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a b s t r a c t 

Dynamic systems are highly complex and hard to deal with due to their subject- and time-varying na- 

ture. The fact that most of the real world systems/events are of dynamic character makes modeling and 

analysis of such systems inevitable and charmingly useful. One promising estimation method that is ca- 

pable of unlearning past information to deal with non-stationarity is Stochastic Learning Weak Estimator 

(SLWE) by Oommen and Rueda (2006). However, due to using a constant learning rate, it faces a trade-off

between plasticity and stability. In this paper, we model SLWE as a random walk and provide rigorous 

theoretical analysis of asymptotic behavior of estimates to obtain a statistical model. Utilizing this model, 

we detect changes in stationarity to switch between exploratory and exploitative learning modes. Exper- 

imental evaluations on both synthetic and real world data show that the proposed method outperforms 

related algorithms in different types of drifts. 

© 2022 Elsevier Ltd. All rights reserved. 
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. Introduction 

Optimizing decision-making under uncertainty has always been 

n important task throughout human history. In order to achieve 

his, it is inevitable to study and understand how complex sys- 

ems work, which often involves concepts like behavior model- 

ng and estimation, recognizing patterns, detecting and adapting 

o changes, predicting future behavior, comparison of multiple sys- 

ems and running simulations. A complex system is often said to 

e non-stationary, meaning that its behavior changes with time, 

enerally in an unknown way. Also, depending on the characteris- 

ics or complexity of the target system (i.e., system under consid- 

ration), it might be hard, infeasible or even impossible to obtain 

round truths that can be used to evaluate how well our under- 

tanding is. Considering the prevalence of mentioned systems in 

odern era, these properties make the analysis of such systems a 

eneficial but challenging task. 

Behavior of a complex system is often represented with statis- 

ical models that are built considering the data collected from the 

ystem. This approach assumes that there is a true probability dis- 

ribution that characterizes a specific behavior, hence determines 

he generated data. An important problem is to estimate the pa- 

ameters of the underlying statistical model only from the observa- 
∗ Corresponding author. 
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ions of the target system. This, namely parameter estimation, is an 

mportant task in statistical Pattern Recognition (PR) [ 1,2 ], in both 

a) training phase of a PR system, where mathematical models are 

eing learned to represent various system behaviors, and (b) recog- 

ition/diagnosis phase, where the test inputs are processed to be 

lassified into one of several categories. 

In this respect, we would like to emphasize that in most cases, 

his is an online learning task, where the learner obtains and 

rocesses observations one-by-one, without having the whole se- 

uence available from the beginning. The non-stationarity of the 

arget system makes it necessary for the learning algorithm to be 

ble to adapt to the changes that might occur at unknown time 

eriods and keep the estimate close to the true value accordingly. 

uch algorithms generally employ a method to disregard obsolete 

nformation, either by actively tracking changes or maintaining an 

lways up-to-date estimate. 

Furthermore, the non-stationarity also introduces a fundamen- 

al trade-off that is studied in many branches of science, namely 

he exploration versus exploitation dilemma. Learners dealing with 

ata from non-stationary systems often try to strike a balance be- 

ween being adaptive and being stable. Being too exploratory re- 

ults in greater adaptation capability to changes, with the draw- 

ack of instability of estimates and the risk of forgetting impor- 

ant information too quickly. Conversely, prioritizing exploitation 

oo much makes estimates more stable, which however signifi- 

antly reduces how well the estimates track the true value of the 

arget parameter in cases of changes. A common approach is to 

refer exploration until a sufficient amount of learning is achieved, 

https://doi.org/10.1016/j.patcog.2022.108702
http://www.ScienceDirect.com
http://www.elsevier.com/locate/patcog
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hen focus on exploitation. This priority shift is repeated as long as 

he non-stationarity is present. 

SLWE, introduced by Oommen and Rueda in 2006 [3] , is an ef- 

cient estimation method that updates the value of the estimate 

t each time instant based on the current observation. The up- 

ate rule is adapted from linear reward-inaction (L R-I ) class of re- 

nforcement schemes in Learning Automata (LA) context [4] and 

he convergence attained is said to be weak , which means rather 

han the estimate itself, statistical moments of the estimate con- 

erge asymptotically. 

SLWE employs a learning coefficient parameter, λ, which is 

xed throughout learning and controls the amplitude of updates 

o the estimate. Hence, it determines how much the recent ob- 

ervation affects the running estimate, making the method more 

daptive or more stable. In this regard, determination of λ is con- 

ected to the exploration–exploitation trade-off mentioned before, 

hich is the main motivation of this study. 

With this study, we model SLWE as a random walk and ana- 

yze the evolution of estimates during learning. We provide a thor- 

ugh analysis of position, displacement and expected jump sizes of 

LWE random walk. Further, we study the evolution of positional 

robability density and show that the estimation mechanism of 

LWE is in fact consistent with diffusion , a concept that is used to 

xplain various phenomena in nature. We show that the drift ve- 

ocity of estimates diminishes over time, which is consistent with 

he weak convergence property of SLWE. Also, we prove that the 

iffusion coefficient is asymptotically constant, which significantly 

implifies the analysis. As a result, we obtain a statistical model for 

he asymptotic behavior of estimates. By estimating the drift ve- 

ocity and utilizing the derived model, with an approach adapted 

rom Time Series Analysis (TSA), we treat estimates as a time se- 

ies and decompose it into different stationarity segments, which 

re (i) the trend-stationary phase, which is the result of non-zero 

rift velocity and (ii) the stationary phase, which is reached after 

he trend is diminished. 

We provide algorithms for detecting (i) non-stationary to sta- 

ionary changes, which indicate that a saturation point in learn- 

ng is reached and it is preferable to prioritize exploitation and (ii) 

tationary to non-stationary changes, which indicate that a change 

as occurred and exploration should be the focus thereafter. 

In this regard, we propose Stochastic Learning Weak Estima- 

or with Adaptive Learning Mode (SLWE-ALM), which is capable 

f efficiently ( O (1) for each observation) switching between ex- 

loratory and exploitative learning modes with different learning 

oefficients, based on the stationarity of estimates. We experimen- 

ally test the proposed method on (i) synthetically generated bi- 

omial and multinomial distributions with different types of con- 

ept drift and (ii) real world data that are collected from (a) ac- 

elerometers attached to humans while performing daily activities 

nd (b) customer reviews on products with different domain and 

entiment types. We show that the proposed method successfully 

erforms switches between mentioned learning modes and tracks 

he target parameter better compared to similar methods in litera- 

ure, on different types of changes. 

The paper is organized as follows: In Section 3 , some pre- 

iminary concepts are introduced. Related work is discussed in 

ection 2 . In Section 4 , random walk modeling of SLWE and adap-

ive learning modes are described. In Section 5 , the provided anal- 

sis is verified with simulations, proposed method is tested on 

ynthetic and real world data and the results are discussed. In 

ection 6 , the study is finalized with conclusions and future work. 

. Related work 

Learning in non-stationary environments is often expressed 

ith the term concept drift , where the target variable (or distri- 
2 
ution) that is to be learned changes over time in an unknown 

ay. The term is coined by Schlimmer and Granger in 1986 [5] . 

ue to being fundamental yet complicated with a plethora of real 

ife applications, this problem attracted many researchers through- 

ut the years. Especially in recent times, with the increased avail- 

bility of large amounts of data, it has been rather uncommon for 

achine Learning (ML) and PR applications to work on concepts 

hat remain stationary over extended periods of time. An emerging 

hallenge is to learn/detect/classify patterns in streaming (i.e., re- 

uiring real-time processing) and evolving (i.e., involving concept 

rift) data, which necessitates capability of noticing and reacting 

o changes, and various approaches have been proposed tackling 

ifferent fundamental aspects of the problem [6–9] . Applications 

here concept drift is relevant are abundant, including intrusion 

etection [10] , fraud detection and prevention [11] , malware clas- 

ification, [12] , spam filtering [13] and financial prediction [14] . 

A common way to handle concept drift is to consider only the 

ata that is relevant to the ongoing concept, which is generally re- 

erred to as instance selection . A widely used method for selecting 

epresentative data is to use a sliding window over the obtained in- 

tances and utilize the local information for near future predictions 

15] . This way, temporal nature of the data is taken into account by 

iscarding obsolete information that is not related to the current 

ontext. The size of the window may be fixed or adjusted adap- 

ively according to the span of current drift [16,17] , which is an at- 

empt to overcome the problem of tuning window size. There are 

lso techniques referred to as instance weighting , where observa- 

ions have a weighted effect on the estimation depending on their 

roperties. One prominent approach is using recency information 

o assign weights to instances, which is also referred to as gradual 

orgetting [18] . There are variations of this idea which utilize linear 

18] or exponential [16] functions for forgetting irrelevant informa- 

ion. 

Learners that are capable of handling concept drift can further 

e categorized into two main groups [19] , which are (a) trigger 

ased methods which utilize a signal that specifies when to change 

r update the current model and (b) evolving methods which try 

o maintain model accuracy at all times. Trigger based methods 

ften employ a change detection technique to decide whether to 

tart learning a new model or, if the method is capable of identify- 

ng and saving different concept descriptors, to switch to another 

re-learned one. A widely used approach is to compare previous 

nd recent portions of data by using statistical tests that indicate 

hanges in the underlying distribution. Change detection can be 

one directly on the observed data [17] , model parameters [20] or 

f the problem is supervised, which unfortunately is not always the 

ase, using error metrics [5] . Evolving methods, on the other hand, 

o not try to detect changes since whether the concept has drifted 

r not, they always tweak the model to fit to the most recent situa- 

ion. One particular example of such learners is SLWE [3] , which is 

dapted from the LA domain by employing the L R-I update scheme. 

his method is said to be a weak estimation method, since the es- 

imates do not converge with probability of 1. Instead, statistical 

oments of estimates are shown to converge asymptotically. Such 

earners are capable of unlearning obsolete information and main- 

ain a running estimate in a very space and time efficient way. 

eak estimators are widely used for various applications that re- 

uire dealing with non-stationary systems, which include anomaly 

etection [21] , compression [22] , online data stream classification 

23] and hand gesture classification [24] . 

Considering the learning mode switching mechanism we pro- 

ose in this study, our method can be categorized as both trigger 

ased, as it actively tracks for changes in stationarity of estimates, 

nd evolving since the estimate is always up-to-date even there is 

o change detected. We utilize the change information to control 

 parameter ( λ) of the evolving method (SLWE). 



K. Co ̧s kun and B. Tümer Pattern Recognition 129 (2022) 108702 

s

a

C

d

i

s

n

b

r

p

l

e

m

e

v

e

d

s

i

a

l

p

q

m

f

n

p

l

r

l  

s

s

i

t

t

a

d

a

l

i  

a

s

a

d

t

w

m

t

w

w

d

3

s

3

f

t

i

[

t

S

w

(

c

a

p

t

a

i

t

v  

I  

t

a

m

3

e

t

e

o  

c

t

a

t  

a

a

o

b

E  

s

t  

C

b

w

t

m

u  

3

r

t

o  

k

t

i  

p

a

t  

r

a  

i

t

a  

t  
A famous dilemma that almost all learners face regarding non- 

tationary environments is described in various ways in the liter- 

ture. One of them is exploration versus exploitation in Adaptive 

ontrol and Reinforcement Learning (RL) [25] contexts. The same 

ilemma is also referred to as stability-plasticity [26] . In essence, 

t is the trade-off between integration of novel information ver- 

us taking advantage of information that worked so far. There are 

umerous studies and approaches tackling this problem in many 

ranches of science. Considering learning in non-stationary envi- 

onments, some common approaches are [27] , (a) to prioritize ex- 

loration initially and then decrease its priority gradually as the 

earning proceeds based on a decreasing function of time, (b) to 

xplore as long as the average performance is less than the esti- 

ated maximum performance, (c) to explore as long as the av- 

rage prediction error, which is a measure for how well the en- 

ironment is known, is higher than a predetermined level, (d) to 

xplore considering the rate of change of average reward or pre- 

iction error. Utilization of a descending function of time as de- 

cribed in (i) requires the determination of decrease rate and max- 

mum/minimum values, which generally depends on the problem 

nd does not work well on slowly changing parameters. Also, it 

acks a mechanism to re-prioritize exploration when needed. Ap- 

roaches given in (ii) to (iv) are more adaptive, however they re- 

uire an estimation of current performance, a measurement of 

odel coverage or a supervising signal, which are sometimes in- 

easible or impossible to obtain. The method we propose does not 

eed a performance indicator to decide whether to explore or ex- 

loit, instead it utilizes stationarity of estimates to switch between 

earning modes when necessary. 

A particularly closely related recent study is [28] , where the pa- 

ameter estimation under abruptly changing environments is tack- 

ed by combining a fast (SLWE with a relatively low, fixed λ) and a

low (sample mean estimator) learner. The slow learner progres- 

ively decreases variance and is adjusted by performing a jump 

f there is enough evidence of deviation from a normal distribu- 

ion (indicating an abrupt change), which is discovered empirically 

hrough stochastic simulation. The use of sample mean estimator 

s the slow learner makes the method perform well especially on 

ynamic environments with longer stationary segments with few 

brupt changes. Our method, on the other hand, utilizes a single 

earner that, through changing a parameter considering stationar- 

ty of estimates, can be slow or fast, or as we prefer to describe

s exploratory or exploitative. A particular difference between our 

tudy and [28] is that, we do not use a time-based approach and 

ctively track changes also from non-stationarity to stationarity to 

etermine when to switch. Also, since exploratory and exploita- 

ive modes of our method are separately adjustable for changes 

ith different severity characteristics, we argue that SLWE-ALM is 

ore flexible to be used with multiple types of drift and robust 

o changes that do not trigger the mode switch. We consider cases 

here the change is not detected not as false positives, but cases 

here exploratory mode is not necessary and the change can be 

ealt with in exploitative mode. 

. Preliminaries 

In this section, some basic concepts used in the rest of this 

tudy are introduced. 

.1. Stochastic Learning Weak Estimator 

Estimation of parameters that characterize a random variable 

rom the observations of that random variable is an important 

ask and has been studied for many years. In this respect, SLWE 

s an estimation method proposed by Oommen and Rueda in 2006 

3] , in which the estimate converges weakly , that is, with regard 
3 
o the first and second statistical moments. This property enables 

LWE to outperform traditional, strong (i.e., estimate converges 

ith probability 1) methods like Maximum Likelihood Estimate 

MLE) and Bayesian estimates when the parameter being estimated 

hanges with time. In such non-stationary environments, being 

ble to quickly “unlearn” what is learned before becomes an im- 

ortant attribute to adapt to the new environment. SLWE achieves 

his by maintaining a running estimate of the target parameter by 

n update rule. 

The estimation method is, in principle, similar to the L R-I learn- 

ng scheme of a learning automaton. After each observation of 

he random variable, the estimate is updated based on its current 

alue and the observation, using a learning coefficient λ, 0 < λ < 1 .

t is shown in [3] that, (a) the convergence is independent of λ, (b)

he rate of convergence is determined by an explicit function of λ, 

nd (c) variance of the estimate depends on λ. These properties 

ake λ an important parameter to be studied. 

.1.1. Weak estimation of parameters of a binomial distribution 

In the simplest case, parameters of a binomial distribution are 

stimated. A binomial distribution is the probability distribution 

hat reflects the outcomes of n independent experiments, where 

ach experiment is called a Bernoulli trial and might result in an 

utcome that is an element of the set of � = { s 1 , s 2 } of two out-

omes. Generally, these two outcomes represent success/failure, 

rue/false or yes/no cases. Thus, the parameters that characterize 

 binomial distribution are (a) the number of Bernoulli trials n , (b) 

he probability vector p = { p s 1 , p s 2 } where p s i represents the prob-

bility of observing outcome s i . Since the two outcomes s 1 and s 2 
re mutually exclusive, the sum of probabilities of observing each 

utcome adds up to 1, that is p s 1 + p s 2 = 1 . 

Now, let X be a binomially distributed random variable and X n 
e the realization of X at time n that can take values from the set 

 = { 1 , 2 } , where each value corresponds to an outcome from the

et � of outcomes. The problem is defined as to estimate parame- 

ers of the binomial distribution from the sequence { X 1 , X 2 , . . . , X n } .
oncerning this, the number of trials is assumed to be the num- 

er of observations, reducing the goal to estimate the parameter p, 

hich is done by maintaining an estimate ˆ p (n ) that is obtained at 

ime n by the update rule given in Eq. (1) . 

ˆ p s i ( n + 1 ) ← 

{
1 − λ

(
1 − ˆ p s i ( n ) 

)
, if X n = i 

λ ˆ p s i ( n ) , if X n � = i 
(1) 

This update rule similar to L R-I scheme and it adjusts the esti- 

ate based on the most recent observation. The amplitude of the 

pdate, | ̂  p s i (n + 1) − ˆ p s i (n ) | , depends on the learning coefficient λ.

.1.2. Weak estimation of parameters of a multinomial distribution 

A multinomial distribution is the probability distribution that 

eflects the outcomes of a multinomial experiment , which is a sta- 

istical experiment that consists of n independent trials where the 

utcome of each trial is an element of the set � = { s 1 , s 2 , . . . , s k } of

 discrete, mutually exclusive outcomes. Thus, a multinomial dis- 

ribution is characterized by the parameters n and the probabil- 

ty vector P = [ p s 1 , p s 2 , . . . , p s k ] 
T where each p s i , i = 1 , . . . , k , is the

robability of observing outcome s i . Since each outcome is mutu- 

lly exclusive, the sum of probabilities add up to 1, 
∑ k 

i =1 p s i = 1 . 

Given a multinomially distributed random variable X , which 

akes values from the set E = { 1 , 2 , . . . , k } where each value cor-

esponds to an outcome from the set S described above, the re- 

lization of X at a given time n is denoted by X n ∈ E. Consider-

ng the same problem of estimating the probability vector P from 

he sequence of observations of X , in this case, SLWE maintains 

 running estimate vector ˆ P (n ) = [ ̂  p s 1 (n ) , . . . , ˆ p s k (n )] T which refers

o the estimate of P , where ˆ p s (n ) is the estimate of p s at time n .

i i 
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Fig. 1. A simple random walker on one-dimensional space of integers. The walker 

starts from m ∈ Z and jumps to the right or left with probabilities p and q = 1 − p, 

respectively. 
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his running estimate vector is updated after each observation by 

he rule given in Eq. (2) . 

ˆ p s i ( n + 1 ) ← 

{
ˆ p s i ( n ) + ( 1 − λ) 

∑ 

j � = i ˆ p s j ( n ) , if X n = i 

λ ˆ p s i ( n ) , if X n � = i 
(2) 

Similarly, this update rule penalizes (since 0 < λ < 1 ) the run- 

ing estimates except the one that corresponds to the most recent 

bservation. The penalized amount is then added to the probability 

stimate of currently observed outcome. Since the penalized and 

dded values are equal, this operation always obeys the second ax- 

om of probability, that is 
∑ k 

i ˆ p s i (n ) = 1 at all times. 

.1.3. Non-stationary distributions 

The main advantage of SLWE shows up when the distribution is 

on-stationary. A non-stationary distribution is characterized by a 

arameter (or a parameter vector) that changes with time. These 

hanges can be (i) gradual where the transition from one value 

o another happens over some time or (ii) abrupt where the pa- 

ameter “switches” from one value to another suddenly. For abrupt 

hanges, distribution is assumed to be stationary between change 

oints. These stationary segments are called regimes which enables 

s to describe a non-stationary distribution as a linear combination 

f stationary regimes. 

It should be noted that, each regime can be arbitrarily long, that 

s, changes occur in random times. However, very frequent changes 

ould result in a chaotic distribution where learning is not possi- 

le. Hence, we assume each regime continues long enough for the 

arameter to be learned. 

Considering the general definition of a random variable as a 

unction that maps the set of possible outcomes � to a mea- 

urable space E, that is X : � → E, the sequence of observations 

 = { X 1 , X 2 , . . . , X k } also involves the same non-stationary structure

efined earlier. 

In problems that involve non-stationarity, a learner is expected 

o adapt to the new value of the parameter as soon as possible 

hile maintaining accuracy throughout learning. SLWE is shown 

o outperform sliding window based techniques in non-stationary 

istributions that involve sudden changes [3] . 

.2. Random walks 

A random walk is generally defined as a stochastic process 

hich specifies a trajectory that consists of successive random 

teps. In order to describe a random walk, it is necessary to spec- 

fy (i) a state space (i.e., positions that the random walker can be 

t), (ii) a set of valid jumps, (iii) a probability distribution that in- 

icates probabilities of each jump, (iv) an initial state probability 

istribution of the walker. A particularly simple form of random 

alk would be defined on the set of integers, Z . Initially, the ran- 

om walker is placed at position s 0 = m , where s t indicates the

osition of the walker at time t and m ∈ Z . After fixed time inter-

als �t , the walker either jumps to the right (to the least integer 

reater than s t ) with probability p or to the left (to the greatest 

nteger less than s t ) with probability q = 1 − p. A representation of

his simple random walk is given in Fig. 1 . 
4 
Random walks have been studied extensively are shown to be 

seful mathematical objects for modeling and quantifying behavior 

f stochastic activities [29] . 

. Methodology 

In this section, the proposed method is described in multiple 

ubsections. The learning mode switching method we propose in 

his paper utilizes the asymptotic behavior of estimates obtained 

rom SLWE. We study the evolution of estimates in dynamic en- 

ironments by modeling SLWE as a random walk in Section 4.1 . 

tarting from the simple walk on one-dimensional space of inte- 

ers introduced earlier, we relax two assumptions considering state 

pace and jump sizes to model SLWE. In Section 4.1.1 , position and 

isplacement concepts are defined according to the update rule of 

LWE. The asymptotic analysis of expected position and displace- 

ent is studied through multiple lemmas. Additionally, the rela- 

ion between position and displacement is explained in a form of 

eedback loop which is considered to be the reason behind con- 

ergence. In Section 4.1.2 , the evolution of positional probability 

ensity is studied. With the help of analysis techniques often used 

n statistical mechanics, the behavior of probability density as the 

umber of jumps grows large is examined and a model for asymp- 

otic distribution is obtained. 

In Section 4.2 , the proposed adaptive switching mechanism 

s explained. Utilizing the derived model in Section 4.1 , Section 

.2.1 discusses how learning progress is noticed by tracking sta- 

ionarity of estimates. Complexity of the proposed method is dis- 

ussed in Section 4.3 . 

.1. Stochastic learning weak estimator as a random walk 

The consecutive update approach of SLWE on estimates makes 

t possible to model and study it as a random walk on a one- 

imensional space. It is plausible to consider that the estimate ob- 

ained at time n using SLWE update rule corresponds to the po- 

ition of a random walker at time n . Furthermore, the probabili- 

ies of applying penalty or rewarding in the update rule for the 

inomial case given in Eq. (1) , correspond to probabilities of the 

andom walker jumping to a position that is on the left or right, 

espectively. In this study, such a random walk is referred to as an 

SLWE random walk.”

In spite of the correspondence to the simple random walk ex- 

lained in Section 3.2 , modeling SLWE as a random walk requires 

elaxing some restrictive assumptions introduced earlier. The first 

ssumption that needs to be relaxed is that the state space of the 

imple random walk is discrete, that is to say, the consecutive po- 

itions that the walker can be at are a fixed distance apart (i.e., 

x = const. ). This is the reason why positions along the line are la-

eled using integers in Fig. 1 . However, this is not the case in SLWE

andom walk because of the fact that the position of the walker 

s analogous to the probability estimate obtained by SLWE. Thus, 

LWE random walker can be at any real-valued position between 

 and 1. 

Moreover, the assumption of step sizes of all jumps to either of 

he two directions being fixed and equal (i.e., | �x | = const. ) also

eeds to be relaxed. Due to the fact that in SLWE, each update 

akes use of the most recent estimate to calculate the new es- 

imate; the location reached by the SLWE random walker after a 

ump depends on its previous location and the learning coefficient, 

. This characteristic makes jumps initiated from different loca- 

ions along the one-dimensional space result in different displace- 

ents of the walker. 

The assumption of time intervals between jumps ( τ ) being fixed 

nd equal does not need to be relaxed to model SLWE since each 

stimate is also obtained with fixed time intervals. For the sake of 
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Fig. 2. SLWE is modeled as a random walk on a 1-dimensional continuous interval 

[0 , 1] . The walker starts from position x, 0 < x < 1 , and jumps to position 1 − λ(1 −
x ) with probability p and to position λx with probability q = 1 − p. 

s

t

4

s

T  

t  

c

x

i

w  

m

v  

e

j

j  

a

g

L

j

T

P

a

E

T

w

E

A  

g

E

w

d

p

t  

s

w

L

L

b

P

s

s

T

E

A  

g

E

w

p

t

j

t

x
x
x

x

w

n

a

a

L

a

P

s

T

E

A

E

F  

h

E

w

d

o

m

L

w

s

P

E

implicity, we omit τ in our notation by setting τ = 1 . Considering 

hese, modeling of SLWE as a random walker is given in Fig. 2 . 

.1.1. Position and displacement 

Let us start the analysis of SLWE random walk by introducing 

ome concepts that will be useful for the following formulations. 

he position of the walker after n jumps is denoted by x n and from

he update rule of SLWE for the binomial case given in Eq. (1) , it

an be written as: 

 n ← 

{
1 − λ( 1 − x n −1 ) , with probability p 
λx n −1 , with probability q = 1 − p 

(3) 

The walker can not jump to a position that is beyond the lim- 

ts of the one-dimensional space. For instance, if x n −1 = 1 and the 

alker jumps to the right, it reaches to x n = 1 − λ(1 − 1) = 1 , re-

aining at the position where the jump is initiated. The same is 

alid for the case where x n −1 = 0 and the walker jumps to the left.

An important characteristic of SLWE random walk is that the 

xpected position of the walker converges after a large number of 

umps. It turns out that the converged value is the probability of 

umping to the right, p. This is shown in Lemma 1 by a utilizing

 technique that is generally used in LA context. A similar proof is 

iven in [3] . 

emma 1. Let x n be the position of SLWE random walker after n 

umps and p be the probability that the walker jumps to the right. 

hen, E [ x ∞ 

] = p. 

roof. Let us write the conditional expected value of the position 

fter n + 1 jumps in terms of x n by using Eq. (3) . 

 [ x n +1 | x n ] = p [ 1 − λ( 1 − x n ) ] + q [ λx n ] 
= p ( 1 − λ + λx n ) + ( 1 − p ) ( λx n ) 
= p − pλ + pλx n + λx n − pλx n 
= p ( 1 − λ) + λx n 

(4) 

aking the expectation second time, by the law of total expectation 

e obtain: 

 [ x n +1 ] = p ( 1 − λ) + λE [ x n ] (5) 

s n → ∞ , both E [ x n +1 ] and E [ x n ] converge to E [ x ∞ 

] , therefore we

et: 

E [ x ∞ 

] = p ( 1 − λ) + λE [ x ∞ 

] 
 [ x ∞ 

] − λE [ x ∞ 

] = p ( 1 − λ) 
E [ x ∞ 

] ( 1 − λ) = p ( 1 − λ) 
E [ x ∞ 

] = p 

(6) 

hich completes the proof. �

Another important concept that is used in the analysis of ran- 

om walks is the displacement , which is the amount of change in 

osition due to a jump. The displacement of the walker caused by 

he n th jump is denoted by s n . From Eq. (3) , s n can be written as:

 n ← 

{
( 1 − λ) ( 1 − x n −1 ) , with probability p 
x n −1 ( λ − 1 ) , with probability q = 1 − p 

(7) 

As a result of Lemma 1 , the expected displacement of SLWE 

alker converges to zero over time. This behavior is shown in 

emma 2 . 
5 
emma 2. Let s n be the displacement of SLWE random walker caused 

y the n th jump. Then, E [ s ∞ 

] = 0 . 

roof. Displacement is the difference between final and initial po- 

itions, therefore: 

 n = x n − x n −1 (8) 

aking the expectation of both sides: 

 [ s n ] = E [ x n ] − E [ x n −1 ] (9) 

s n → ∞ , both E [ x n ] and E [ x n −1 ] converge to E [ x ∞ 

] . Hence we

et: 

 [ s ∞ 

] = E [ x ∞ 

] − E [ x ∞ 

] (10) 

hich is zero. �

As defined earlier, displacement is the amount of change in the 

osition of the walker resulting from a single jump. In addition to 

his, total displacement is the overall change in position in multiple 

umps, compared to the initial position. It is possible to formulate 

he position of the walker after n jumps by: 

 1 = x 0 + s 1 
 2 = x 1 + s 2 = x 0 + s 1 + s 2 
 3 = x 2 + s 3 = x 1 + s 2 + s 3 = x 0 + s 1 + s 2 + s 3 

. . . 
 n = x 0 + 

∑ n 
i =1 s i 

(11) 

here the term 

∑ n 
i =1 s i the total displacement of the walker after 

 jumps and is denoted by s ∗n . 
In accordance to Lemmas 1 and 2 , expected total displacement 

fter a large number of jumps is equal to the difference between p

nd the initial position, which is shown in Lemma 3 . 

emma 3. Let s ∗n be the total displacement of SLWE random walker 

fter n jumps. Then, E [ s ∗∞ 

] = p − x 0 . 

roof. From Eq. (11) , s ∗n is written as: 

 

∗
n = x n − x 0 (12) 

aking the expectation of both sides, we get: 

 [ s ∗n ] = E [ x n ] − x 0 (13) 

s n → ∞ , we get: 

 [ s ∗∞ 

] = E [ x ∞ 

] − x 0 (14) 

rom Lemma 1 , we know that E [ x n ] converges to p as n → ∞ ,

ence we get: 

 [ s ∗∞ 

] = p − x 0 (15) 

hich completes the proof. �

Now, let us study how the expected displacement of SLWE ran- 

om walker caused by the n th jump changes with the position 

f the walker. It turns out that the expected displacement always 

oves the agent closer to p, which is shown in Lemma 4 . 

emma 4. Let E [ s n ] be the expected displacement of SLWE random 

alker caused by the n th jump. Then the following is true: 

gn ( E [ s n ] ) = 

{ −1 , if x n −1 > p 
0 , if x n −1 = p 
1 , if x n −1 < p 

(16) 

roof. From Eq. (7) , E [ s n ] is calculated as: 

 [ s n ] = q [ x n −1 ( λ − 1 ) ] + p [ ( 1 − λ) ( 1 − x n −1 ) ] 
= ( 1 − λ) ( −x n −1 + px n −1 + p − px n −1 ) 
= ( 1 − λ) ( p − x n −1 ) 

(17) 
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Fig. 3. The relation between expected displacement, position where the jump is initiated and λ is depicted for different p and λ values. The point where the expected 

displacement becomes zero is the equilibrium point. As seen in (a), p determines the position of equilibrium point, whereas as seen in (b), λ determines the amount of 

expected displacement. 
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here (1 − λ) and p are fixed and always non-negative since 0 < 

< 1 and 0 ≤ p ≤ 1 . Therefore, the sign of E [ s n ] is determined by

he value of x n −1 . 

The sign of E [ s n ] for different values of x n −1 can be calculated

y dividing the 1-dimensional space into three segments, which 

re x n −1 < p, x n −1 = p and x n −1 > p. These segments are repre-

ented with points x L , x P and x R where x L < x P = p < x R . 

Then, for x n −1 = x L : 

 [ s n ] = ( 1 − λ) ( p − x L ) (18) 

here the term (p − x L ) is positive since x L < p. Therefore 

gn (E [ s n ]) = 1 . 

For x n −1 = x P : 

 [ s n ] = ( 1 − λ) ( p − x P ) (19) 

hich is zero. Therefore sgn (E [ s n ]) = 0 . 

Finally, for x n −1 = x R : 

 [ s n ] = ( 1 − λ) ( p − x R ) (20) 

here the term (p − x R ) is negative since x R > p. Therefore 

gn (E [ s n ]) = −1 , which completes the proof. �

Considering this relation between the expected displacement 

nd the position of the walker, it is possible to say that each jump

s expected to bring the walker closer to p. We call this point the

quilibrium point and denote it by x eq . Expected displacements of 

ll jumps that are initiated from non-equilibrium points are non- 

ero and tend to move the walker gradually to the equilibrium 

oint. Independent of the initial position, the walker eventually 

eaches to and tends to stay around this point. This relation be- 

ween position and displacement can be considered as a feedback 

oop and is shown in Fig. 3 . 

Now, let us examine how sizes of jumps (i.e., absolute displace- 

ent) in either direction change with the position of the walker. 

bsolute displacement to the left and right are denoted by 

∣∣∣s L n 

∣∣∣ and 

s R n 

∣∣∣, respectively. As seen in Eq. (7) , displacement depends on the 

osition of the walker, λ and the direction of the jump. It turns out 

hat, location p is the point where the expected absolute displace- 

ents caused by jumps in both directions become equal. In addi- 

ion to this, if the walker is located at the left of p (i.e., x n −1 < p),

he size of a right jump is greater than that of a left jump, and the

pposite is true for x n −1 > p. This relation is shown in Lemma 5 . 

emma 5. Let E [ | s L n | ] and E [ | s R n | ] be the expected absolute displace-

ent of SLWE random walker to the left and right, respectively. Then, 
6

gn 

(
E 

[∣∣s R n 

∣∣] − E 

[∣∣s L n 

∣∣]) = 

{ −1 , if x n −1 > p 
0 , if x n −1 = p 
1 , if x n −1 < p 

(21) 

roof. From Eq. (7) , we can write: 

 

[∣∣s R n 

∣∣] − E 

[∣∣s L n 

∣∣] = p ( 1 − λ) ( 1 − x n −1 ) − qx n −1 ( 1 − λ) 

= ( 1 − λ) [ p ( 1 − x n −1 ) − ( 1 − p ) x n −1 ] 
= ( 1 − λ) ( p − px n −1 − x n −1 + px n −1 ) 
= ( 1 − λ) ( p − x n −1 ) 

(22) 

et us find the sign this function for all possible values of x n −1 

y the same technique used in Lemma 4 . The 1-dimensional space 

s divided into three segments, which are x n −1 < p, x n −1 = p and 

 n −1 > p and represented with points x L , x P and x R respectively 

here x L < x P = p < x R . 

Then, for x n −1 = x L : 

 

[∣∣s R n 

∣∣] − E 

[∣∣s L n 

∣∣] = ( 1 − λ) ( p − x L ) (23) 

here both terms (p − x L ) and (1 − λ) are positive since x L < p

nd 0 < λ < 1 . Hence, sgn (E [ | s R n | ] − E [ | s L n | ]) = 1 . 

For x n −1 = x P : 

 

[∣∣s R n 

∣∣] − E 

[∣∣s L n 

∣∣] = ( 1 − λ) ( p − x P ) 

= 0 

(24) 

hich implies sgn (E [ | s R n | ] − E [ | s L n | ]) = 0 . 

Finally, for x n −1 = x R : 

 

[∣∣s R n 

∣∣] − E 

[∣∣s L n 

∣∣] = ( 1 − λ) ( p − x R ) (25) 

here the term (p − x R ) is negative. Therefore, sgn (E [ | s R n | ] −
 [ | s L n | ]) = −1 , which completes the proof. �

Considering this relation between the position and the absolute 

isplacement, it is possible to say that it is harder for the walker 

i.e., more jumps needed) to move away from p than getting close 

o p. 

Expected jump sizes to either direction for different positions 

re shown in Fig. 4 . 

.1.2. Evolution of positional probability density 

Now, let us consider another aspect of SLWE random walk, 

hich is how the positional probability density that determines 

he probability of the walker being at a given position, changes as 

he number of jumps grows large. We are particularly interested 

n the asymptotic behavior of the mentioned probability density, 

ince it will form a base for the following sections. We will be uti- 

izing the analysis techniques that are often used in the context of 

tatistical mechanics . 
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Fig. 4. Expected jump sizes of SLWE random walk to either direction for different positions where the jump is initiated. In this case, p = 0 . 6 . As previously mentioned in 

Lemma 5, left and right jumps sizes are equal only at position p. As seen from the difference between (a) and (b), λ effects the expected jump sizes but not the equilibrium 

point. 
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Fig. 5. There are only two positions from which an SLWE random walker can reach 

x with a single jump. 
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Up to now, we have used the number of jumps, n , as an argu-

ent to time-dependent terms in our notation. As mentioned ear- 

ier in the definition of SLWE random walk, we assume that jumps 

ccur in regular time intervals, τ . That being the case, the first 

ump occurs at time τ , the second at time 2 τ and the n th jump

t time nτ . We switch to time index notation as we will be deal-

ng with partial derivatives shortly. 

Let W (x, t) be the probability density to find the walker at po- 

ition interval (x, x + dx ) at time t . As previously stated, we are in-

erested in the behavior of this probability density as t → ∞ . Also,

t is useful to define the transition probability P (x, t| x ′ , t ′ ) , which is

he probability of the walker jumping to x at time t given that it is

ocated at x ′ at time t ′ . Depending on the relation between t and 

 

′ , this probability could indicate multi-jump transitions. However, 

ince SLWE random walk satisfies the Markov property, which can 

e deduced from the fact that only the ( n − 1 )th estimate is used

or calculating the n th estimate, we mostly use P (x, t| x ′ , t − τ ) ,

hich is the single jump transition probability. 

It is plausible to start with studying the change that happens in 

 (x, t) after a single jump. This could be done by writing W (x, t)

n terms of probabilities of all possible positions that the walker 

ould have been at time t − τ and are single jump away from 

 . Additionally, probabilities of such jumps should also be taken 

nto account. This recursive approach is known as the Chapman- 

olmogorov equation [30] and could be shown as: 

 ( x, t + τ ) = 

∑ 

x ′ 
W 

(
x ′ , t 

)
P 
(
x, t + τ | x ′ , t ) (26) 

This equation, in essence, specifies that in order to reach x at 

ime t + τ , the walker must first reach an arbitrary intermediate 

osition x ′ , then make the transition from x ′ to x . By taking into

ccount all possible intermediate positions from which the walker 

an reach x with a single jump and the probabilities of these 

umps, it is possible to determine W (x, t + τ ) . This way of repre-

enting the evolution of a system that is modeled with a probabil- 

ty distribution is an example of a master equation . 

As shown previously in Eq. (7) , for SLWE random walk, 

isplacement depends on the position of the walker. Thus, 

q. (26) could be written as: 

 (x, t + τ ) = 

∑ 

s 

W (x − s, t)�(s | x − s ) (27)

here �(s | x ) is the probability that the displacement of the 

alker caused by the jump initiated from position x is s . This prob-

bility can be obtained for SLWE random walk from Eq. (7) as: 

( s | x ) ← 

{ 

p, if s = ( 1 − λ) ( 1 − x ) 
q = 1 − p, if s = x ( λ − 1 ) 
0 , otherwise 

(28) 
7 
The generalized master equation given in Eq. (27) can be writ- 

en for SLWE random walk easily. If the walker is at position x at

ime t + τ , there are only two possible positions where the walker 

ould have been at time t , which are x ′ L (left) and x ′ R (right). These

pecific positions are calculated using Eq. (3) and shown in Fig. 5 . 

 − λ
(
1 − x ′ L 

)
= x 

x ′ L = 

x + λ−1 
λ

(29) 

x ′ R = x 
x ′ R = 

x 
λ

(30) 

Considering Eqs. (27), (28), (29) and (30) and the arbitrary in- 

ermediate point x ′ = { x ′ L , x ′ R } , it is possible to write W (x, t + τ )

or SLWE random walk as: 

 ( x, t + τ ) = W 

(
x ′ L , t 

)
�

(
x − x ′ L | x ′ L 

)
+ W 

(
x ′ R , t 

)
�

(
x − x ′ R | x ′ R 

)
= W 

(
x ′ L , t 

)
p + W 

(
x ′ R , t 

)
q 

= W 

(
x + λ−1 

λ
, t 

)
p + W 

(
x 
λ
, t 

)
q 

(31) 

It is now useful to introduce Kramers-Moyal expansion , which 

s a method of applying Taylor series expansion to a master equa- 

ion in order to obtain a partial differential equation, and given as 

31,32] : 

∂ 

∂t 
W (x, t) = 

∞ ∑ 

n =1 

(−1) n 

n ! 

∂ n 

∂x n 
[ αn (x ) W (x, t)] (32) 

here αn (x ) is the n th jump moment and given as: 

n ( x ) = 

∫ ∞ 

−∞ 

(
x ′ − x 

)n 
P 
(
x ′ | x )dx 

′ 
(33) 

here P (x ′ | x ) is the probability of jumping from x to x ′ . For apply-

ng Kramers-Moyal expansion, the number of terms to include in 

he series is an important decision. Pawula theorem [33] specifies 

hat the expansion might stop after the first or the second term. 

f the expansion does not stop after the second term, then it must 

ontain infinite number of terms for the solution to be considered 

s a probability density function [34] . 
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Applying Kramers-Moyal expansion to Eq. (31) with the as- 

umption of τ being small and keeping only the first two terms, 

e obtain the Fokker-Planck equation [35,36] : 

∂ 

∂t 
W (x, t) = − ∂ 

∂x 
[ μ(x ) W (x, t)] + 

∂ 2 

∂x 2 
[ D (x ) W (x, t)] (34)

here, 

(x ) = α1 (x ) (35) 

s the drift velocity and, 

 (x ) = 

α2 (x ) 

2 

(36) 

s the diffusion coefficient . 

Let us examine the asymptotic behavior of drift velocity and 

iffusion coefficient of SLWE random walk. 

heorem 6. Let μ(x t ) be the drift velocity of SLWE random walk at 

ime t. Then, μ(x ∞ 

) = 0. 

roof. Drift velocity at time t can be calculated as: 

( x t ) = α1 ( x t ) 

= 

∫ ∞ 

−∞ 

(
x ′ t+ τ − x t 

)
P 
(

x ′ t+ τ | x t 
)
dx ′ t 

(37) 

For SLWE random walk, the first jump moment can be written 

s: 

1 ( x t ) = 

∑ 

s s �( s | x t ) 
= E [ s t ] 

(38) 

s t → ∞ , we get: 

( x ∞ 

) = E [ s ∞ 

] (39) 

rom Lemma 2 , we plug the value of E [ s ∞ 

] : 

(x ∞ 

) = 0 (40) 

hich completes the proof. �

This means that, the drift term in Eq. (34) tends to approach 

ero for SLWE random walk with the growing number of jumps. 

his is not the case for simple random walk defined earlier, where 

n asymmetry in the jump probabilities (i.e., p � = q ) causes a

onzero drift velocity of the walker. Thus, as long as the asymme- 

ry is present, the walker constantly gets drifted towards the dom- 

nant side. For SLWE random walk, the feedback loop between the 

osition and the displacement forces the walker to approach the 

quilibrium point x eq = p. This does not affect the asymmetry in 

ransition probabilities, but it produces another asymmetry in the 

izes of left and right jumps. These two asymmetries are exactly 

he opposite, that is: 

p 

q 
= 

∣∣s L n 

∣∣∣∣s R n 

∣∣ (41) 

onsequently, since these two asymmetries cancel out the effect 

f each other, the expected displacement and the net drift both 

pproach zero. 

In order to examine the diffusion coefficient, we first investigate 

he asymptotic behavior of the expected squared position of SLWE 

andom walker and show that it is constant in Lemma 7 . 

emma 7. Let E [ x 2 t ] be the expected value of squared position of

LWE random walk. Then, E [ x 2 ∞ 

] is constant. 

roof. From Eq. (3) , x 2 t is written as: 

 

2 
t ← 

{
[ 1 − λ( 1 − x t−τ ) ] 

2 
, with probability p 

[ λx t−τ ] 
2 
, with probability q = 1 − p 

(42) 
8

From Eq. (42) , the conditional expectation is written as: 

 

[
x 2 t 

∣∣x t−τ

]
= p [ 1 − λ( 1 − x t−τ ) ] 

2 + q [ λx t−τ ] 
2 

= p 
[
1 − 2 λ( 1 − x t−τ ) + λ2 ( 1 − x t−τ ) 

2 
]

+ qλ2 x 2 t−τ

= p 
(
1 − 2 λ−2 λx t−τ + λ2 − 2 λ2 x t−τ + λ2 x 2 t−τ

)
+ ( 1 −p ) λ2 x 2 t−τ

= λ2 x 2 t−τ + 2 λpx t−τ ( 1 − λ) + p ( 1 − λ) 
2 

(43) 

Taking the expected value of the conditional expectation yields: 

 

[
E 

[
x 2 t 

∣∣x t−τ

]]
= E 

[
x 2 t 

]
= λ2 

E 

[
x 2 t−τ

]
+ 2 λp ( 1 − λ) E [ x t−τ ] + p ( 1 − λ) 

2 

(44) 

As t → ∞ , E [ x 2 t ] and E [ x 2 t−τ ] converge to E [ x 2 ∞ 

] . Therefore we

et: 

 

[
x 2 ∞ 

]
= λ2 

E 

[
x 2 ∞ 

]
+ 2 λp ( 1 − λ) E [ x ∞ 

] + p ( 1 − λ) 
2 

(45) 

Since E [ x ∞ 

] = p ( Lemma 1 ), 

E 

[
x 2 ∞ 

]
= λ2 

E 

[
x 2 ∞ 

]
+ 2 λp 2 ( 1 − λ) + p ( 1 − λ) 

2 

 

[
x 2 ∞ 

](
1 − λ2 

)
= 2 λp 2 ( 1 − λ) + p ( 1 − λ) 

2 

E 

[
x 2 ∞ 

]
( 1 + λ) = 2 λp 2 + p ( 1 − λ) 

E 

[
x 2 ∞ 

]
= 

2 λp 2 + p ( 1 −λ) 
1+ λ

(46) 

hich is constant. �

Using Lemma 7 , we show in Theorem 8 that the diffusion coef- 

cient is also asymptotically constant. 

heorem 8. Let D (x t ) be the diffusion coefficient of SLWE random 

alk at time t. Then, D (x ∞ 

) is constant. 

roof. The diffusion coefficient at time t is: 

 ( x t ) = 

α2 ( x t ) 
2 

= 

1 
2 

∫ ∞ 

−∞ 

(
x ′ t+ τ − x t 

)2 
P 
(

x ′ t+ τ | x t 
)
dx ′ t 

(47) 

For SLWE random walk, the second jump moment can be writ- 

en as: 

2 ( x t ) = 

∑ 

s s 
2 �( s | x t ) 

= E 

[
s 2 t 

] (48) 

Hence, as t → ∞ , diffusion coefficient becomes: 

 ( x ∞ 

) = 

E 

[
s 2 ∞ 

]
2 

(49) 

In order to calculate E [ s 2 ∞ 

] , we first derive E [ s 2 t ] . From Eq. (7) s 2 t 

s written as: 

 

2 
t ← 

{
( 1 − λ) 

2 
( 1 − x t−τ ) 

2 
, with probability p 

x 2 t−τ ( λ − 1 ) 
2 
, with probability q = 1 − p 

(50) 

From Eq. (50) , we write the conditional expectation as: 

 

[
s 2 t 

∣∣x t−τ

]
= p 

[
( 1 − λ) 

2 
( 1 − x t−τ ) 

2 
]

+ q 
[
x 2 t−τ ( λ − 1 ) 

2 
]

= ( 1 − λ) 
2 
[

p ( 1 − x t−τ ) 
2 + ( 1 − p ) x 2 t−τ

]
= ( 1 − λ) 

2 
[

p 
(
1 − 2 x t−τ + x 2 t−τ

)
+ x 2 t−τ − px 2 t−τ

]
= ( 1 − λ) 

2 
(
x 2 t−τ − 2 px t−τ + p 

) (51) 

Taking the expectation a second time, we get: 

 

[
s 2 t 

]
= ( 1 − λ) 

2 
(
E 

[
x 2 t−τ

]
− 2 pE [ x t−τ ] + p 

)
(52) 

As t → ∞ , we obtain: 

 

[
s 2 ∞ 

]
= ( 1 − λ) 

2 
(
E 

[
x 2 ∞ 

]
− 2 pE [ x ∞ 

] + p 
)

(53) 

From the proofs of Lemma 1 and Lemma 7 , we plug values of 

 [ x ∞ 

] and E [ x 2 ∞ 

] : 

 

[
s 2 ∞ 

]
= ( 1 − λ) 

2 
(

2 λp 2 + p ( 1 −λ) 
1+ λ − 2 p 2 + p 

)
= 

2 ( 1 −λ) 
2 ( p−p 2 ) 

1+ λ

(54) 
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Fig. 6. Standard normal densities with different skewness values. Zero, negative 

and positive skew densities have the same mean and variance. 
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Finally we get: 

 (x ∞ 

) = 

(1 − λ) 2 (p − p 2 ) 

1 + λ
(55) 

here p and λ are constants and there is no positional term. 

herefore, the theorem is proven. �

This result, diffusion coefficient being asymptotically constant, 

s important since it significantly simplifies the solution of the 

okker-Planck equation. 

Now, let us examine the statistical variance of positions of 

LWE random walk as t → ∞ . A similar proof is given in [3] . 

heorem 9. Statistical variance of the positions of SLWE random 

alker is only determined by p and λ asymptotically. 

roof. Statistical variance is calculated as: 

ar [ x ∞ 

] = E 

[
x 2 ∞ 

]
− E [ x ∞ 

] 
2 (56) 

rom Lemma 1 and Lemma 7 , we plug the values of E [ x 2 ∞ 

] and

 [ x ∞ 

] 
2 

and obtain: 

ar [ x ∞ 

] = 

2 λp 2 + p ( 1 −λ) 
1+ λ − p 2 

= 

p ( 1 −p ) −pλ( 1 −p ) 
1+ λ

= 

( 1 −λ) ( p−p 2 ) 
1+ λ

(57) 

hich is consistent with [3] . �

With Theorems 6 and 8 we have shown that the net drift ve- 

ocity for SLWE random walk diminishes over time and the diffu- 

ion coefficient is asymptotically constant. As a result, as t → ∞ , 

he Fokker-Planck equation is reduced to: 

∂ 

∂t 
W (x, t) = D 

∂ 2 

∂x 2 
W (x, t) (58) 

hich is the well-known diffusion equation (sometimes called 

ick’s second law of diffusion) and explains how concentration 

hanges with time due to diffusion. 

Eq. (58) has the same mathematical form with the famous 

eat equation , which describes the time-dependent distribution of 

eat in a solid medium. Therefore, a fundamental solution of heat 

quation, which is also called the heat kernel , is also valid for 

q. (58) with the only difference of using diffusion coefficient D 

nstead of thermal conductivity k . This solution is given as [37] : 

 (x, t) = 

1 √ 

4 πDt 
exp 

(
− x 2 

4 Dt 

)
(59) 

hich is a normal distribution with μ = 0 and σ 2 = 2 Dt . 

One important characteristic of the solution given in Eq. (59) is 

hat, given enough time, it transforms into a uniform distribution. 

his also explains the fact that the heat exchange stops when the 

hermal equilibrium is reached. However, this is not the case in 

LWE random walk. Since the statistical variance of the positions 

f the walker is constant as shown in Theorem 9 , the positional 

robability density does not become a uniform distribution over 

ime. Instead, it converges to a normal distribution and stays the 

ame as long as p does not change. 

Another important point regarding the solution given in 

q. (59) is that there is no limitation on the particle positions, 

 ∈ (−∞ , ∞ ) , i.e., a particle can be located anywhere. However, this

s also not the case in SLWE random walk. Since positions of the 

alker correspond to probability values, it must be limited to a 

ange of values between 0 and 1, that is x ∈ [0 , 1] . As previously

entioned, update rules of SLWE for both binomial and multi- 

omial cases already ensure that positions always remain in this 

ange due to the fact that jump size approaches 0 as position ap- 

roaches 0 or 1. Therefore, in its unbounded form, solution given 
9 
n Eq. (59) does not perfectly model the positional probability den- 

ity of SLWE random walk. 

In order to satisfy x ∈ [0 , 1] , probabilities of positions beyond 

his range could be set to zero. However, since the support of nor- 

al distribution is defined as x ∈ R , clipping these probability val- 

es to zero without any scaling operation would violate the second 

xiom of probability, in other words, the following equation would 

ot be satisfied: 
 1 

0 

W (x, t) dx = 1 (60) 

A mathematically justifiable way of applying truncation to a 

robability density function is to scale it up uniformly so that the 

ntegral over the resulting range equals to 1. The resulting distribu- 

ion is an example of doubly truncated normal distribution , where 

 normal distribution is clipped from both a lower and an upper 

ound, and defined as ψ( ̄μ, σ̄ , a, b; x ) [38] where μ̄ and σ̄ are the

ean and variance of the original (sometimes called the parent) 

istribution; a and b are the lower and upper bounds of trunca- 

ion. 

For SLWE random walk, the effect of truncation depends on the 

alues of p and λ, which determine the mean and the variance of 

he positional probability density. The difference between the orig- 

nal and the truncated distribution gets smaller as the amount of 

rea being clipped out gets smaller. Considering this, it is expected 

o observe less difference between the original and the truncated 

istribution as the mean of original distribution gets farther from 

oth lower and upper bounds (i.e., p being close to 0.5) and the 

ariance of original distribution gets smaller ( λ being close to 1). 

Another important effect of introducing bounds to possible po- 

ition values is that it alters the third moment of the distribution, 

hich is a measure for skewness (i.e., the lack of symmetry). A dis- 

ribution with a negative skew (also called left-skewed or skewed 

o the left) has a longer left tail and is concentrated on the right 

ide, whereas the opposite is valid for a distribution with a positive 

kew. The effect of skewness is depicted in Fig. 6 . 

The reason behind having bounds in possible values of a 

andom variable introducing skewness is further analyzed in 

heorem 10 . 

heorem 10. Let Y be a real random variable, a a real number and 

 a =: max (a, Y ) . Then, the skewness of X is a non-decreasing func- 

ion of a . 

roof. Let γ (a ) be the skewness of X a , then γ (a ) must be a non-

ecreasing function. The n th moment of X a is, 

 n (a ) = 

∫ ∞ 

a 

(x − a ) n f (x ) dx (61) 

here f (x ) is the probability density function of Y . 



K. Co ̧s kun and B. Tümer Pattern Recognition 129 (2022) 108702 

M

w

w

w

M

M

w

a

μ

B  

w  

i

γ

γ

w

i

n

M

w

t

s

(

f  

t

M

w

a

Fig. 7. Estimates obtained from two SLWE instances with different learning rates, 

run on a non-stationary sequence composed of three regimes, which are sequences 

sampled from different binomial distributions with parameters 0.2, 0.5 and 0.8, re- 

spectively. 

s

i

f

b

b

s

n

c

t

s

s

4

w

t

r

t

T

d

t

t

n

l

m

n

l

t

d

o

t

r

i

r

i

s

t

s

T  

S

Leibniz integral rule states that, 

d 

dt 

∫ b 

a 

f (x, t) dx = 

∫ b 

a 

∂ 

∂t 
f (x, t) dx (62) 

Applying Eq. (62) to moment equation, we get: 

 

′ 
n ( a ) = 

d 
da 

∫ ∞ 

a ( x − a ) 
n f ( x ) dx 

= 

∫ ∞ 

a 
∂ 
∂a ( x − a ) 

n f ( x ) dx 
(63) 

here, with the help of chain rule for integration, ∂ 
∂a 

(x − a ) n is 

ritten as: 

∂ 
∂a 

(
( x − a ) 

n 
)

= 

∂u n 

∂u 
∂u 
∂a 

= −n ( x − a ) 
n −1 (64) 

here u = x − a . Therefore, we get: 

 

′ 
n ( a ) = 

∫ ∞ 

a −n ( x − a ) 
n −1 f ( x ) dx 

= −nM n −1 ( a ) 
(65) 

As a special case, the derivative of the first moment is, 

 

′ 
1 ( a ) = 

∫ ∞ 

a 

− f ( x ) dx = −F ( a ) (66) 

here F (a ) is the cumulative distribution function of Y . 

Skewness, namely the third standardized moment, is defined 

s: 

3 = 

μ3 

σ 3 

= 

E [ ( x −μ) 
3 ] 

( E [ ( x −μ) 
2 ] ) 

3 / 2 

= 

E [ x 3 ] −3 μE [ x 2 ] +3 μ2 
E [ x ] −μ3 

( E [ x 2 ] −2 μE [ x ] + μ2 ) 
3 / 2 

(67) 

y substituting μ and E [ x ] with M 1 (a ) , E [ x 2 ] with M 2 (a ) and E [ x 3 ]

ith M 3 (a ) , we obtain γ (a ) . Note that, we omit indices while writ-

ng moments for reasons of simplicity. 

(a ) = 

M 3 −3 M 1 M 2 +2 M 

3 
1 

(M 2 −M 

2 
1 
) 3 / 2 

(68) 

Taking the derivative of skewness as shown in Eq. (65) , we get: 

′ ( a ) = 

(
M 

′ 
3 − 3 M 

′ 
1 M 2 − 3 M 1 M 

′ 
2 + 6 M 

2 
1 M 

′ 
1 

)(
M 2 − M 

2 
1 

)−3 / 2 

+ 

(
M 3 − 3 M 1 M 2 + 2 M 

3 
1 

)
( −3 / 2 ) 

(
M 2 − M 

2 
1 

)−5 / 2 (
M 

′ 
2 − 2 M 1 M 

′ 
1 

)
= 

(
−3 M 2 + 3 M 2 F + 6 M 

2 
1 − 6 M 

2 
1 F 

)(
M 2 − M 

2 
1 

)−3 / 2 

+ 

(
M 3 − 3 M 1 M 2 + 2 M 

3 
1 

)
( −3 / 2 ) 

(
M 2 − M 

2 
1 

)−5 / 2 
( −2 M 1 + 2 M 1 F ) 

= 

( 1 −F ) ( −3 ) 

(
M 2 −2 M 2 

1 

)
(

M 2 −M 2 
1 

)3 / 2 + 

( 1 −F ) ( −2 M 1 ) ( −3 / 2 ) 

(
M 3 −3 M 1 M 2 +2 M 3 

1 

)
(

M 2 −M 2 
1 

)5 / 2 

= 

( 1 −F ) 

(
−3 M 2 

2 
+3 M 2 

1 
M 2 +6 M 2 

1 
M 2 −6 M 4 

1 
+3 M 1 M 3 −9 M 2 

1 
M 2 +6 M 4 

1 

)
(

M 2 −M 2 
1 

)5 / 2 

= 

3 ( 1 −F ) 

(
M 1 M 3 −M 2 

2 

)
(

M 2 −M 2 
1 

)5 / 2 

(69) 

here 3 and (1 − F ) are obviously non-negative. The component 

n the denominator, (M 2 − M 

2 
1 
) , is essentially the variance of X , 

amely, 

 2 − M 

2 
1 = E 

[
X 

2 
]

− ( E [ X ] ) 
2 = Var [ X ] (70) 

hich is always non-negative. Finally, (M 1 M 3 − M 

2 
2 ) can be shown 

o be non-negative by applying Cauchy-Schwarz inequality, which 

tates that, 

 

E [ AB ] ) 
2 ≤ E 

[
A 

2 
]
E 

[
B 

2 
]

(71) 

or any two random variables A and B . (M 1 M 3 − M 

2 
2 ) can be rewrit-

en as, 

 1 M 3 − M 

2 
2 = E [ X ] E 

[
X 

3 
]

−
(
E 

[
X 

2 
])2 

(72) 

here the relation E [ X ] E [ X 3 ] ≥ (E [ X 2 ]) 
2 

is obtained for A = X 1 / 2 

nd B = X 3 / 2 in Eq. (71) . 
10 
Thus, γ ′ (a ) is always non-negative, which implies that the 

kewness γ (a ) is a non-decreasing function of the lower bound 

ntroduced to the random variable. �

As a result, we can deduce that if a random variable is bounded 

rom below, depending on the bound itself, the probability distri- 

ution will have non-negative skewness. Proof of Theorem 10 can 

e modified to show that an upper bound resulting non-positive 

kewness. In the case of asymmetrical double bounds, net skew- 

ess will always be non-zero. Therefore, we conclude that in most 

ases, positional probability distribution converges to a normal dis- 

ribution; however if p is close to either bound and/or variance is 

o high that the distribution is bounded from either end, we ob- 

erve a truncated skew-normal distribution. 

.2. Adaptive learning mode 

The main focus of this study is motivated by the fact that SLWE 

ith a fixed learning coefficient λ, faces a trade-off situation be- 

ween adaptation speed , i.e., how fast the estimates adapt to a new 

egime and tracking stability , i.e., how stable the estimates are. This 

rade-off is also described as the Stability-Plasticity Dilemma in [26] . 

his situation occurs due to the nature of the multiplicative up- 

ates performed on estimates after each observation. As seen in 

he update rule of SLWE given in Eq. (1) , learning coefficient λ de- 

ermines the effect of the most recent observation over the run- 

ing estimate. For simplicity, sometimes we prefer to use the term 

earning rate , denoted by η, and η = 1 − λ. 

Let us elaborate the effect of learning rate on the running esti- 

ate. A larger learning rate results in updates with larger mag- 

itudes, which is useful especially when a new regime is being 

earned. However, this makes estimates less stable, that is to say, 

he variance of estimates becomes larger. This can also be de- 

uced from Theorem 9 , where the statistical variance of positions 

f SLWE random walk is directly proportional to η. Resulting in- 

ense fluctuations of estimates negatively impact the overall accu- 

acy of estimator. This drawback has a higher impact in case noise 

s involved in observations, for the reason that a larger learning 

ate would amplify the disruptive effect of such incorrect instances. 

A smaller learning rate, on the other hand, reduces the plastic- 

ty and positively affects the stability of the estimates. Since each 

ubsequent update would occur within a relatively smaller ampli- 

ude, the variance of resulting values becomes smaller. Further, a 

maller learning rate reduces the negative effect of noisy instances. 

he effect of different learning rates is shown in Fig. 7 , where an

LWE instance with higher learning rate tracks new values of the 
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arget parameter much faster, with the drawback of a larger vari- 

nce of estimates. 

A classical approach to this problem is to prefer exploration at 

he beginning in order to build a general idea about the environ- 

ent and gradually prioritize exploitation of current knowledge 

ver time. One possible way to achieve this is to use a decreasing 

unction to lower the corresponding exploration parameter grad- 

ally with time. However, this approach lacks a mechanism for 

e-prioritizing exploration after changes and still suffers from the 

roblem of finding best values for parameters like decrease rate, 

ype of decay, maximum and minimum values for each applica- 

ion. Since there is no set of parameters that performs well on ev- 

ry type of problem (no free lunch theorem), an adaptive method 

s preferable. 

One possible way to make learning rate adaptive is to control it 

ccording to the learning progress . This way, exploitation could be 

radually prioritized when learning approaches to a level of satu- 

ation. However, measuring and detecting this level is a challeng- 

ng task. With this study, we propose a technique to measure the 

earning progress of SLWE method by utilizing the asymptotic be- 

avior derived in Section 4.1 . 

.2.1. Measuring learning progress 

A learner that uses the L R-I reinforcement scheme, updates es- 

imates in a multiplicative manner after each observation. Being 

n evolving method that utilizes L R-I scheme, SLWE only maintains 

he latest estimate for the target parameter to be estimated. How- 

ver, throughout learning, the history of values of estimates forms 

 time series . By analyzing this series of data, it is possible to split

t into a sequence of segments each with different characteristics. 

ne useful property to consider for segmentation is stationarity . 

A stationary process is said to remain in a statistical equilib- 

ium, that is to say, it preserves its statistical properties throughout 

ime. In particular, a stationary time series varies about a constant 

ean with a constant variance [39] . Considering the characteristics 

f SLWE, there is a time period when the drift velocity is non-zero, 

ence the mean is not constant. Therefore, the time series of esti- 

ates in this period is non-stationary. However, after some time, 

rift velocity approaches zero and estimates converge to a normal 

istribution with a specific mean and variance. Time series of esti- 

ates after this point is stationary, that is, its mean and variance 

re preserved as long as the regime continues. This transition from 

on-stationarity to stationarity is an indication of saturation and 

 checkpoint in learning progress. In this regard, prioritizing ex- 

loitation after the mentioned transition is preferable. 

Moreover, changes in the target parameter due to the non- 

tationary nature, results in previously weakly converged estimates 

eing not correct anymore (assuming that the true value of the tar- 

et parameter is changed). This change causes the previously di- 

inished drift velocity to become non-zero again. Therefore, time 

eries becomes non-stationary again and the learning progress is 

eset, making exploration preferable once more. 

In view of these, our proposed method is built upon detect- 

ng the stationarity transition of estimates. Specifically, we detect 

on-stationary to stationary transition as it indicates saturation; 

nd stationary to non-stationary transition as it indicates a regime 

hange. These two types of transitions are shown in Fig. 8 . Based 

n these changes, the learning mode is changed, which could be (i) 

n exploratory mode, which is activated after a stationary to non- 

tationary transition and utilizes a higher learning rate or (ii) an 

xploitative mode, which is activated after a non-stationary to sta- 

ionary transition and utilizes a lower learning rate. 

Now, let us explain the mentioned stationarity transitions and 

ow we detect them. 

Non-stationary to Stationary Transition 
11 
In the early stages of a regime, consecutive updates on esti- 

ates gradually move the mean to the correct value of the tar- 

et parameter. A series of estimates during this phase forms a sig- 

al that can be considered as a result of a non-stationary process. 

pecifically, since nonzero drift velocity in this phase causes the 

ean to change progressively, the underlying process could be cat- 

gorized as trend-stationary . A trend-stationary process is defined 

s: 

 t = μt + εt (73) 

here μt is a deterministic mean trend and εt is a stationary 

tochastic process. As the learning proceeds, since drift velocity di- 

inishes over time, this trend tends to disappear. After it disap- 

ears, estimates start to form a type of signal that is a result of a

tationary process. 

Note that, analytically calculating drift velocity is not possi- 

le since the true value of the target parameter, p, is not known. 

ence, we estimate drift velocity considering the changes in ex- 

ected value of estimates. 

Now, let us introduce some concepts that we use in order to 

etect this transition. 

A series of estimates ranging within the n th and m th estimates 

s denoted by S(n, m ) and shown as: 

(n, m ) = 

{
ˆ p (n ) , ˆ p (n + 1) , . . . , ˆ p (m ) 

}
(74) 

here m ≥ n ≥ 0 and ˆ p (n ) is the n th estimate. 

The mean of series S(n, m ) is denoted by μS(n,m ) and calculated 

s: 

S(n,m ) = 

1 

m − n + 1 

m ∑ 

i = n 
ˆ p (i ) (75) 

he variance of series S(n, m ) is denoted by σ 2 
S(n,m ) 

and calculated 

s: 

2 
S(n,m ) = 

1 

m − n + 1 

m ∑ 

i = n 
( ̂  p (i ) − μS(n,m ) ) 

2 (76) 

From Lemma 1 , we know that μS(n,m ) converges to p as m → ∞ 

nd there is no regime change. In this regard, it is useful to track 

he difference between consecutive values of expected estimates 

s the learning proceeds. An indication of drift velocity approach- 

ng zero is expected estimates getting arbitrarily closer for a pe- 

iod of time. This indication could be detected by tracing the mov- 

ng variance of expected estimates from the starting point of the 

ast stationary to non-stationary transition. For this reason, we de- 

ne the series of expected estimates ranging within the n th and 

 th expected estimates, where each expected estimate is calcu- 

ated considering estimates starting from the n ns th one. This series 
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s denoted by S E (n ns , n, m ) and shown as: 

 E (n ns , n, m ) = 

{
μS(n ns ,n ) , μS(n ns ,n +1) , . . . , μS(n ns ,m ) 

}
(77) 

here m ≥ n ≥ n ns ≥ 0 . This series definition is useful for calcu- 

ating the moving variance for n th estimate, which is denoted by 

 

2 (n ns , n ) and calculated as: 

 

2 (n ns , n ) = 

1 

w s 

n ∑ 

i = n −w s +1 

(μS(n ns ,i ) − μS E (n ns ,n −w s +1 ,n ) ) 
2 (78) 

here w s is the window size, μS E (n ns ,n,m ) is the mean of expected 

stimates starting from the n th to the m th one and calculated as:

S E (n ns ,n,m ) = 

1 

m − n + 1 

m ∑ 

i = n 
S E (n ns , i, i ) (79) 

As the drift velocity approaches zero, the value of s 2 (n ns , n ) also

pproaches zero. Hence, convergence is detected at time n if: 

 

2 (n ns , n ) < τs (80) 

here τs is the stationarity threshold . 

Suppose convergence is detected at time n = n s ; then the es- 

imates for the first and second moments of the distribution are 

alculated as: 

¯
 = μS(n ns ,n s ) (81) 

 

2 = σ 2 
S(n ns ,n s ) 

(82) 

hese estimates will be used for detecting the stationary to non- 

tationary transition. 

Notice that in some of the equations, a series of estimates (or 

xpected estimates) that is starting from the n ns th estimate is used, 

hich is the estimate where the last stationary to non-stationary 

ransition happened. This is to consider only the estimates for the 

urrent regime. If there are no such transitions happened before, 

ince there is nothing known about the distribution at the begin- 

ing, we assume that it is non-stationary and calculate from the 

rst estimate. 

Stationary to Non-stationary Transition 

Due to the non-stationary nature of the sequence, value of the 

arget parameter p switches to a new random value in unknown 

ntervals. After a switch, the estimate of p becomes obsolete, which 

auses the previously diminished drift velocity to become nonzero 

gain. As a result, a stationary to non-stationary transition occurs 

n the series of estimates. 

This transition can be detected by evaluating how good the pre- 

iously learned distribution is at representing new estimates. As 

stimates from a different regime are obtained, this measure tends 

o decrease with a rate determined by the drift velocity, hence by 

he learning rate. 

Considering estimates of the first and second moments, x̄ and 

 

2 , which are calculated in the previous stationary phase, it is pos- 

ible to measure the deviation from the current model by: 

 = 

∣∣∣ ˆ p (n ) − x̄ 

∣∣∣
s 

(83) 

nd a regime change is detected when the following condition, 

 > τds (84) 

here τds is called the deviation severity threshold , is observed 

dc times, which is called the deviation count threshold . For τds = 

 , τds = 2 and τds = 3 , the estimate must be different than ≈
8 . 27% , ≈ 95 . 45% and ≈ 99 . 73% of the distribution respectively to

e counted as deviative. 

The adaptive learning mode switching method is given in 

lgorithm 1 and the single-pass calculation of utilized statistical 

roperties are given in Algorithms 2 and 3 . 
12 
.3. Complexity analysis 

With each observation, sample mean and variance of the es- 

imates obtained from SLWE is calculated with a single-pass ap- 

roach (Welford’s online algorithm [40] ), where the new values are 

alculated in O (1) time utilizing a recurrence relation. 

The non-stationary to stationary detection is based on the mov- 

ng variance of sample means, which is also calculated in O (1) 

ime with a similar approach. The first w s calculations are simply 

one by the single-pass method; then with each observation, old- 

st element is replaced with the new one. A similar recurrence re- 

ation of already-known values is obtained for mean and variance. 

The update functions are given in Algorithms 2 and 3 and the 

erivations are provided in Appendix A . 

Consequently, the mechanism for adaptively switching between 

xploratory and exploitative modes works in O (1) time for each 

bservation, making the time complexity of SLWE-ALM O (n ) where 

 is the number of observations. 

. Experimental evaluation 

In this section, theoretical results obtained in previous sec- 

ions are simulated and experimentally tested on both synthetic 

nd real-world data and results are reported. 

.1. Simulation of provided analysis 

The provided analysis of SLWE random walk is verified with a 

tochastic simulation of extended number of jumps. Our goal is to 

how that (a) the drift velocity diminishes with growing number 

f jumps, (b) the positional probability density turns into a normal 

istribution with μ = p and σ 2 = (p − p 2 )(1 − λ) / (1 + λ) , and (c)

hen the distribution is clipped in an asymmetric way, we observe 

on-zero skewness. 

In Fig. 9 , the evolution of positional probability density for 

LWE random walk is shown. As seen in four consecutive periods 

f 250 jumps each in Fig. 9 (a) to 9 (d), as the number of jumps in-

reases, the histogram of positions of the walker “drifts” towards 

p. After some time, as the sample mean gets closer to p, the drift

iminishes and estimate distribution approaches a normal distri- 

ution. Also, during this time period, the sample variance tends to 

ecrease towards the theoretical value. 

The large time behavior of the same SLWE instance in Fig. 9 is 

iven in Fig. 10 . In Fig. 10 (a), histogram of 2 × 10 5 jumps is shown, 

here the sample mean and variance are equal to the theoretical 

alues up to 3 and 4 decimal places, respectively. In Fig. 10 (b), the

uantile-quantile(QQ) plot of 1 × 10 4 positions is given, where the 

inearity of the points indicate that the data is normal distributed. 

In Fig. 11 , the large time behavior of estimates obtained from 

LWE with λ = 0 . 95 and p = { 0 . 08 , 0 . 92 } is given. As seen in

ig. 11 (a) and 11 (c), sample mean and variance are again very close 

o theoretical values. However, as predicted, the histogram of posi- 

ions is left-skewed in Fig. 11 (a) and right-skewed in Fig. 11 (c). 

.2. Experiments on synthetic data 

In this set of experiments, proposed estimator with learning 

ode switching capability, SLWE-ALM, is compared to various esti- 

ators in the literature on synthetic data, which are systematically 

roduced by generating random variates from distributions of each 

egime. The parameter p that characterizes a distribution does not 

hange in the course of the active regime. At the regime switching 

oints however, p switches to the parameter of the new regime. 

In each run, algorithms are run on the identical non-stationary 

equence and estimates ( ̂  p ’s) are obtained. The success of tracking 
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Algorithm 1 Stochastic Learning Weak Estimator with Adaptive Learning Mode (SLWE-ALM) 

1: Initialize λexplore , λexploit , w s , τs , τds , τdc 

2: isStationary ← false , i dc ← 0 , n reg ← 1 , λ ← λexplore , x̄ 
old 
ˆ p 

← 0 , x̄ old 
E ̂ p 

← 0 

3: for each observation x do 

4: ˆ p ← SLW E (x, λ) 

5: n reg ← n reg + 1 

6: x̄ new 

ˆ p 
← ( ̂  p , ̄x old 

ˆ p 
, n reg ) 

7: s 2 
ˆ p 
← ( ̂  p , ̄x old 

ˆ p 
, s 2 

ˆ p 
, n reg ) 

8: if n reg < w s then 

9: x̄ new 

E ̂ p 
← ( ̄x new 

ˆ p 
, ̄x old 

E ̂ p 
, n reg ) 

10: s 2 
E ̂ p 

← ( ̄x new 

ˆ p 
, ̄x old 

E ̂ p 
, s 2 

E ̂ p 
, n reg ) 

11: else 

12: x̄ new 

E ̂ p 
← ( ̄x new 

ˆ p 
, ̄x 

replace 

ˆ p 
, ̄x old 

E ̂ p 
, n reg ) 

13: s 2 
E ̂ p 

← ( ̄x new 

ˆ p 
, ̄x 

replace 

ˆ p 
, ̄x old 

E ̂ p 
, s 2 

E ̂ p 
, n reg ) 

14: if isStationary = false then 

15: if s 2 
E ̂ p 

< τds then � stationarity detected 

16: λ ← λexploit 

17: m 1 , m 2 ← x̄ new 

ˆ p 
, s 2 

ˆ p 

18: isStationary ← true 

19: if isStationary = true then 

20: m 1 , m 2 ← x̄ new 

ˆ p 
, s 2 

ˆ p 

21: if 
ˆ p −m 1 √ 

m 2 
> τds then 

22: i dc = i dc + 1 

23: else if i dc > 0 then 

24: i dc = i dc − 1 

25: if i dc ≥ τdc then � regime change detected 

26: λ ← λexplore 

27: reset n reg , i dc , isStationary 

Algorithm 2 Growing Window Statistics 

1: function GrowingMean ( x new 

, ̄x old , N) 

2: x̄ new 

← x̄ old + (x new 

− x̄ old ) /N 

3: return x̄ new 

4: function GrowingVar ( x new 

, ̄x old , s 
2 
old 

, N) 

5: x̄ new 

← GrowingMean (x new 

, ̄x old , N) 

6: s 2 new 

← [ s 2 
old 

(N − 1) + (x new 

− x̄ new 

)(x new 

− x̄ old )] /N 

7: return s 2 new 

Algorithm 3 Moving Window Statistics 

1: function MovingMean ( x new 

, x old , ̄x old , N) 

2: x̄ new 

← x̄ old + (x new 

− x old ) /N 

3: return x̄ new 

4: function MovingVar ( x new 

, x old , ̄x old , s 
2 
old 

, N) 

5: x̄ new 

← MovingMean (x new 

, x old , ̄x old , N) 

6: s 2 new 

← s 2 
old 

+ [(x new 

− x old )(x new 

− x̄ new 

+ x old − x̄ old )] /N 

7: return s 2 new 
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p is measured by the mean absolute error(MAE) between p and ˆ p

s follows: 

AE = 

1 

N 

N ∑ 

n =1 

∣∣p m 

− ˆ p n 
∣∣ (85) 

here N is the total number of random variates in the non- 

tationary sequence, p m 

is the parameter of the ongoing regime 

nd ˆ p n is the n th estimate. This error metric is equal to zero in the

ase of perfect estimates. 

.2.1. Experiments on binomial random variables 

Experiment Setup 
13 
In this set of experiments, estimators are tested on binomial 

andom variables. The non-stationarity of the sequence is estab- 

ished by considering sudden, incremental and mixed drift types. 

or sudden drift, the parameters n , d, �min 
p and �max 

p are used 

o control the number of regimes, regime duration, minimum and 

aximum difference in p for each consecutive regime, respectively. 

his way we can generate sequences with different change fre- 

uency and severity characteristics. For incremental drift, we con- 

ider the following two versions, (a) linear incremental drift, where 

p changes to p ′ over a period of time in a linear fashion which is 

ontrolled by the same parameters as in the sudden drift case with 

he difference of �p ’s representing the overall change in p, and (b) 



K. Co ̧s kun and B. Tümer Pattern Recognition 129 (2022) 108702 

Fig. 9. Histograms of locations of an SLWE random walker for different periods of jumps. In each histogram, horizontal axis is zoomed in for better visibility and vertical 

dashed lines indicate the sample mean. In this case, p = 0 . 8 and λ = 0 . 98 , therefore μ = 0 . 8 and p = 0 . 00161 . Initial position of the walker is x 0 = 0 . 5 . 

Fig. 10. Large time behavior of estimates shown in Fig. 9 . Since p = 0 . 8 and λ = 0 . 98 , μ = 0 . 8 and p = 0 . 00161 . In (b), Q-Q plot of positions is shown, where R 2 = 0 . 997 . 
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inusoidal incremental drift, where p values are obtained by quan- 

izing ( sin (rπ) + 1) / 2 function, where r ∈ [ r 0 , r 1 ] , so that there are

 regimes each with a duration of d. 

For the mixed case, the aforementioned drift types are com- 

ined to obtain a single non-stationary sequence. These drift types 

re depicted in Fig. 12 . 

Methods 

The methods we compare the proposed method to are SLWE, 

lgorithm 1 in [28] (which is referred to as HY1 for clarity), 

Daptive WINdowing 2 (ADWIN2) [17] , HDDM-A (uses average 

s estimator) and HDDM-W (uses exponentially weighted mov- 

ng average (EWMA) statistic as estimator) from [41] , Page-Hinkley 

42] and as a baseline, sample mean estimator (SME). 

Parameters 

In [3] , it is stated that for SLWE λ ≈ 0 . 9 is empirically found

o give good results on binomial random variables. For the non- 

tationary sequences we run the experiments on, in order to mea- 

ure the effect of learning mode switches of the proposed method, 
14 
wo instances of SLWE with λ = { 0 . 96 , 0 . 98 } , which correspond to

xploratory and exploitative modes of the proposed method, are 

onsidered. The values for λ for these instances are selected empir- 

cally considering performance on sequences with different charac- 

eristics. For HY1, in [28] it is pointed out that λ = 0 . 96 , α = 10 −3 

nd ˜ n = 25 perform well for binomial random variables with both 

arge and small changes. For more smooth changes, authors se- 

ected λ = 0 . 96 , α = 10 −2 and ˜ n = 1 . For the proposed method, 

n order to align with HY1 as much as possible, λexplore = 0 . 96 ,

exploit = 0 . 98 (same values are used with corresponding SLWE in- 

tances), w s = 10 , τs = 5 × 10 −3 , τds = 3 . 291 (which corresponds to

= 10 −3 of HY1) and τdc = 1 are used for all types of changes.

etting τs to lower values makes the method more selective for 

he exploratory to exploitative mode switch, which causes more 

ime to be spent in exploration. This could be useful for sequences 

hat might undergo very rapid changes time to time. τds and τdc , 

n the other hand, control how much and how persistent changes 

ust be to trigger the exploitative to exploratory switch. Despite 
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Fig. 11. Large time behavior of estimates obtained from SLWE. In (a) and (b), p = 0 . 92 and λ = 0 . 95 , therefore μ = 0 . 92 and p 2 = 0 . 00188 . In (c) and (d), p = 0 . 08 and 

λ = 0 . 95 , therefore μ = 0 . 08 and p 2 = 0 . 00188 . In (b) and (d), R 2 = 0 . 973 . 

Fig. 12. Drift types considered in binomial experiments. In all sub-plots, horizontal axis represents observation count. 
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ot being focused on in this study, we expect higher values of τdc 

o make the method more robust to observations that are affected 

y noise. For ADWIN2, δ is set to 0.002 based on empirical results. 

or the other estimators, parameters are tuned to maximize perfor- 

ance. To eliminate the effect of randomness, each non-stationary 

equence is generated 100 times with different seeds for the Pseu- 

orandom Number Generator (PRNG) and average results are re- 

orted. 

Results 

The results are given in Table 1 and an example experiment run 

or each drift type is shown in Fig. 13 . As seen in Table 1 , pro-

osed method achieves less (or equal) error than all compared ap- 

roaches in all drift types. 
15 
As expected, exploratory SLWE instance outperforms the ex- 

loitative instance in the case of sudden and severe changes. For 

racking smaller changes however, exploitative SLWE performed 

etter due to sufficient adaptivity and better stability. Compared 

o both instances, SLWE-ALM manages to maintain better accuracy, 

hich is an indication of successfully switching between modes 

hen beneficial. 

HY1, which is the most closely related approach to the pro- 

osed method, is outperformed by SLWE-ALM, with a more sig- 

ificant difference especially on smaller changes. We observe that 

Y1 is severely impacted by false negatives, as it progressively de- 

reases variance when there is no drift detected. In cases where 

he target parameter changes with smaller increments, HY1 be- 
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Table 1 

Results obtained from experiments on binomial random variables. Each value is the average MAE of 100 runs. 

Parameters used to generate non-stationary sequences with large sudden drift are n = 4 , d = 600 , �min 
p = 0 . 5 , 

�max 
p = 1 . For small sudden drift n = 8 , d = 300 , �min 

p = 0 . 1 , �max 
p = 0 . 1 ; for linear incremental drift n = 48 , d = 

50 , �min 
p = 0 . 5 , �max 

p = 1 and for sinusoidal incremental drift n = 240 , d = 10 , r 0 = 0 , r 1 = 2 are used. Mixed 

case is obtained by combining an instance of each drift type. SLWE (E) and SLWE (T) correspond to exploratory 

and exploitative SLWE instances, respectively. 

Algorithm Large Sudden Small Sudden Linear Incremental Sinusoidal Incremental Mixed 

SLWE-ALM 0.054 0.046 0.040 0.040 0.052 

HY1 0.057 0.066 0.052 0.066 0.070 

SLWE (E) 0.055 0.054 0.053 0.040 0.054 

SLWE (T) 0.063 0.047 0.042 0.043 0.053 

ADWIN2 0.159 0.099 0.123 0.172 0.180 

HDDM-A 0.059 0.084 0.093 0.126 0.095 

HDDM-W 0.057 0.063 0.063 0.050 0.062 

Page-Hinkley 0.204 0.100 0.113 0.264 0.160 

Sample Mean 0.274 0.113 0.175 0.291 0.209 

Fig. 13. Estimates obtained from SLWE-ALM, SLWE and HY1. In each sub-figure, vertical axis is the probability and horizontal axis is observation count. 
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Results 
aves like the sample mean estimator (visible in Fig. 13 b and 13 c),

hich has limited adaptivity. On the other hand, the proposed 

ethod manages to adapt to such changes even they do not trigger 

he mode switch. This property enables SLWE-ALM to successfully 

rack the target value with the same set of parameters, in cases of 

oth large and small changes. 

Among the other methods, we observe that HDDM-A and 

DDM-W performed better than ADWIN2, whereas Page-Hinkley 

nd the sample mean estimator (as expected) performed the worst. 

.2.2. Experiments on multinomial random variables 

Experiment Setup 

In this set of experiments, estimators are tested on multino- 

ial random variables. Non-stationary sequences are generated 

onsidering the average absolute difference between each consecu- 

ive regime, hence controlling drift severity. For these experiments, 

arge and small sudden drift types are taken into account since 

ore than two oppositely incremental drifting concepts are not 

ossible to coexist in the same sequence. Sequences with sud- 
16 
en drift are generated with parameters n , d, �min 
p and �max 

p 

hich, similar to the binomial experiments, control the number of 

egimes, regime duration, minimum and maximum average differ- 

nce in p, respectively. 

Methods and Parameters 

The methods from the binomial experiments that can be ex- 

ended to the multinomial case are SLWE and HY2. The values of 

considered in [3] for multinomial experiments are between 0.9 

nd 0.99. For HY2, authors used λ = 0 . 95 , α = 10 −5 and ˜ n = 20 for

oth types of changes. With the same purpose of establishing fair- 

ess as in the binomial case, we run the proposed method with 

explore = 0 . 95 , λexploit = 0 . 98 , w s = 10 , τs = 5 × 10 −3 , τds = 3 . 291

nd τdc = 1 in both drift types. The extension of SLWE-ALM to 

ultinomial case is fairly simple. Since in this case there would be 

ore than one value for the moving variance and deviation from 

he current model, we simply consider the maximum of these val- 

es to be compared with the thresholds. Another approach could 

e considering the mean of these values. 



K. Co ̧s kun and B. Tümer Pattern Recognition 129 (2022) 108702 

Table 2 

Results obtained from experiments on multinomial ( | ∑ | = 

4 ) random variables. Each value is the average MAE of 100 

runs. Parameters used to generate the large sudden drift are 

n = 5 , d = 600 , �min 
p = 0 . 4 , �max 

p = 1 and small sudden drift 

are n = 5 , d = 600 , �min 
p = 0 , �max 

p = 0 . 1 . Mixed case is ob- 

tained by combining an instance of each drift type. SLWE 

(E) and SLWE (T) correspond to exploratory and exploitative 

SLWE instances, respectively. 

Algorithm Large Sudden Small Sudden Mixed 

SLWE-ALM 0.038 0.029 0.036 

HY2 0.040 0.035 0.038 

SLWE (E) 0.046 0.050 0.049 

SLWE (T) 0.068 0.031 0.049 
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Table 3 

Results of experiments done on HASC2010corpus, which involves 

18 activity sequences performed by 7 subjects. The average num- 

ber of activities in activity sequences is 12. Performance of estima- 

tors are measured in terms of MAE, which is calculated consider- 

ing the true distribution parameters empirically obtained from the 

data offline. 

Sequence ID SLWE-ALM HY2 SLWE (E) SLWE (T) 

HASC1001 0.031 0.038 0.035 0.033 

HASC1002 0.030 0.038 0.034 0.036 

HASC1003 0.033 0.030 0.041 0.035 

HASC1004 0.038 0.033 0.046 0.041 

HASC1005 0.037 0.039 0.045 0.039 

HASC1006 0.032 0.031 0.037 0.036 

HASC1007 0.035 0.042 0.041 0.039 

HASC1008 0.035 0.034 0.038 0.037 

HASC1009 0.033 0.037 0.034 0.033 

HASC1010 0.031 0.039 0.033 0.034 

HASC1011 0.040 0.038 0.039 0.041 

HASC1012 0.036 0.039 0.040 0.040 

HASC1013 0.027 0.030 0.028 0.028 

HASC1014 0.032 0.040 0.040 0.035 

HASC1015 0.038 0.036 0.041 0.042 

HASC1016 0.029 0.040 0.034 0.033 

HASC1017 0.038 0.043 0.039 0.038 

HASC1018 0.043 0.041 0.045 0.044 

Avg: 0.034 0.037 0.038 0.037 
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As shown in Table 2 , proposed method outperforms other es- 

imators in all drift types. We observe that HY2 performs better 

n multinomial random variables than binomial, which could be 

aused by the fact that, as discussed in [28] , changes are more ev-

dent in the multinomial setting. 

.3. Experiments on real world data 

In this section, proposed method is experimentally tested on 

eal world data. 

.3.1. Estimation of human activities from accelerometer data 

Data Set 

In this set of experiments, estimators are run on 3 accelerome- 

er data from HASC2010corpus 3 . This data set is formed by Hu- 

an Activity Sensing Consortium (HASC), and includes labels and 

ensor data collected from different people while they are per- 

orming the following activities: walking, jogging, skipping (happy 

alking), walking up/down the stairs and staying. The data set in- 

ludes both (a) segmented data for each activity, performed by dif- 

erent subjects multiple times and (b) activity sequence data, in 

hich different subjects perform various activities in a consecutive 

anner while the readings from attached accelerometer is con- 

tantly logged. Our experiments are performed on the activity se- 

uence data. 

This data set is believed to be suitable to test the proposed 

ethod considering the assumption that accelerometer readings 

rom different activities are characterized by different distributions. 

his is also the reason behind the non-stationarity in the activity 

equence. Each activity alone is considered to be a stationary pro- 

ess, which is consistent with the regime definition provided be- 

ore. Similarly, the goal is to measure the effect of changing the 

earning rate according to stationarity. 

Experiment Setup 

Initially, sensor data is subjected to a preprocessing phase, 

hich involves downsampling, normalization and discretization. 

ince the dimensionality of data is already low, a dimensionality 

eduction step was not needed. The sampling rate of accelerom- 

ter is 100Hz for all sequences, and the average activity duration 

s ≈ 10 0 0 samples long, which corresponds to ≈ 10 seconds for 

ach activity. However, activities vary in duration both between 

he reappearances in the same sequence and along different se- 

uences. The sensor data for each sequence is downsampled (or 

ecimated) by a factor of 3, that is, only every 3rd sample is kept. 

he normalization is applied so that each 3-dimensional vector is 

caled to unit norm. Discretization is done by utilizing a clustering 
3 https://hasc.jp/hc2010/HASC2010corpus/hasc2010corpus-en.html a

p

17
ethod and evaluating clustering performance for parameter op- 

imization. In activity sequences, each sensor reading is clustered 

nd represented with the cluster it is assigned to. As a result, a 1- 

imensional discrete sequence of cluster labels is obtained. Specif- 

cally, in this set of experiments, hierarchical agglomerative clus- 

ering with Ward’s linkage metric [43] is used. Since the correct 

abels are not known, clustering performance is measured with a 

odel-based metric, Davies-Bouldin score [44] . While deciding on 

he number of clusters, the resulting difference between distribu- 

ions of activities is also taken into consideration. This difference 

or consecutive regimes can be calculated as: 

p = 

1 

| �| 
| �| ∑ 

i =0 

∣∣∣p n s i 
− p n +1 

s i 

∣∣∣ (86) 

here p n s i 
is the probability of event s i at n th regime. As expected, 

e observed less �p as the number of clusters decreases. As a 

esult, clustering parameters are empirically selected so that the 

avies-Bouldin score is minimized and distributions of regimes are 

ot indistinguishable. 

Methods and Parameters 

Since the resulting sequence of each activity is in essence real- 

zations of a multinomial random variable, we compare the pro- 

osed method to approaches considered in multinomial experi- 

ents with the same set of parameters. 

Evaluation 

Evaluation of the estimates are done by comparing the prob- 

bility estimate of each possible outcome to the true probability 

f that outcome. However, unlike the synthetic experiments, true 

robability distribution of each regime are not known in this case. 

herefore, true parameters of the distribution are obtained by an- 

lyzing the clustered sequence of observations for each activity in 

he sequence in an offline manner. Similar to the synthetic experi- 

ents, MAE is used to measure how close estimates are to the true 

arameters. 

Results 

The results obtained are given in Table 3 . Considering the aver- 

ge of 18 sequences from 7 subjects, SLWE-ALM outperforms com- 

ared methods. 

https://hasc.jp/hc2010/HASC2010corpus/hasc2010corpus-en.html
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Fig. 14. Cumulative absolute error of estimators on HASC1014 sequence. 
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Table 4 

Results obtained from experiments on multi-domain senti- 

ment dataset, where the goal is to track the vector of prob- 

abilities of selected keywords. 

Algorithm MAE 

SLWE-ALM 0.045 

HY2 0.051 

SLWE (E) 0.051 

SLWE (E) 0.053 

SLWE (T) 0.058 
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In Fig. 14 we show an example sequence where the robustness 

f the proposed method compared to HY2 is visible. The sudden 

ncrease in cumulative absolute error of HY2 starting around 30 0 0 

s a result of a false positive. At the same spot, proposed method 

lso did not detect a change hence remained in exploitative mode. 

owever, being still able to adapt to the new regime, SLWE-ALM 

oes not suffer from such cases and achieves less cumulative error 

han other estimators. 

.3.2. Multi-domain sentiment dataset 

Data Set 

In this experiment, we consider the problem of tracking domain 

nd sentiment information on streaming text data obtained from 

ustomer reviews [45] . The data set contains reviews on 4 types of 

roducts (books, DVDs, kitchen and electronics) with 2 sentiment 

ategories (positive and negative) taken from amazon.com . 
Experiment Setup 

By selecting a set of keywords that are possible indicators 

f each domain and sentiment class, we form a vector S = 

 s 0 , s 1 , . . . , s k } for each review where s i is the indicator which

akes the value of 1 if the corresponding keyword exists in the 

roduct review. The non-stationary sequence of these vectors in- 

olves product reviews from different classes, therefore there are 

hanges such as books/positive → books/negative or 

vd/positive → electronics/positive . 
Evaluation 

Similar to experiments on HASC2010corpus , reference multi- 

omial distributions of keywords are calculated offline before the 

xperiment. Tracking performance is again measured with MAE. 

Methods and Parameters 

Since there are k probability estimates to be obtained, this ex- 

eriment is also similar to multinomial experiments, therefore pro- 

osed method is compared to SLWE and HY2 with recommended 

arameters. 

Results 

Results obtained are given in Table 4 and cumulative absolute 

rrors of estimates on an example review sequence is shown in 

ig. 15 . Consistent with the results of previously reported experi- 

ents, SLWE-ALM achieved less MAE than compared methods. 

. Conclusions and future work 

In this paper, we modeled SLWE, a weak estimator that main- 

ains an estimate by a multiplicative update rule similar to L re- 
R-I 

18 
nforcement scheme studied in the LA context, as a random walk, 

nd analyzed the asymptotic behavior of estimates. As a result, we 

ave proven that the drift velocity of estimates diminishes over 

ime as the number of estimates grows, which is consistent with 

he weak convergence property of SLWE. We also showed that the 

iffusion coefficient of estimates is asymptotically constant, which 

ignificantly simplifies the analysis. We discovered that the esti- 

ate behavior is consistent with diffusion, a concept that is used 

o explain many different natural phenomena. Consequently, we 

erived a model for large-time estimate behavior, which forms the 

asis of the switching mechanism we proposed for an important 

rade-off that many estimators face. 

SLWE-ALM utilizes the obtained estimate model to track 

hanges in stationarity and prioritizes exploration or exploita- 

ion accordingly. A non-stationary to stationary change indicates 

hat the regime is learned, hence exploitation mode is activated. 

hereas a stationary to non-stationary change indicates a regime 

hange, which activates exploration mode. With this switching ca- 

ability, SLWE-ALM manages to combine the advantages of both 

ides of the trade-off and obtains lower error scores on both syn- 

hetic and real world data sequences. 

This study forms the mathematical background for the analysis 

f estimates obtained from SLWE and proposes a simple method 

or adaptive learning rate control based on learning progress. A 

ossible next step is to work on continuous learning rate control 

nstead of a binary mode switch. We believe that this approach 

ould further improve the tracking capability with more precise 

ontrol over the exploration/exploitation trade-off. 

Furthermore, the detection method described in this paper uti- 

izes a significantly less complex model for estimates than we ob- 

ained from the analysis of asymptotic behavior. This simple model 
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Fig. 15. Cumulative absolute error of estimators on an example sequence of customer reviews with different domain and sentiment properties. 
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N 
s sufficient for most of the cases, however when the variance 

which is determined by the learning rate) is too high or p is 

lose to probability bounds, the third moment should also be taken 

nto account. Therefore, another possible future work is to consider 

runcated skew-normal distributions by estimating the third mo- 

ent from estimates. 

An important aspect about the problem we are working on, 

amely estimating distribution parameters from random variables, 

s noise. Especially when working with real world data, noisy in- 

tances may cause estimates to be incorrectly updated, increas- 

ng the difference between p and ˆ p . The amplitude of such up- 

ates depends on the learning rate. Therefore, despite not covering 

oise in this study, we expect that the proposed method would im- 

rove the robustness to noise due to being in an exploratory mode 

nly when necessary. Although it is not focused on in experimental 

valuation, SLWE-ALM uses a parameter ( τdc ) that can be adjusted 

o make the method more selective against the effect of noise. 

SLWE-ALM makes use of a change detection method to de- 

ide on the amount of exploration needed. In this regard, another 

romising future extension to this study is to improve stationary to 

on-stationary change detection by considering the conditionality 

f observations. In a related previous study [20] , we showed that 

LWE can be used to estimate n th order Markov dependencies in 

inear time. By tracking these probabilities, SLWE Change Detection 

SCD) algorithm effectively detects regime switching points. Hence, 

tilization of this approach to control learning rate is expected to 

urther improve estimation performance. 
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ppendix A. Single-Pass Mean and Variance Calculation 

1. Adding an element (growing window) 

Adding a new element x N to series [ x 0 , x 1 , x 2 , . . . , x N−1 ] results

n new series [ x 0 , x 1 , x 2 , . . . , x N ] . Mean and variance of the series

hange from ( ̄x 0 , s 
2 ) to ( ̄x 1 , s 

2 ) . The new mean, x̄ 1 , can be calcu-
0 1 

19 
ated as: 

¯
 1 = x̄ 0 + 

x N − x̄ 0 
N + 1 

he new variance, s 2 
1 
, can be calculated as: 

s 2 1 − s 2 0 = 

1 

N + 1 

N ∑ 

i =0 

( x i − x 1 ) 
2 − 1 

N 

N−1 ∑ 

i =0 

( x i − x 0 ) 
2 

 

N + 1 ) s 2 1 − Ns 2 0 = 

N ∑ 

i =0 

( x i − x 1 ) 
2 −

N−1 ∑ 

i =0 

( x i − x 0 ) 
2 

= ( x N − x 1 ) 
2 + 

N−1 ∑ 

i =0 

( x i − x 1 ) 
2 −

N−1 ∑ 

i =0 

( x i − x 0 ) 
2 

= ( x N − x 1 ) 
2 + 

N−1 ∑ 

i =0 

[
( x i − x 1 ) 

2 − ( x i − x 0 ) 
2 
]

= ( x N − x 1 ) 
2 + 

N−1 ∑ 

i =0 

[ ( 2 x i − x 0 − x 1 ) ( x 0 − x 1 ) ] 

= ( x N − x 1 ) 
2 + ( x 0 − x 1 ) 

[ 

N−1 ∑ 

i =0 

( x i − x 0 ) + 

N−1 ∑ 

i =0 

( x i − x 1 ) 

] 

= ( x N − x 1 ) 
2 + ( x 0 − x 1 ) 

[ ( 

N−1 ∑ 

i =0 

( x i −x 1 ) 

) 

+ ( x N − x 1 ) −( x N −x 1 ) 

] 

= ( x N − x 1 ) 
2 + ( x 0 − x 1 ) 

[ ( 

N ∑ 

i =0 

( x i − x 1 ) 

) 

− ( x N − x 1 ) 

] 

= ( x N − x 1 ) 
2 + ( x 0 − x 1 ) ( x 1 − x N ) 

= ( x N − x 1 ) ( x N − x 1 − x 0 + x 1 ) 

= ( x N − x 1 ) ( x N − x 0 ) 

s 2 1 = 

Ns 2 0 + ( x N − x 1 ) ( x N − x 0 ) 

N + 1 

2. Substituting an element (moving window) 

Substituting the element x 0 by x N makes the series 

 x 0 , x 1 , x 2 , . . . , x N−1 ] become [ x 1 , x 2 , x 3 , . . . , x N ] . Mean and vari-

nce of the series change from ( ̄x 0 , s 
2 
0 
) to ( ̄x 1 , s 

2 
1 
) . The new mean,

¯ 1 , can be calculated as: 

¯
 1 = x̄ 0 + 

x N − x 0 
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x 2 i −
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1 

N 

N ∑ 

i =1 

x i 

) 2 
⎤ 

⎦ −

⎡ 
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N 
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x 2 i −
( 

1 

N 
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i =0 

x i 

) 2 
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1 

N 

N ∑ 
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x 2 i 

) 

− x 
2 
1 −

( 

1 

N 

N−1 ∑ 

i =0 

x 2 i 

) 

+ x 
2 
0 

 

(
s 2 1 − s 2 0 

)
= 

( 

N ∑ 

i =1 

x 2 i 

) 

− N x 
2 
1 −

( 

N−1 ∑ 

i =0 

x 2 i 

) 

+ N x 
2 
0 

= x 2 N − x 2 0 − N 

(
x 

2 
1 − x 

2 
0 

)
= ( x N − x 0 ) ( x N + x 0 ) − N ( x 1 − x 0 ) ( x 1 + x 0 ) 

= ( x N − x 0 ) ( x N + x 0 ) − N 

(
x N − x 0 

N 

)
( x 1 + x 0 ) 

= ( x N − x 0 ) ( x N + x 0 ) − ( x N − x 0 ) ( x 1 + x 0 ) 

= ( x N − x 0 ) ( x N − x 1 + x 0 − x 0 ) 

s 2 1 = s 2 0 + 

( x N − x 0 ) ( x N − x 1 + x 0 − x 0 ) 
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