann regular ring if for each
a ∈ R there exists x ∈ R such that a = a2x [18]. Note that by [3] R is a von
Neumann regular ring if and only if I =

√
I for every ideal I of R, or equivalently

R/I is a reduced ring.
Proposition 3. Let R be a von Neumann regular ring and I be an ideal of

R. Then the following statements are equivalent:

1. I is a 1-absorbing prime ideal of R.

2. I is a (semi)-primary ideal of R.

3. I is a prime ideal of R.
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Proof. (1) ⇒ (2) Follows from Lemma 1.
(2) ⇒ (3) Since R is a von Neumann regular ring, then I =

√
I (by Theo-

rem 3.1, p. 5 [3]), and so I is a prime ideal of R.
(3) ⇒ (1) Clear.
Proposition 4. Let (R,m) be a local Noetherian ring. Then every 1-absorb-

ing prime ideal of R is prime if and only if R is a field.
Proof. (⇒) Since R is a local ring with a maximal ideal m, then it is easy to

see that m2 is a 1-absorbing prime ideal of R. Hence, by hypothesis m2 is a prime
ideal of R, and so m2 = m. So, by applying Nakayama’s Lemma we conclude that
m = (0). Thus, R is a field.

(⇐) Clear.
Remark 1. Consider the ring R := Z/4Z. Then, R is a local Noetherian

ring over which the zero ideal P = (0) is a 1-absorbing prime ideal which is not
prime.

Proposition 5. Let R be a Noetherian ring. Then, the following statements
are equivalent:

1. Every semi-primary ideal is 1-absorbing prime.

2. Every primary ideal is 1-absorbing prime.

3. R is a von Neumann regular ring or (R,m) is a local ring with m2 = 0.

Proof. (1) ⇒ (2) Is trivial.
(2) ⇒ (3) Suppose that R is a non-local ring. Then, by [13], Theorem 2.4

every primary ideal of R is prime. Thus, by [1], Theorem 3.1 R is a Noetherian
von Neumann regular ring. Now, suppose that R is a local ring with maximal
ideal m. Since m3 is a primary ideal of R, then it is 1-absorbing prime. Hence
m3 = m2, and so by Nakayama’s Lemma we conclude that m2 = (0). Thus, R is
a local ring with maximal ideal m =

√
0 such that m2 = 0.

(3) ⇒ (1) The result follows directly from Proposition 3 and [11], Proposi-
tion 4.5.

Theorem 3. Let R be a ring. Then, the following statements are equivalent:

1. Every semi-primary ideal is 1-absorbing prime.

2. R is a von Neumann regular ring or (R,m) is a local ring with m2 = 0.

Proof. (1) ⇒ (2) Suppose that R is a non-local ring. Then, by [13], Theo-
rem 2.4 every semi-primary ideal of R is prime, and so every primary ideal of R
is prime. Hence, R is a von Neumann regular ring (by [1], Theorem 3.1). Now,
suppose that R is a local ring with maximal ideal m. Then by using [1], Theorem
2.3 R has at most two prime ideals which are

√
0 and m. So, let x ∈ m. Then,√

(x) = m or
√

(x) =
√
0, and so (x) is a semi-primary ideal of R. Hence, by

using our hypothesis the ideal (x) is a 1-absorbing prime. Thus, every principal
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proper ideal is 1-absorbing prime. Hence, by [11], Proposition 4.5, R is a local
ring with maximal ideal m and m2 = (0).

(2) ⇒ (1) The result follows directly from Proposition 3 and [11], Proposi-
tion 4.5.

Corollary 1. Let (R,m) be a local ring. Then every semi-primary ideal of
R is 1-absorbing prime if and only if m2 = (0).

Proof. (⇒) Since (R,m) is a local ring, then R ∼= Rm. Then, by Theorem 3
and [3], Theorem 3.1, p. 5, we conclude that R is a field or m2 = 0. Thus, m2 = (0).

(⇐) This follows from Theorem 3.
Corollary 2. Let R be a reduced ring. Then every semi-primary ideal of R

is 1-absorbing prime if and only if R is a von Neumann regular ring.
Recall from [4] that a proper ideal I of R is said to be a 2-absorbing primary

ideal if whenever abc ∈ I for some a, b, c ∈ R, then ab ∈ I or ac ∈
√
I or bc ∈

√
I.

Proposition 6. Let R be a ring. Then, the following statements are equiva-
lent:

1. Every 2-absorbing primary ideal is 1-absorbing prime.

2. (R,m) is a local ring and every semi-primary ideal is 1-absorbing prime.

3. (R,m) is a local ring with m2 = 0.

Proof. (1) ⇒ (2) Let P and Q be two prime ideals of R. Since P ∩ Q
is 2-absorbing (primary) ideal, we get that

√
P ∩Q = P ∩ Q is prime (by [13],

Theorem 2.3), and so P ⊆ Q or Q ⊆ P . Thus, prime ideals of R are comparable,
as desired. Accordingly, R is local. On the other hand, every semi-primary ideal
of R is 1-absorbing prime, since every semi primary ideal is 2-absorbing primary
(see [4], Theorem 2.8).

(2) ⇒ (3) Follows from Corollary 1.
(3) ⇒ (1) This follows from [11], Proposition 4.5.
Theorem 4. Let R be a ring. Then, every 2-absorbing ideal of R is 1-

absorbing prime if and only if the two following conditions hold:

1. Prime ideals of R are comparable; in particular, R is local with maximal
ideal m; and

2. If P is a minimal prime over a 2-absorbing ideal I, then P = I or P = m.

Proof. (⇒) 1. Let P and Q be two prime ideals of R. Since P ∩ Q is
2-absorbing ideal, we get that

√
P ∩Q = P ∩Q is prime (by [13], Theorem 2.3),

and so P ⊆ Q or Q ⊆ P . Thus, prime ideals of R are comparable, as desired.
Accordingly, R is local with maximal ideal m.

2. Let P be a minimal prime over a 2-absorbing ideal I. If I is prime, then
P = I. If I is not prime ideal of R, then by Lemma 1 we have m2 ⊆ I ⊆ P .
Consequently, P = m.
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(⇒) Let I be a 2-absorbing ideal of R. Since the prime ideals of R are
comparable, we have P 2 ⊆ I ⊆ P , where P is a minimal prime over a 2-absorbing
ideal I (by [5], Theorem 2.4). If P = I, we are done. If P = m, then it easy to
prove that I is 1-absorbing prime since m2 ⊆ I and all nonunit elements of R are
contained in m.

Theorem 5. Let R be a Noetherian ring. Then, the following statements are
equivalent:

1. Every 2-absorbing ideal of R is 1-absorbing prime.

2. R is UN -ring or R is a domain with unique nonzero prime ideal.

3. R is a divided ring.

Proof. (1) ⇒ (2) By Theorem 4, R is local with maximal ideal m. Suppose
that R is not a UN -ring and let P be a non-maximal prime ideal of R. By
using [9], Lemma 2.2, Pm is a 2-absorbing ideal of R, and so is 1-absorbing prime
ideal. If Pm is not prime ideal, then by Lemma 1 we have m2 ⊆ Pm, and so
P = m, a contradiction. Hence, Pm is prime ideal of R, and so Pm = P . Since R
is Noetherian, by Nakayama’s Lemma, we get P = (0). Thus, R is a domain and
m is the unique nonzero prime ideal of R.

(2) ⇒ (3) First, note that in both cases R is local with maximal ideal m. If R
is a UN -ring, then R has exactly one prime ideal which is m, and so R is a divided
ring. Now suppose R is a domain with unique nonzero prime ideal. Then, R has
exactly two prime ideals which are (0) and m. Clearly, (0) and m are comparable
with any other principal ideal of R. Consequently, R is a divided ring.

(3) ⇒ (1) Suppose that R is a divided ring (R is local with maximal ideal m)
and let I be a 2-absorbing ideal of R. Then, by [5], Theorem 2.4,

√
I = P is a prime

ideal of R such that P 2 ⊆ I. By using [13], Theorem 2.15, P 2 is a 1-absorbing
prime ideal of R. If P 2 is not a prime ideal of R, then m2 = P 2 ⊆ I, and so I is
a 1-absorbing prime of R. Otherwise, P 2 is a prime ideal of R, and so P 2 = P .
Since R is Noetherian, P is finitely genetared. Then, by [19], Theorem 1.8.22, P
is a principal and generated by an idempotent element. Thus, P = (0), and then
I = P = (0) is a (1-absorbing) prime ideal R.

A ring R is said to be a 2-P ring if its every 2-prime ideal is prime [9]. We
know that every 1-absorbing prime ideal is a 2-prime ideal and the converse is not
true. Now, we investigate rings over which every 2-prime ideal is a 1-absorbing
prime ideal.

Theorem 6. Let R be a Noetherian ring. If every 2-prime ideal of R is
1-absorbing prime ideal, then one of the following holds:

1. R is 2-P ring.

2. R is UN -ring.

C. R. Acad. Bulg. Sci., 75, No 5, 2022 637



3. R is a domain with unique nonzero prime ideal.

Proof. If R is non-local ring, then by using [13], Theorem 2.3 and our
hypothesis every 2-prime ideal of R is prime ideal. Thus, R is 2-P ring. Now
suppose that R is a local (with maximal ideal m) but not a UN -ring. Let P be
a non-maximal prime ideal of R. Then, Pm is a 1-absorbing prime ideal of R,
since Pm is a 2-prime ideal (by [14], Lemma 3.2). If Pm is not prime ideal, then
by Lemma 1 we have m2 ⊆ Pm, and so P = m, a contradiction. Hence, Pm is
prime ideal of R, and so Pm = P . Since R is Noetherian, by Nakayama’s Lemma,
we get P = (0). Thus, R is a domain and m is the unique nonzero prime ideal
of R.
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