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Abstract
Intuitionistic fuzzy time series models consider observations hesitation degree but they use memberships and non-mem-

bership values together as inputs in the prediction system. The usage of membership and non-membership values as inputs

in separate prediction models and combining the outputs of these separate models will provide a more flexible compu-

tational approach. Thus, different effects of membership and non-membership degrees on the predictions can be revealed.

In this paper, an intuitionistic fuzzy time series prediction model (IFTS-PM) has been proposed. The proposed IFTS-PM

uses a new hybrid sigma-pi neural network (HSP-NN), introduced for the first time in the literature, to determine nonlinear

relationships between inputs and outputs. In addition, this newly proposed HSP-NN has the ability to multiply linear

functions of inputs by unequal weights and convert them to nonlinear relationships. The structure of the proposed IFTS-PM

consists of three parts. Two different HSP-NNs generate predictions by taking into account the different contribution levels

of memberships and non-memberships. The last part is the part where these predictions are combined. Modified particle

swarm optimization is performed to obtain optimal weights of HSP-NNs as well as the combination weights. And by taking

the advantage of intuitionistic fuzzy C-means, fuzzy clusters, membership and non-membership values of observations are

obtained. Performance of the proposed model is verified by applying it on 48 time series data sets. With all used

indications, it has been clearly observed that proposed model has produced outstanding predictions compared to some other

state-of-the-art prediction tools.

Keywords Intuitionistic fuzzy time series � Hybrid sigma-pi neural network � Prediction combination � Modified particle

swarm optimization

1 Introduction

The prediction of time series has a crucial effect on our

daily life in both theoretical and practical aspects. Having a

wide usage area such as finance, health care, environment,

and energy makes time-series analysis methods quite

attractive. The way to get satisfactory prediction results is

only possible with an appropriate and competent prediction

tool. From a general perspective, techniques for time series

analysis could be grouped under three categories as tradi-

tional statistical approaches, non-traditional computational

methods, and fuzzy-based techniques. Although statistical

prediction models, specifically autoregressive (AR), Box–

Jenkins or autoregressive integrated moving average

(ARIMA) and multiple regressions (MR) are well-known

and widely used conventional statistical time series mod-

elling approaches until recently, requiring some strict

assumptions such as model assumption, normal distribution

and number of observations cause these models to fail in

the analysis of complex real-world time series. In contrast,

artificial neural networks (ANNs), support vector machines

and some other prediction tools from non-traditional

approaches, have been researched and utilized as viable

alternatives to handle complex dynamic processes. On the

other hand, traditional statistical approaches and
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computational methods may not be effective for some

prediction problems in which the data are imprecise and

vague or linguistic. In these cases, the usage necessity of

the advanced fuzzy time series (FTS) prediction models is

inevitable to get better prediction results. From this point of

view, fuzzy time series prediction models have become one

of the most attractive prediction tools for complex time

series prediction during the last few decades or so. Some of

the models in which fuzzy-based methods exhibit superior

prediction performance than computational methods are

presented in [1–4] studies. In the literature, the first fuzzy

time series (FTS) approach [5] is based on Zadeh’s fuzzy

set theory [6]. Although fuzzy time series models (FTSM)

have a wide literature, they still have some problems to be

solved.

When FTSMs are evaluated in terms of the fuzzy theory

they are based on, it is obvious that fuzzy sets, in so many

cases, fail to satisfy or characterize the uncertainty of the

data in a comprehensive manner. The reason behind this

problem is that these fuzzy sets-based models do not

consider the neutrality degree of time series. Inevitably, the

analysis process is adversely affected by the means of not

taking into account both the information from the degrees

of non-membership and the degrees of neutrality of the

time series. As it is known, hesitations always exist in the

analysis and decision-making process, since information

related to the decision is generally under the influence of

some factors such as environmental, business, psycholog-

ical behaviour. Conventional fuzzy clusters are incapable

of dealing with this situation. Based on this information,

Atanassov introduced the first intuitionistic fuzzy set defi-

nition that consists of memberships and hesitation degree

together [7]. Thus, both membership and non-membership

information and hesitation information were evaluated

together.

The main feature of intuitionistic prediction models,

which have been limitedly introduced in the literature, is

that they determine the relationships between inputs and

outputs either according to fuzzy rules, with the help of

fuzzy functions or through the sigma-pi neural network. In

all these models, memberships and non-membership values

are evaluated together as inputs in the prediction system.

At this point, the usage of membership and non-member-

ship values as inputs in separate prediction models and

combining the outputs of these separate models will pro-

vide a more flexible computational approach. Thus, this

situation will lead to a higher prediction performance.

The primary objective of this study is to examine the

situation. Moreover, the sigma-pi neural network, used as a

prediction tool in the literature, multiplies the linear func-

tions of inputs with equal weights and converts them into

nonlinear relationships. However, these linear functions

may have a different level of contributions in determining

nonlinear relationships. Failure to take this into account

will negatively affect prediction performance. At this point,

each element in this multiplication transaction has different

weights, making it easier to adapt the model to the non-

linear surface of the data. The high adaptation of the model

to the nonlinear surface also enhances the prediction per-

formance. In this study, a hybrid sigma-pi neural network

is proposed to determine intuitionistic fuzzy relationships

instead of the traditional sigma-pi neural network. Tradi-

tional multilayer perceptron (MLP) generally, used to

determine the fuzzy relations, utilizes an additive aggre-

gation function. Moreover, the single multiplicative neuron

model (SMNM), introduced by Yadav [8], uses a multi-

plicative aggregation function in determining fuzzy rela-

tions. The proposed hybrid sigma-pi can be referred to as a

hybrid model combining MLP and SMNM since it uses

both aggregation functions.

In a general framework, the prediction process set forth

in this study has the following features:

• IFTS-PM takes into separately account memberships

and non-memberships having different effects on

predictions in the prediction process.

• To model these effects, HSP-NN has been proposed for

the first time in the literature.

• The proposed HSP-NN has the ability to multiply linear

functions of inputs by unequal weights and convert

them to nonlinear relationships.

• The membership values are used as an input with

lagged variables of real observations in one HSP-NN.

Moreover, the non-membership values are used as an

input with lagged variables of real observations in other

HSP-NN. Both NNs generate predictions that include

the effects of membership values and non-membership

values. These two produced predictions are combined

by weights determined by considering the different

effects of memberships and non-memberships. Thus,

final predictions are produced.

• The membership and non-membership values of time-

series observations are obtained by intuitionistic fuzzy

C-means, fuzzy clusters technique.

• Modified particle swarm optimization is performed to

obtain optimal weights of HSP-NNs as well as the

combination weights

To reveal the prediction performance of the proposed

IFTS-PM, Taiwan Stock Exchange Capitalization Weigh-

ted Stock Index (TAIEX), Dow Jones Industrial Average

Index (DJI), Shanghai Securities Composite Index (SSEC)

and Istanbul Stock Exchange (IEX) data sets have been

comprehensively analysed. The obtained results have been

comparatively evaluated with some state-of-the-art pre-

diction tools, using some error criteria, basic properties of

linear regression analysis and plots.
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The rest of the paper is fictionalized as follows: In the

second section, the literature review is presented. With the

third section I-FCM is given. The fourth chapter presents

the methodology, including the proposed hybrid sigma-pi

neural network and the proposed intuitionistic fuzzy time

series prediction model, with their detailed features. The

comprehensive results of implementations are investigated

in section five with comparatively comments and evalua-

tions. Finally, the obtained findings and conclusions are

discussed in the last section.

2 Literature review

Time series prediction has always been an attractive issue

in the most scientific area. Prediction plays a crucial role in

making correct and logical decisions about the future. For

this reason, it is important to have a correct and logical

perspective on the future in terms of determining policies

and strategies for all institutions, operations and even

country governments. There are many prediction methods

put forward to determine the correct strategies in the lit-

erature. Although some of these are known as classical

prediction methods, especially in recent years, fuzzy-based

and computational-based methods have become frequently

preferred methods.

On the other hand, having some distinguishing features

makes fuzzy-based methods quite popular in the literature.

FTS models are one of these popular models and have been

originally designed for time series estimation purposes.

The analysis process of FTS models basically consists of

three main steps; fuzzification of observation, identification

of fuzzy relationships and defuzzification. In the first FTS

models, the fuzzification stage was performed at equal

intervals determined by the arbitrary decision [9–13].

While Huarng used average and distribution-based meth-

ods [14] to determine intervals, some other researchers

utilized optimization-based approaches [15, 16]. Also, with

a ratio-based approach [17] and the idea of optimization of

the ratio [18], inconstant interval lengths were specified.

Better results were obtained with the use of heuristic

optimization algorithms in the fuzzification transaction

[19–27]. Some researchers have chosen to use some

entropy-based and other methodologies to determine ran-

ges in high-order prediction models [28–32]. Moreover, to

be able to obtain intervals in a more systematic way, fuzzy

C-means (FCM) [33] and some other clustering techniques

were utilized in the fuzzification stage [15, 34–43].

The stage which the internal relationship of the fuzzy

time series is determined has an effective role in the pre-

diction performance of the models. While in the first

studies fuzzy logic relation matrix was preferred to deter-

mine the fuzzy relations, (Song and Chissom [19, 44, 45]

subsequently, Sullivan and Woodall [46] used transition

matrices consisted of Markov chain in the same stage. On

the other hand, over time, artificial neural networks

(ANNs) have become a popular tool for determining fuzzy

relationships. A first-order FTS approach that takes the

advantage of a feed-forward artificial neural network

(FFANN) was proposed by Huarng et al. [47]. Moreover, in

many studies, FFANNs were used in the identification of

fuzzy relations [15, 17, 32, 34, 48–54]. Aladag [55] pro-

posed a FTS model which uses a single multiplicative

neuron model in this stage. FCM technique was used in

various studies to determine the membership values sys-

tematically [42, 56, 57]. Although the usage of ANN has

many advantages, determination of the hidden layer neuron

number and the excessive number of parameters are con-

sidered as the disadvantages of these models. Aladag [55]

managed to eliminate this problem by using an artificial

neural network with single multiplicative neuron model

neural network (SMNM-NN) in the determination of fuzzy

relations, however, in this study membership values were

not considered. Bas et al. [58] introduced a fuzzy time

series model with a network structure.

In the defuzzification step which is last stage of FTS

model, centroid method was preferred by many researchers

[14, 17, 29]. On the other hand, ANN [45, 59] and the

adaptive expectation method [15] were used in this stage.

In particular in recent years, in some studies, these stages

have been evaluated together. Cagcag Yolcu and Alpaslan

[2] proposed a study which evaluates the stages in one

process synchronously. A hybrid FTS model based on

granular computation was proposed to reduce the stock

price [60]. A new fuzzy prediction model which uses both

similarity measures and PSO was presented for the analysis

of TAIEX [61]. A FTS model using ARMA-type fuzzy

logic relationships in stock data prediction was proposed

[62].

Apart from FTS models, ANFIS has been widely used

for the prediction of time series in the literature as a pre-

diction tool. While a temporal neuro-fuzzy system (NFS),

inspired by ANFIS, was proposed for multi-factor time

series estimation [63], an ANFIS was proposed for river

flow prediction [64]. Also to predict wave parameters a

hybrid ANFIS which uses genetic algorithm was presented

[65]. A prediction model that combines autoregressive

integrated moving average (ARIMA) models, fuzzy logic

and ANNs was proposed for financial markets prediction

[66]. Two different ANFISs were presented to find natural

gas demand [67] and to predict stock exchanges’ short-

term trends [68]. A study that evaluates both the hybrid

ANFIS based on the genetic algorithm and the performance

of the ANNs was discussed for the prediction of energy

consumption [69]. To be able to get better prediction

results for the TAIEX data sets a hybrid ANFIS which uses
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AR models and volatility was put forward [70]. A combi-

nation study based on ANFIS and PSO was discussed to be

able to get electricity prices estimations [71]. Also, an

ensemble was presented which takes the advantage of

ARIMA and ANFIS for the prediction of Iran’s annual

energy consumption [72]. In addition, many studies have

recently been conducted in many areas, revealing ANFIS-

based time series prediction models. In some of them: It is

aimed at the high accuracy prediction of the ionosphere

total electron content (TEC) using ANFIS [73]. ANFIS was

used to simulate the nonlinear behaviour of various water

quality parameters by estimating the re-aeration coefficient

of Yamuna River, Delhi [74]. Long-term prediction of

blood pressure time series was carried out by an ANFIS

system based on DKFCM clustering [75]. QoS prediction

model using hybrid IOWA-ANFIS with fuzzy C-means,

subtractive clustering and grid partitioning was proposed

[76].

When all these fuzzy-based and inference-based systems

are evaluated in detail, it is obviously seen that all of these

models have important deficiencies. These facts can be

explained from the aspect that fuzzy sets may fail to satisfy

or characterize the uncertainty of the data in a compre-

hensive manner because they cannot depict the neutrality

degree of time-series. This means that in the transaction of

inference/prediction, they do not take into account the

information belonging to non-membership degrees and the

neutrality degrees of time-series. In these cases, the usage

of intuitionistic fuzzy set-based prediction model makes

time series prediction stronger. A couple of intuitionistic

fuzzy set-based models have been proposed for the time

series prediction. An intuitionistic fuzzy time series pre-

diction model which uses intuitionistic fuzzy reasoning has

been presented with the aim of predicting the enrolments of

the University of Alabama and TAIEX [77]. An intu-

itionistic time series fuzzy inference system has been

introduced to get better prediction results for TAIEX and

IEX data sets [4]. In some studies, intuitionistic fuzzy

functions are used to predict different real-world time

series [78, 79]. A long-term intuitionistic fuzzy time-series

has been used to predict network traffic [80]. A high-order

forecasting model has been put forward based on intu-

itionistic fuzzy sets and artificial bee colony [81]. An

intuitionistic fuzzy function approach has been proposed to

forecast financial time series [82]. Moreover, an enhanced

fuzzy time series forecasting model based on hesitant dif-

ferential fuzzy sets has been introduced to forecast TAIEX,

DJI, and SSEC data sets [83]. Although these limited

intuitionistic fuzzy set-based prediction models manage to

offer an effective approach to uncertainty by taking into

account neutrality information, in these studies member-

ships and non-membership values are evaluated together as

if both parts contribute the same to the system. And also,

nonlinear relations need to be evaluated in detail to prevent

the negative effects on prediction performance.

3 Intuitionistic fuzzy C-means

Intuitionistic fuzzy sets (IFS) provide a mathematical

framework based on fuzzy sets to describe and deal with

vagueness and uncertainty in data. They have some dis-

tinguishing advantage over fuzzy sets. While the fuzzy sets

[84] only consider the membership function l xð Þ, x 2 X,

intuitionistic fuzzy sets take into account not only the non-

membership function v(x) but also the membership func-

tion l(x).
Let X be a universe of discourse, then

A ¼ x; lAðxÞ; vAðxÞ=x 2 Xf g ð1Þ

is called an IFS. Here lA xð Þ and vA xð Þ depict the

membership degree and the non-membership degree for an

element x, respectively.

x�XlA xð Þ ! d0; 1e and x 2 X ! vAðxÞ 2 ½0; 1� also they
fulfil the condition;

0� lA xð Þ þ vA xð Þ� 1 ð2Þ

If pA xð Þ ¼ 1� lA xð Þ � vA xð Þ then pA xð Þ is called

hesitation degree which represents the lack of knowledge

in defining the membership and non-membership degrees

and it is defined as a different measure from these degrees.

It is clearly seen here, 0� pA xð Þ� 1. If pA xð Þ ¼ 0 for all

x�X, then intuitionistic fuzzy set becomes a fuzzy set; if

lA xð Þ ¼ vA xð Þ ¼ 0 for all x�X, then the intuitionistic fuzzy

set is called completely intuitionistic.

The objective function to be optimized in IFCM [85]

includes two components: one of them is; modified

objective function of FCM using IFS and the other one is;

intuitionistic fuzzy entropy (IFE).

JIFCM ¼
Xc

i¼1

Xn

k¼1

u�mik d
2
ik þ

Xc

i¼1

p�i exp 1� p�i
� �

ð3Þ

Here u�ik represents the intuitionistic fuzzy membership

and calculated by Eq. (4)

u�ik ¼ uik þ pik ð4Þ

And uik is the traditional fuzzy membership of the k th

datum point in i th set and pik is the hesitation degree which
can be given as:

pik ¼ 1� uik � 1� uaik
� �1=a

; a[ 0 ð5Þ

and is obtained by intuitionistic fuzzy complement of

Yager:

N Xð Þ ¼ 1� xað Þ1=a; a[ 0 ð6Þ

Hereby, IFS becomes;
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AIFS
k ¼ x; lA xð Þ;� 1� lA xð Það Þ1=a=x 2 X

n o
ð7Þ

and

p�i ¼
1

N

Xn

k¼1

pik; k 2 1;N½ � ð8Þ

IFE, which forms the second term of the objective

function, represents the amount of fuzziness or uncertainty

in a set. While lA xið Þ, vA xið Þ, and pA xið Þ depict the mem-

bership degree, non-membership degree, and hesitation

degree of the elements of the set X ¼ x1; x2; . . .xnf g, in that

case, IFE which represents the intuitionism degree can be

given as:

IFE Að Þ ¼
Xn

i¼1

pA xið Þexp 1� pA xið Þð Þ; k 2 1;N½ � ð9Þ

and

pA xið Þ ¼ 1� lA xið Þ � vA xið Þ ð10Þ

Modified cluster centres can be calculated via Eq. (11),

v�i ¼
Pn

k¼1 u
�
ikxkPn

k¼1 u
�
ik

ð11Þ

Until the system reaches maximum iteration times

maxik U
�new
ik � U�previous

ik

�� �� which is smaller then e (e is pre-
defined value) both cluster centres and memberships are

updated iteratively and then the process is stopped.

4 The proposed methodology

4.1 A new hybrid sigma-pi neural network

In the literature, while MLPs generally use the additive

aggregation function, the single multiplicative neural net-

work proposed by Yadav [8] uses the multiplicative

aggregation function. Although a function of the product of

the linear combinations of the inputs is obtained in a

classical SP-NN as outputs, it is noteworthy that each linear

combination in this multiplication transaction has a con-

stant coefficient and they are all 1. This means that the

signals moving from the hidden layer neurons to the output

neuron are directly multiplied. However, these signals

coming out of the hidden layer units may have different

contribution levels in the formation of the output. There-

fore, these signals representing linear combinations of

inputs should be associated with different weights.

In this context, a new hybrid SP-NN structure is pro-

posed in which these linear functions are subjected to the

multiplication function with different coefficients. This

new structure can be considered as a hybrid of the classical

MLP and Single multiplicative neuron model. This new

structure has not only the features of the classic SP but also

has its own unique features. Hybrid SP-NN (HSP-NN), just

like the classic sigma-pi neural networks, has a fast-

learning ability that reduces network complexity by using

efficient polynomials for many input layer variables.

The basic structure of HSP-NN has three layers as input,

hidden and output layers. The number of linear combina-

tions obtained from the sum of the units found in the

hidden layer represents the degree of HSP-NN. Having

both additive and multiplicative aggregation functions is

the main feature of this model that makes it more flexible

and adaptable.

An HSP-NN structure with N inputs and having K th

order memory-based can be given by Fig. 1.

In this structure, wij i ¼ 1; 2; . . .;K; j ¼ 1; 2; . . .;Nð Þ
represents the weight between jth input layer neuron and

ith hidden layer neuron. bi (i ¼ 1; 2; . . .;K) is bias for ith

hidden layer neuron. wi i ¼ 1; 2; . . .;Kð Þ represents the

weight between jth input layer neuron and the output layer

neuron. Finally, bo is the bias for the output layer neuron.

In the classical SP-NN, the weight between hidden and

output layers are not taking into account just accepted as a

constant which equals 1. But, the proposed HSP-NN con-

siders these weights differently rather than taking them 1.

These different weights, representing different effects of

the linear functions of the inputs on the outputs, are

obtained through an optimization process. The outputs of

hidden layer neurons are obtained via Eq. (12).

oi ¼ f 1
XN

j¼1

wijXj þ bi

 !
; i ¼ 1; 2; . . .;K ð12Þ

Here f 1 represents the linear activation function and

f 1 xð Þ ¼ x. The outputs of the system are obtained, by using

the weights between the hidden and output layers, as in the

formula given Eq. (13).

oHSP�NN ¼ bY ¼ f 2 ð
YK

i¼1

oi � wiÞ þ bo

 !

¼ 1

1þ exp � ð
QK

i¼1oi � wiÞ þ bo
� �� � ð13Þ

in Eq. (13), oi is the output of ith hidden layer neuron,

wi is the weight between ith hidden layer neuron and output

layer neuron, and bo is bias for output layer neuron. f 2 is

also the logistic activation function.

4.2 A new intuitionistic fuzzy time series
prediction model

The prediction approaches of fuzzy time-series methods

positive effect on prediction performance have become a

known fact. However, on the other hand, in many cases,
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fuzzy sets fail to satisfy or characterize the uncertainty of

the data comprehensively. Because, in these studies, the

degree of neutrality of time series is not taken into account.

In this respect, our main purpose is to propose a new

intuitionistic fuzzy time series prediction model in this

study. This model, thanks to its own special analysis pro-

cess, can produce remarkable predictive results by

extracting important properties of time-series.

Compared to some current prediction models, the basic

contributions of the proposed new intuitionistic fuzzy time

series prediction model can be given as follows:

• This study is called as a new intuitionistic fuzzy time

series model based on the combination of membership

and non-membership values.

• HSP-NN is presented for the first time in the literature

to determine nonlinear relationships between inputs and

outputs of the proposed model.

• In this model, the intuitionistic fuzzy relations between

membership, non-membership values and outputs are

determined by the HSP-NN.

• In the study, the contribution of both membership

values and non-membership values to the system has

been evaluated separately considering the benefits of

the intuitionistic structure.

• To be able to determine fuzzy clusters and membership

values, I-FCM is performed.

• The optimal parameters of the HSP-NN are obtained

through MPSO.

• The final outputs of the system are obtained by

combining the results from two different HSP-NNs.

In the light of this information, the algorithm of the

proposed method is summarized with some steps:

Step 1 All the necessity parameters of process are

determined

pn # particles of the swarm

maxitr Maximum iteration number

c1i; c1f
� �

The intervals for possible values of cognitive

coefficient (c1).

c2i; c2f
� �

The intervals for possible values of social

coefficient (c2).

w1;w2ð Þ The intervals for possible values of inertia

weight (w)

m1 # lagged crisp variables for the first hybrid

HPS-NN

m2 # lagged crisp variables for the second HPS-

NN.

K1 Order of the first hybrid HPS-NN

K2 Order of the second HPS-NN

ttrain Length of the training set

ttest Length of the test set

c # intuitionistic fuzzy sets

T # observations of time series

Step 2 I-FCM clustering algorithm is performed

In this step, cluster centres, membership and non-

membership values for training data set are obtained. And

Fig. 1 The structure of HSP-NN

designed for general modelling
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these obtained values are used for the inputs of HSP-NNs.

Cluster numbers are represented byLl; ðl ¼ 1; 2; . . .; cÞ. At
the end of the I-FCM process, the membership and non-

membership values are stored S1 and S2 matrices. Cluster

centres are laid up in C vector.

S1 ¼ llt½ �; l ¼ 1; 2; . . .; c; t ¼ 1; 2; . . .; ttrain ð14Þ
S2 ¼ vlt½ �; l ¼ 1; 2; . . .; c; t ¼ 1; 2; . . .; ttrain ð15Þ
C ¼ ½c1; c2; . . .; cc� ð16Þ

Here S1 and S2 matrix depict the memberships lLl ytð Þ
� �

and non-membership vLl ytð Þð Þ values of time series

observations belong to Ll fuzzy set.

Step 3 Constituting the inputs ( I1; I2) and targets ( T)

for the HSP-NNs

In this study, memberships and lagged variables of real

observations and non-membership variables and lagged

variables of real observations are considered as two sepa-

rate input groups. These created inputs are also used sep-

arately for two different HSP-NNs. The inputs of HSP-NN

can be given with two matrices (I1andI2) as follow:

M1 ¼ S1; yt�1; . . .; yt�m1

� �
; t ¼ m1 þ 1; . . .; n� ttrain ð17Þ

M2 ¼ S2; yt�1; . . .; yt�m2

� �
; t ¼ m2 þ 1; . . .; n� ttrain ð18Þ

There is no separate target for the used two neural

networks at this stage. There is only one target value cor-

responding to the final output to be obtained by combining

the outputs produced by these two separate neural net-

works. And the target of the prediction model can be given

as follows:

T ¼ yt; t ¼ qþ 1; . . .; ttrain ð19Þ

Step 4 Determining the structure of the particles

Some features of the relevant positions of the opti-

mization process, belonging to the prediction model can be

given in Table 1.

In this stage, particle structures are obtained by gener-

ating the initial positions and velocities. The Positions and

the velocities of particles are randomly generated from

Uniformð�1; 1Þ distribution and they stored in P and V

matrices:

P ¼ prs½ �; r ¼ 1; 2; . . .; pn; s ¼ 1; 2; . . .; p ð20Þ
V ¼ vrs½ �; r ¼ 1; 2; . . .; pn; s ¼ 1; 2; . . .; p ð21Þ

Step 5 Calculation for the outputs of HSP-NN
Each of HSP-NN is performed and the outputs are

obtained for each particle considering the particles’ posi-

tions. The graphical abstract of the proposed new intu-

itionistic fuzzy time series prediction model can be

presented with Fig. 2.

Linear combinations of inputs that represent the infor-

mation in each of hidden layer’s neuron are obtained by

using weights (wij
t and wil

t ) and biases (bit). While in the

classical SP-NN, the weight between hidden and output

layers are not taken into account just accepted as a constant

which equals 1, in this proposed study to be able to obtain

the output of the HSP-NN weights and biases are deter-

mined in a single optimization process. Then for HSP-NN

1 (for membership part), the outputs of hidden layer neu-

rons are obtained via Eq. (22).

loii ¼ f 1
Xc

l¼1

lwil
t lLl

 !
þ

Xm1

j¼1

lwij
t Yt�j

 !
þ bit

 !
;

i ¼ 1; 2; . . .;K1

ð22Þ

The outputs of HSP-NN 1 are obtained by multiplying

all the hidden layers’ outputs with the determined weights

between hidden and output layers. The formula of the

output belongs to the first HSP-NN can be calculated by

Eq. (23)

oHSP�NN1

t ¼ l bY t ¼ f 2
YK1

i¼1

loii
lwi

t

� �
þ lbot

� �

¼ 1

1þ exp �
QK1

i¼1
loii

lwi
t

� �
þ lbot

� � ð23Þ

Similar operations are performed for HSP-NN 2 (for

non-membership part), and outputs (oHSP�NN2
t ¼ v bY t) are

obtained. The final output of the system, i.e. the prediction

of the observation at time t, is obtained by weighting these

two different HSP-NNs’ outputs. This combined output is

calculated as in Eq. (24).

bY t ¼ w1o
HSP�NN1
t þ w2o

HSP�NN2
t ¼ w1

l bY t þ w2
v bY t ð24Þ

Table 1 The properties of optimization process

Neural

networks

# Inputs #

Output

# Weights (input-

hidden)

# Biases (input-

hidden)

# Weights-(hidden-

output)

# Biases (hidden-

output)

#

Combination

HSP-NN1 m1 þ cð Þ 1 m1 þ cð Þ � K1 K1 K1 1 1

HSP-NN2 m2 þ cð Þ 1 m2 þ cð Þ � K2 K2 K2 1 1

Total

parameters

p ¼ ð m1 þ cð Þ � K1 þ m2 þ cð Þ � K2 þ 2K1 þ 2K2 þ 1þ 1þ 2)
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For both HSP-NNs, in the hidden layer neurons, linear

activation function f 1 xð Þ ¼ x is used and the logistic acti-

vation function is preferred in the output layer.

Step 6 Evaluation of the fitness function values

To be able to determine the best particles, each parti-

cles’ fitness function values are obtained. In this study

RMSE is preferred as an evaluation criteria or loss func-

tion. Its formula is given in Eq. (25).

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xttrain

t¼maxðm1;m2Þþ1

ðTargett � OutputtÞ
2

vuut ð25Þ

Step 7 Determine Pbest and Gbest

After calculating RMSE values belonging to each of the

particles, it is time to decide Pbest and Gbest values. Pbest

and Gbest are the values which represent the best values

from each particles and global best value belongs to all

system, respectively. These values can be given in Eq. (26)

and (27).

Pbest ¼ Pbrs½ �; r ¼ 1; 2; . . .; pn; s ¼ 1; 2; . . .; p ð26Þ
Gbest ¼ Pgs½ �; s ¼ 1; 2; . . .; p ð27Þ

Step 8 The process of updating the parameters of the

MPSO

The parameters to be updated at this stage have been re-

obtained by using the following formulas.

Fig. 2 The graphical abstract of IFTS prediction model
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c1 ¼ c1f � c1i
� � itr

maxitr
þ c1i ð28Þ

c2 ¼ c2f � c2i
� � itr

maxitr
þ c2i ð29Þ

w ¼ w1 � w2ð Þmaxt � itr

maxitr
þ w2 ð30Þ

Here itr is the current iteration number.

Step 9 Update the positions and the velocities

In this stage to be able to determine the optimal

parameters velocities and positions are needed to update by

utilizing the formulas given in Eqs. 31 and 32.

vitrþ1
rs ¼ w:vitrrs þ c1:rand

itr
1 : Pbestitrrs � Pitr

rs

� �

þ c2:rand
itr
2 :ðgbestitrs � Pitr

rs Þ ð31Þ

pitrþ1
r;s ¼ pitrr;s þ vitrþ1

r;s ð32Þ

Step 10 Checking the stopping criteria

In the last stage of the prediction system, final outputs

must be obtained. In order to realize this, it is checked

whether the pre-determined iteration times have been

reached. If the number of repetitions reaches the maximum

iteration number maxitrð Þ then stop the process, or else the

system is repeated from Steps 5 to Step 9 until a pre-

determined maximum iteration number maxitrð Þ is

reached. When maxitr is reached, Gbest vector’s elements

are specified as the optimal values of weights and the

biases of HSP-NNs, and the weights of combination part.

The working principle of IFTS-PM can be given by a

pseudo-code for better understanding.

4.3 Experimental results and discussion

4.3.1 Data preparation

The prediction performance of the proposed IFTS-PM

prediction model has been evaluated with the analysis of

four different financial time series; TAIEX, DJI, SSCE and

IEX and the findings based on prediction results are pre-

sented as concrete proof of the superior performance of the

proposed model as well as its contribution to the literature.

As the test set, the observations of the last two months have

been taken for the TAIEX, DIJ and SSCE data sets.

Moreover, two different test data sizes have been chosen as

the out-of-samples (test set) for IEX data sets as last 7 and

15 observations. The properties of the data of all-time

series are presented in Table 2.
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4.4 Performance measure

The predictions of the proposed IFTS-PM have been

examined with different evaluation measures. When the

used various evaluation metrics have been considered to

compare the performance of the models, it is seen that in

most of the prediction studies Root-Mean-Square Error

(RMSE) is preferred. RMSE is calculated as in Eq. (25).

Although the RMSE criterion is accepted as an effective

evaluation criterion in comparing models, it cannot give

clear information about the level of accuracy of the pre-

dictions produced by the model alone, i.e. whether it pro-

duces satisfactory predictive results.

Unlike the RMSE criterion, the mean absolute percent-

age error (MAPE) criterion is independent of the level of

the data set values. This feature makes it superior in

evaluating the performance of a prediction model alone.

From this point of view, in this study to be able to evaluate

the proposed model from different aspects we also choose

MAPE, given in Eq. (33).

MAPE ¼ 1

T

XT

t¼1

Targett � Outputt
Targett

����

����� 100% ð33Þ

Although MAPE has the advantages outlined above, it is

a measure of performance based on the average, therefore,

produces biased values if any observation error is an out-

lier. In such a case, it is more appropriate to use the median

absolute percentage error (MdAPE) criterion, which is not

affected by outliers, instead of MAPE. This criterion, given

in Eq. (34), has also been evaluated to take into account

such situations.

MdAPE ¼ median
Targett � Outputt

Targett

����

����� 100%


 �
;

t ¼ 1; 2; . . .; T
ð34Þ

To evaluate the prediction results generated by the

proposed IFTS-PM with a benchmark model, Median root

absolute error (MdRAE), given in Eq. (35), has also been

used. For this purpose, the naı̈ve model has been taken as

the benchmark model, as often in practice.

MdRAE ¼ median
Targett � Outputt

Targett � Prediction�t

����

����

 �

;

t ¼ 1; 2; . . .; T

ð35Þ

where Prediction�t is the prediction results of the naı̈ve

model as a benchmark model, and Prediction�t¼ Targett�1.

On the other hand, to be able to evaluate the results from

a different perspective regression analysis is performed.

This regression model which is created for the predictions

and the target values can be given in Eq. (36).

Yt ¼ b bY t þ et ð36Þ

For a superior estimation tool, the regression and spec-

ification coefficients of this model are expected to be quite

close to 1.

Table 2 The properties of data

organization
Series no. Time series Year # Observations Size of training set Size of testing set

1 TAIEX 2000 271 224 47

2 2001 244 201 43

3 2002 248 205 43

4 2003 249 206 43

5 2004 250 205 45

6/17/28 TAIEX/DIJ/SSCE 2008 249/253/246 206/212/203 43/41/43

7/18/29 2009 247/252/244 203/201/200 44/42/44

8/19/30 2010 250/252/242 205/209/197 45/43/45

9/20/31 2011 247/252/244 203/210/200 44/42/44

10/21/32 2012 246/250/243 204/209/200 42/41/43

11/22/33 2013 244/252/238 201/211/195 43/41/43

12/23/34 2014 248/252/245 205/211/202 43/41/43

13/24/35 2015 244/252/244 200/210/200 44/42/44

14/25/36 2016 242/252/244 198/210/200 44/42/44

15/26/37 2017 243/251/244 200/210/201 43/41/43

16/27/38 2018 245/251/243 203/211/201 42/40/42

39/40 IEX 2009 103/103 96/88 7/15

41/42 2010 104/104 97/89 7/15

42/44 2011 106/106 99/91 7/15

45/46 2012 106/106 99/91 7/15

47/48 2013 106/106 99/91 7/15
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The scatter diagrams, using Cartesian coordinates dis-

playing the observations and prediction values, are used to

visualize the superior prediction performance of the pro-

posed IFTS-PM.

4.5 Alternative comparison models

In the study, in order to compare and make comments on

the prediction ability of the proposed IFTS model, various

methods which are known for their outstanding prediction

performance are chosen. For the TAIEX data set, many

studies’ results have been evaluated with the proposed one.

Moreover, the prediction tools used in comparison for IEX

can be given below;

ARIMA Autoregressive integrated moving average

method [86] (Box and Jenkins).

ES Exponential Smoothing [87]

MLP Multilayer perceptron artificial neural net-

work [88]

SC Song and Chissom’s fuzzy time series pre-

diction model [19]

FF-T1 Type 1 fuzzy Regression function approach

[89]

FTS-N Fuzzy time series network [58]

ANFIS Adaptive Neuro-Fuzzy Inference System

[90]

MANFIS Modified Adaptive Neuro-Fuzzy Inference

System [1]

AR-ANFIS Adaptive Neuro-Fuzzy Inference System

with AR structure [91]

I-TSFIS Intuitionistic time series fuzzy inference

system [4]

I-FRF Intuitionistic fuzzy regression functions

approach [78]

4.6 Evaluation of the model performance

In the evaluation of the proposed model’s performance part

to be able to demonstrate the outstanding prediction ability

of the model, different time series data sets are chosen. As

mentioned in the data preparation part each of data set is

divided into two parts as the training and test sets. The

inputs of the proposed model are composed of, respec-

tively, the memberships and the lagged crisp time series

and the non-memberships with lagged crisp time series.

Apart from that all the properties and hyperparameters of

implementations can be summarized in Table 3.

4.6.1 TAIEX implementations—the daily data sets
between 2000 and 2004 years

Firstly, daily TAIEX data belonging to five years are

analysed through the proposed IFTS prediction model and

obtained results are evaluated with various state-of-the-art

models’ results, together. In the analysis process, the

observations of time series in the first ten months are taken

as the training set, the last two months are taken as the test

set for each year. The inputs of the proposed model are

composed of, respectively, the memberships and the lagged

crisp time series and the non-memberships with lagged

crisp time series.

In the comparison process, the architecture that pro-

duces the best prediction performance among all archi-

tectures is used. Moreover, the results generated by the

Table 3 The properties of

implementations
Abbreviation Hyperparameter

Meaning Value

pn # particles of the swarm 30

maxitr Maximum iteration number 100

c1i; c1f
� �

The intervals for possible values of cognitive coefficient (c1) 2; 1ð Þ
c2i; c2f
� �

The intervals for possible values of social coefficient (c2) 1; 2ð Þ
w1;w2ð Þ The intervals for possible values of inertia weight (w) 0:4; 0:9ð Þ
m1 # lagged crisp variables for the first hybrid HPS-NN From 2 to 5

m2 # lagged crisp variables for the second HPS-NN From 2 to 5

K1 Order of the first hybrid HPS-NN From 2 to 5

K2 Order of the second HPS-NN From 2 to 5

ttrain Length of the training set Data dependent

ttest Length of the test set Data dependent

c # intuitionistic fuzzy sets From 3 to 10

T # observations of time series Data dependent
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proposed IFTS prediction model have been evaluated

together and done a comprehensive comparison with the

other state-of-the-art models’ results. Table 4 represents the

all results in terms of RMSE criterion.

When the findings given in Table 4 are evaluated, it is

obviously seen that the proposed IFTS-PM has produced

the best predictive results in comparison to other well-

known prediction methods in all cases in terms of RMSE

for out-of-samples. For time series 1 (TAIEX 2000), as

conventional fuzzy time series forecasting models, [29] and

[44] exhibit a really ordinary performance with the RMSE

values of 225 and 293, respectively. For this data set, the

proposed IFTS-PM shows the best performance with the

RMSE value of 98. This performance is outstanding

comparing the second successful model based on the

intuitionistic fuzzy function approach (RMSE = 120). It

means that the proposed model provides a 20% of

improvement level. For this data set, as conventional fuzzy

time series forecasting models, [29] and [44] exhibit a

really ordinary performance with the RMSE values of 225

and 293, respectively. For time series 2 (TAIEX 2001),

while conventional fuzzy time series forecasting models

([29] and [44]) produce prediction results with the RMSE

values of 116, the proposed prediction model generates the

prediction results with the RMSE values of 60. For this

time series, with this performance, the proposed IFTS-PM

makes about 18% progress comparing the second suc-

cessful model, intuitionistic fuzzy inference system

Table 4 The prediction

performances of the models for

the TAIEX

Models Time series/TAIEX data sets RMSE’s

1 2 2 4 5 Average Median

[44] 293 116 76 77 82 129 82

[29] 225 116 76 77 82 115 82

[14]a 473 359 234 247 384 339 359

[14]b 473 810 116 308 384 418 384

[17] 133 124 82 62 85 97 85

[92] 152 130 84 56 116 108 116

[47] 154 124 93 66 72 102 93

[93] 131 130 80 58 67 93 80

[15] 168 120 76 58 63 97 76

[11] 129 113 67 54 60 85 67

[25] 124 115 71 58 58 85 71

[94] 120 114 67 52 52 81 67

[95] 131 113 66 52 54 83 66

[96] 255 130 84 56 116 128 116

[42] 227 102 66 51 55 100 66

[94] 126 114 65 54 53 82 65

[48] 125 115 65 53 53 82 65

[97] 132 113 60 52 50 81 60

[58] 140 120 77 60 59 91 77

[27] 126 113 63 51 54 81 63

[98] 180 134 81 77 55 105 81

[3] 128 106 65 52 54 81 65

[90] 137 115 66 57 61 87 66

[1] 124 112 63 52 54 81 63

[91] 123 111 66 52 54 81 66

[4] 209 73 22 43 54 80 54

[78] 122 110 54 51 50 77 54

[82] 120 111 64 52 52 80 64

The proposed IFTS-PM 98 60 17 35 40 50 40

Progress (%) 18.33 17.81 22.73 18.60 20.00 35.06 25.93

The bold values indicate the best results
aThe average-based model
bThe distribution-based model
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(RMSE = 73). Similar comments can be made for time

series 3 and 4 (TAIEX 2002 and 2003). For these imple-

mentations, the conventional fuzzy time series forecasting

models ([29] and [44]) generate results with the RMSE

values of 76 and 77, respectively. In these implementa-

tions, the proposed prediction model also produces the

results with the RMSE values of 17 and 35, respectively.

For these implementations, the proposed IFTS-PM makes

about 23% and 19% progress comparing the second suc-

cessful model, intuitionistic fuzzy inference system having

RMSE values of 22 and 43.

For time series 5 (TAIEX 2004), as conventional fuzzy

time series forecasting models, [29] and [44] produce

ordinary results with the RMSE values of 115and 129,

respectively. For this data set, the proposed IFTS-PM

shows the best performance again with the RMSE value of

40. This performance is extraordinary comparing the sec-

ond successful model based on the intuitionistic fuzzy

function approach having an RMSE value of 50. These

findings indicate that the proposed model provides a 20%

improvement level. In addition, when the prediction results

obtained for each year were examined in an entire per-

spective, for each year, the IFTS-PM provided about 20%

improvement compared to the best one among other

models. The main reason behind this situation is that the

IFTS-PM which combines the results from two different

HSP-NN trained by MPSO both has less risk of getting

stuck in local optimums and also has the ability to extract

the significant features from data sets. The average and

median statistics of the RMSE criterion can be seen as

further proof of the outcome that the proposed IFTS-PM

produced superior performance. As an average rate, in fact,

the improvement is about 35%.

Another way to reveal the superior prediction ability of

a prediction model is to examine some properties of a

linear regression model to be established between predic-

tions and reel values. The regression coefficient (bb) and

also the coefficient of determination (R2) of a linear

regression model established as Yt ¼ b bY t þ et are desired

to be 1 or quite close to 1. Table 5 summarizes all the

findings for this regression analysis. In the analysis process

while the observed values are taken into account as the

dependent variable, predicted values are considered as the

independent variable.

The findings given in Table 5 can be evaluated from

three different angles. For all the time series, belonging to

the different years, obtained beta coefficient estimates are

quite close to 1 as expected for a successful prediction

model. These results are the concrete indicator that the

predictions produced by the IFTS-PM are very close to the

reel observations. Moreover, the standard error of the beta

can be considered as a measure of the obtained predictions’

reliability. Because this value is the measure of the change

that the regression coefficient can show from sample to

sample. This value was obtained as very low, even very

close to zero, for predictions regarding each TAIEX data-

set. This is an indication that the predictions produced by

the model are very reliable. In addition, having the deter-

mination coefficient very close to 1 is the other proof of the

existence of a very high linear relationship between the

predictions of the proposed IFTS-PM and the reel obser-

vations, for all data sets.

Besides all these statistical perspectives, scatter dia-

grams can also be interpreted in order to evaluate the

performance of the proposed model. When Fig. 3 is

investigated, it is observed that most of the points on the

scatter plots are in proximity to the line segment as

expected. These distribution graphs also show that the

observations have a strong positive linear relationship with

the predictions. So, it means that prediction values are quite

close to the real observations.

In terms of MAPE and MdAPE criteria, it is seen that

the proposed method produced prediction results with an

error of around 1% for the years 2000 and 2001. Moreover,

for 2002, 2003 and 2004 these values are below 1% and

even around 0.5%.

In addition to all these findings, if Table 6, where

analysis time is given as computational cost, is examined, it

is seen that IFTS-PM reaches results within a very rea-

sonable time.

Considering all these evaluation criteria and approaches,

it can be said that the proposed I-FTS prediction model is a

powerful and preferable candidate model for TAIEX pre-

diction literature.

Table 5 Characteristics of a

linear regression model

Yt ¼ b bY t þ et

Time series Model estimation Sig. of F St. Error of bb Sig. of b R2

1 Yt ¼ 1:014310 bY t
2.15E-88 1.79E-03 4.17E-90 0.999857

2 Yt ¼ 1:000736 bY t
7.55E-80 1.935E-03 1.53E-81 0.999843

3 Yt ¼ 1:000062 bY t
2.87E-101 5.80E-04 1.75E-103 0.999986

4 Yt ¼ 0:996021 bY t
1.12E-98 6.68E-04 7.88E-101 0.999981

5 Yt ¼ 0:997538 bY t
1.30E-96 9.41E-04 1.32E-98 0.999961
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4.6.2 TAIEX-DJI-SSEC implementations—the daily data sets
between 2008 and 2018 years

Besides the implementations of TAIEX datasets detailed in

Sect. 5.4.1, the Dow Jones Industrial Average Index,

Shanghai Securities Composite Index and TAIEX collected

from 2008–2018. In implementations, the data set for each

fiscal year has been considered an individual time series.

As in previous studies ([83, 99–101]), the periods of the

first ten months (from January to October) of data sets have

been taken for training (in-sample); while the last two

months (November and December) have been used as

validation or testing set (out-of-sample) to reveal the per-

formance of the proposed model.

While the results for TAIEX have been evaluated for

each fiscal year, the results for DIJ and SSEC data sets have

been evaluated on average, just as in [83]. Firstly, Tables 7,

8 and 9 present the comparison results between the pro-

posed model and some of its current counterparts in the

literature for the RMSE, MAPE, and MdRAE criteria,

respectively. When the results given in Tables 7, 8 and 9

are analysed, it is obviously said that the proposed IFTS-

PM shows the best prediction performance in terms of all

three criteria. The superior performance of the proposed

model can be emphasized once more, especially consid-

ering the level of progress delivered by the proposed

method compared to the models with the second-best

performance in the literature. In point of RMSE values

given in Table 8, while these progression levels have been

around 30–40% for some fiscal years (2009, 2011, 2016),

they have exceeded the level of 50% in some fiscal years

(2010, 2012, 2013, and 2014). In addition, these progress

The Scatter Plot for time series 1 The Scatter Plot for time series 2

The Scatter Plot for time series 3 The Scatter Plot for time series 4

The Scatter Plot for time series 5
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Fig. 3 a The Scatter Plot for

time series 1. b The Scatter Plot

for time series 2. c The Scatter

Plot for time series 3. d The

Scatter Plot for time series 4.

e The Scatter Plot for time

series 5

Table 6 Computational cost of IFTS-PM for TAIEX data sets

Time series Computational cost as time (second)

1 5.134645

2 5.209962

3 4.971165

4 7.192677

5 6.900486
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levels have exceeded 60% for 2008 and 2018, and 70% for

2017. Considering all eleven fiscal years together, the rate

of progress is also almost 50% on average.

As for the evaluation of the performance of the proposed

IFTS-PM according to the MAPE criterion values shown in

Table 8, it is observed that the proposed model produced

predictions with a percentage error of even less than 0.5%

for all years, except for 2008 when it gave predictions with

a MAPE value of 0.58%. In terms of MAPE, the progress

level of the proposed model has been over 50% for most of

the fiscal years, and even over 60% and 70% in some years,

as with the RMSE. In addition, it is seen from Table 9 that

the proposed IFTS-PM produces extraordinary predictions

in comparison to some of its current counterparts in the

literature in terms of the MdRAE criterion, and similar

evaluations and comments can be made for this criterion.

The results in this table show that the proposed prediction

model outperforms the naı̈ve model as a benchmark model.

Also, when it comes to the issue what is the computa-

tional cost in time for each implementation of the TAIEX

dataset, Table 7 also presents this information. The com-

putational time has been approximately 5 to 10 s for each

implementation, which can be considered a very reasonable

computational cost.

In addition to all these evaluations for the TAIEX data-

sets, the three error criteria values obtained as a result of the

implementations performed for the DIJ and SSCE datasets

are summarized in Table 10 as an average. From Table 10, it

is clearly seen that the proposed IFRS-PM has minimum

RMSE, MAPE and the MdRAE values between all the

counterpart models, as average. These implementation

results show that, compared to the second-best counterpart

model, the proposedmodel provides an improvement of over

40% on average for the DIJ and SSCE time series in terms of

the RMSE criterion. For the MdRAE criterion, the

improvement level has even over 60%.

Table 7 Performance evaluation for TAIEX test data in different years in terms of RMSE

Models 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 Average

[45] 225.38 204.11 151.42 237.43 81.08 82.3 98.64 176.6 122.71 91.69 173.36 149.52

[29] 186.48 207.42 211.21 215.13 78.37 184.83 308.72 100.75 316.57 902.18 492.89 291.32

[14] 105.10 78.25 103.84 117.78 59.14 49.59 87.52 90.72 80.98 63.20 186.21 92.94

[102] 138.94 71.30 72.92 115.54 62.32 49.53 69.60 78.73 82.22 62.98 102.19 82.39

[103] 142.38 110.88 100.76 180.79 63.30 63.16 71.62 104.4 88.35 89.02 231.35 113.27

[17] 131.18 71.48 74.07 119.34 59.55 50.09 65.72 79.93 82.10 61.67 101.99 81.56

[47] 144.23 72.16 62.23 114.25 59.94 50.97 64.79 79.27 82.29 62.15 107.08 81.76

[93] 129.48 69.91 67.11 123.03 58.37 50.39 69.15 78.22 80.51 64.25 103.74 81.29

[92] 140.49 70.34 93.08 118.89 62.35 49.63 66.55 78.46 82.73 62.21 109.39 84.92

[104] 142.37 112.45 99.83 164.97 63.31 64.76 74.85 94.33 86.59 88.93 161.78 104.92

[105] 114.03 70.91 68.59 117.02 60.50 49.92 70.44 77.67 80.86 62.61 106.75 79.94

[106] 129.29 70.27 75.46 111.45 63.20 50.84 67.67 78.33 84.39 61.09 103.26 81.39

[107] 137.44 71.76 74.52 117.38 61.59 51.37 69.23 79.89 83.53 62.37 103.24 82.94

[101]a 108.52 121.46 75.33 128.46 60.43 51.17 79.44 94.92 80.39 78.76 88.23 87.92

[101]b 108.57 68.57 52.15 113.38 58.84 48.87 65.90 80.22 82.24 64.31 74.52 74.32

[108] 140.19 73.22 80.37 124.38 62.53 52.39 66.26 82.78 80.14 61.98 99.03 83.93

[109] 126.29 73.77 143.53 122.49 60.73 55.38 66.15 79.47 83.18 65.54 203.72 98.20

[110] 140.48 70.63 67.46 121.27 61.10 50.23 67.08 80.65 81.12 66.34 98.13 82.23

[111] 113.03 72.30 62.82 113.69 60.45 50.17 68.28 78.65 82.43 62.49 104.49 78.98

[83]c 101.91 105.64 62.93 123.79 82.30 65.62 46.38 102.82 81.94 61.83 101.56 85.16

[83]d 91.95 57.43 44.61 90.32 43.58 33.83 46.23 58.79 53.15 36.99 70.67 57.05

The IFTS-PM 31.25 40.10 22.23 55.27 20.35 13.79 22.63 16.03 35.11 30.89 28.24 28.717

Progress (%) 66.01 30.18 50.17 38.81 53.31 59.25 51.04 72.74 33.94 16.50 60.03 49.66

Time (second) 10.70 7.16 7.18 5.87 7.01 8.99 7.03 5.97 5.64 7.37 6.92

The bold values indicate the best results

The results of the current counterparts models are taken from [83]
aThe model without ICA
bThe model with ICA
cThe model without AEL
dThe model with AEL
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4.6.3 IEX implementation

To bring into open the prediction ability of IFTS-PM pre-

dictionmodel, secondly, daily IEXdata observed in different

5 years from 2009 to 2013 are evaluated. In the analysis

process, the observations of the last 7 and 15 days are taken

as the test set for each year. Just like the implementations of

TAIEX data sets, the results obtained from all models are

comprehensively discussed by justifying the behaviours of

all the models. Both fuzzy-based and ANN-based models

have been used for comparison as well as traditional time

series predictionmethods. The accuracy errors of the models

are represented in Table 11, in terms of RMSE.

In the light of Table 11, it is clearly seen that the pro-

posed IFTS-PM can produce smaller RMSE values from

other methods for all data sets except time series 9.

Moreover, when the average statistic of RMSE relevant to

all models is also considered, IFTS-PM produces superior

prediction performance for all IEX time series.

On the other hand, when the proposed IFTS-PM is eval-

uated in terms of the improvement rates in prediction accu-

racy, the remarkable improvement rate of the proposed

model needs to be highlighted. The proposed IFTS-PM for

time series 10 and 12 has an outstanding improvement rate of

59.12% and 64.98% compared to other models suggested in

the literature. For time series 13 and 14, the proposed model

provides a performance improvement of more than 20%

compared to the best model among other models. Moreover,

in time series 6, 7, and 8, the proposed model produced a

remarkable performance with a performance improvement

of around 10% compared to the best model among other

models. To corroborate the reached results and outstanding

performance of the proposed model, the graphs, which pre-

sent the error line, are given in Fig. 4.

Figure 4 shows that the lines between observations and

predictions are fairly short for the all-time series. The fact

that these lines, which are a measure of the error for each

point of the time series, are quite short and the fact that the

Table 8 Performance evaluation for TAIEX test data in different years in terms of MAPE

Models 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 Average

[45] 3.87 2.04 1.53 2.65 0.89 0.78 0.86 1.78 1.10 0.71 1.29 1.59

[29] 3.49 2.41 1.90 2.61 0.86 1.77 3.31 0.97 3.20 8.45 4.73 3.06

[14] 1.66 0.73 1.09 1.24 0.58 0.49 0.79 0.86 0.63 0.47 1.71 0.93

[102] 2.55 0.68 0.71 1.27 0.61 0.48 0.61 0.79 0.62 0.47 0.80 0.87

[103] 2.57 1.06 0.98 1.99 0.68 0.57 0.63 1.04 0.72 0.67 1.96 1.17

[17] 2.36 0.67 0.72 1.35 0.59 0.49 0.58 0.79 0.65 0.46 0.78 0.86

[47] 2.65 0.68 0.59 1.25 0.60 0.48 0.57 0.79 0.63 0.46 0.82 0.87

[93] 2.34 0.66 0.64 1.35 0.59 0.50 0.61 0.77 0.63 0.47 0.81 0.85

[92] 2.55 0.67 0.93 1.33 0.60 0.49 0.58 0.78 0.64 0.47 0.87 0.90

[104] 2.57 1.07 0.97 2.01 0.68 0.61 0.66 0.98 0.70 0.67 1.42 1.12

[105] 1.96 0.70 0.67 1.32 0.60 0.49 0.63 0.77 0.61 0.46 0.84 0.82

[106] 2.33 0.67 0.74 1.22 0.63 0.52 0.60 0.78 0.63 0.46 0.81 0.85

[107] 2.43 0.68 0.72 1.23 0.59 0.52 0.61 0.80 0.63 0.46 0.81 0.86

[101]a 1.73 1.33 0.74 1.43 0.59 0.51 0.74 0.90 0.61 0.58 0.92 0.93

[101]b 1.75 0.65 0.50 1.20 0.57 0.47 0.58 0.78 0.62 0.48 0.76 0.76

[108] 2.57 0.70 0.78 1.41 0.61 0.52 0.58 0.80 0.62 0.45 0.76 0.89

[109] 2.31 0.71 1.39 1.31 0.60 0.56 0.59 0.76 0.68 0.51 1.90 1.03

[110] 2.55 0.68 0.65 1.34 0.59 0.48 0.59 0.81 0.62 0.47 0.76 0.87

[111] 2.00 0.70 0.60 1.24 0.59 0.50 0.59 0.77 0.62 0.47 0.82 0.81

[83]c 1.87 1.01 0.60 1.42 0.91 0.62 0.39 0.98 0.78 0.50 0.92 0.91

[83]d 1.57 0.55 0.43 0.94 0.42 0.33 0.44 0.59 0.43 0.27 0.53 0.59

The IFTS-PM 0.58 0.40 0.19 0.48 0.14 0.14 0.17 0.15 0.21 0.18 0.20 0.26

Progress (%) 63.14 27.78 56.82 49.13 65.98 58.53 57.66 74.22 51.02 33.36 63.09 56.51

The bold values indicate the best results

The results of the current counterparts models are taken from [83]
aThe model without ICA
bThe model with ICA
cThe model without AEL
dThe model with AEL
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observations and predictions are almost overlapped at

many points is another indicator of the superior prediction

performance of the proposed model. The values of the

MAPE and MdAPE criteria presented in these graphs are

also measures of the accuracy of the estimates produced by

the model. Based on these measurements, it is clearly said

that the proposed model produced predictions with an error

of less than 0.5% for other time series except time series 7

and 15, where it produced predictions with an error of

around 1%. The linear regression analysis findings, which

reflect the existence of a very high linear relationship

between predictions and observations, are also presented

by these graphs. In these findings, the regression and

determination coefficients for all-time series are quite close

to 1 as expected for a successful prediction model.

Considering all these evaluation criteria and approaches,

it can be said that the proposed I-FTS prediction model is a

powerful and preferable candidate model for IEX predic-

tion literature.

5 Conclusions

Intuitionistic fuzzy-based time series prediction models can

produce satisfactory prediction results because they are

capable of characterizing the uncertainty of the data in a

comprehensive manner. In this study, a new intuitionistic

fuzzy time series prediction model is proposed. The pro-

posed model is based on the combination of predictions

individually produced as nonlinear functions of member-

ships and non-memberships. Function approximation tool

used in the model is a hybrid sigma-pi neural network,

which is also proposed for the first time in this study.

Totally, 48 implementations for TAIEX, DIJ, SSCE and

IEX time series were carried out. The results showed that

the proposed model is quite superior to other models in

terms of different error criteria.

According to RMSE error criteria, approximately 20%

progress has been achieved in prediction performance for

the TAIEX time series in 2000–2004 years. As a result of

Table 9 Performance evaluation for TAIEX test data in different years in terms of MdRAE

Models 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 Average

[45] 2.1448 3.0647 3.1887 2.4162 1.5793 1.5578 1.4383 2.5952 2.0856 1.5365 1.4623 2.0972

[29] 2.3294 5.1835 4.0107 2.9861 1.4906 3.6261 7.4309 1.4596 6.8543 20.8460 7.9646 5.8347

[14] 1.0254 0.9813 2.5643 0.9278 0.9387 1.0812 1.5661 1.4015 1.0697 1.1282 3.0914 1.4341

[102] 1.7855 0.9867 1.4093 1.0439 1.0565 1.0178 1.0377 0.9749 1.0053 1.0399 1.1754 1.1394

[103] 1.6624 1.3814 1.7419 1.7291 1.3326 1.1064 1.0937 1.4514 1.2785 1.3579 3.5893 1.6113

[17] 1.8415 1.0112 1.5120 1.1252 1.0032 1.0140 0.9828 1.0632 1.0527 0.9470 1.1059 1.1508

[47] 2.2061 0.9618 1.1587 1.0520 1.0805 1.0607 0.9824 1.0620 1.0020 1.0031 1.1271 1.1542

[93] 1.5375 0.9340 1.2959 1.1256 0.9341 1.1313 1.0279 0.9795 0.9720 1.0288 1.1297 1.0997

[92] 2.1805 0.9743 2.2596 1.1032 1.0622 1.0083 0.9963 1.0178 1.0164 1.0159 1.5370 1.2883

[104] 1.6624 1.4013 1.7267 2.4935 1.3261 1.1950 1.2662 1.3791 1.3113 1.3489 2.5870 1.6089

[105] 1.1617 1.0579 1.3690 1.0937 1.0442 1.0491 1.0518 0.9745 1.0116 1.0230 1.2559 1.0993

[106] 1.5489 0.9740 1.5073 1.0356 1.0546 1.1971 1.0333 0.9648 1.0158 0.9844 1.1862 1.1365

[107] 1.3179 0.9971 1.4121 1.0417 0.9861 1.1750 1.0431 1.1008 1.0303 0.9934 1.1790 1.1160

[101]a 1.0000 2.6261 1.4819 1.4443 1.0000 1.0000 1.0000 1.0000 1.0000 1.3549 1.2929 1.3142

[101]b 1.0499 0.8700 1.0397 0.9741 1.0261 1.0052 0.9875 0.9739 0.9991 1.1104 1.0042 1.0107

[108] 2.2481 1.0187 1.6757 1.1934 1.0406 1.1209 0.9537 1.0684 1.0034 0.9721 1.1430 1.2216

[109] 1.4611 1.0674 2.8796 1.0774 0.9531 1.3093 1.0119 0.8907 0.9581 1.1461 3.3213 1.4615

[110] 1.5865 1.0210 1.3938 1.1516 1.0469 1.0254 1.0291 1.0996 0.9989 1.0072 1.1203 1.1346

[111] 1.1915 1.0506 1.1582 1.0236 1.0164 1.0298 1.0011 0.9580 1.0377 1.0115 1.1432 1.0565

[83]c 1.3628 1.2553 1.2433 1.4180 1.6564 0.9939 0.6507 1.2241 1.7314 0.9836 1.4136 1.2666

[83]d 0.8938 0.7463 0.8529 0.8161 0.6368 0.7227 0.7275 0.7833 0.7738 0.5530 0.6912 0.7452

The IFTS-PM 0.4638 0.6929 0.5354 0.4684 0.2062 0.3009 0.2588 0.2328 0.3435 0.3505 0.2724 0.3750

Progress (%) 48.11 7.15 37.23 42.60 67.63 58.36 60.23 70.28 55.61 36.62 60.59 49.67

The bold values indicate the best results

The results of the current counterparts models are taken from [83]
aThe model without ICA
bThe model with ICA
cThe model without AEL
dThe model with AEL
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Table 10 Average evaluation of

performance for DJI and SSEC

test data

Models DJI SSES

RMSE MAPE MdRAE RMSE MAPE MdRAE

[45] 533.41 3.12% 6.8827 150.76 5.33% 7.9442

[29] 371.15 2.19% 3.3221 132.04 4.39% 5.6223

[14] 163.33 0.90% 1.1089 37.35 1.08% 1.1180

[102] 166.53 0.93% 1.1662 38.12 1.10% 1.1452

[103] 268.60 1.58% 1.7911 67.96 1.92% 1.7404

[17] 165.50 0.92% 1.2929 36.90 1.05% 1.0959

[47] 159.84 0.87% 1.1347 37.82 1.08% 1.1530

[93] 169.34 0.94% 1.3238 38.78 1.14% 1.1516

[92] 168.96 0.94% 1.2985 38.38 1.09% 1.1563

[104] 174.96 1.01% 1.3253 38.60 1.11% 1.1551

[105] 160.67 0.86% 1.1383 36.54 1.05% 1.0698

[106] 163.39 0.89% 1.2271 36.99 1.06% 1.1114

[107] 166.04 0.92% 1.1897 37.37 1.08% 1.1583

[101]a 177.63 0.96% 1.3015 42.81 1.26% 1.3354

[101]b 152.48 0.81% 0.9759 36.30 1.01% 0.9981

[108] 160.21 0.86% 1.0847 37.41 1.07% 1.0654

[109] 170.66 0.94% 1.3609 38.95 1.13% 1.2981

[110] 165.77 0.93% 1.1767 37.20 1.06% 1.1182

[111] 133.17 0.46% 0.9949 31.95 0.89% 0.9272

[83]c 164.73 0.88% 1.2563 38.79 1.17% 1.2335

[83]d 126.74 0.68% 0.7997 23.24 0.69% 0.6951

The IFTS-PM 73.74 0.28% 0.3328 12.9845 0.31% 0.2958

Progress (%) 41.82% 38.05% 58.39% 44.13% 55.20% 57.45%

The bold values indicate the best results

The results of the current counterparts models are taken from [83]
aThe model without ICA
bThe model with ICA
cThe model without AEL
dThe model with AEL

Table 11 The evaluation of the results in terms of RMSE for IEX data sets

Time series/IEX data sets RMSE’s

Average
6 7 8 9 10 11 12 13 14 15

ARIMA 345 540 1221 1612 1058 1130 651 621 1362 1269 981

ES 345 540 1208 1612 1057 1130 651 621 1362 1269 980

MLP 325 525 1077 1603 920 1096 775 783 1315 1233 965

SC 1402 1754 1128 1742 1396 1360 1292 1047 1450 1931 1450

FF-T1 446 534 1180 1852 1083 1146 1034 1038 1512 1279 1110

FTS-N 267 514 1050 1357 765 917 590 582 786 1208 804

ANFIS 405 647 1141 2033 1007 1134 634 938 1447 1413 1080

MANFIS 261 503 1144 1303 960 1009 634 629 1418 1264 913

AR-ANFIS 240 467 1136 1451 987 999 631 619 1362 1256 915

I-TSFIS 166 1046 250 251 817 384 277 228 451 1106 498

I-FRF 240 507 963 1390 658 994 296 530 690 1172 744

IFTS-PM 152 425 217 360 269 373 97 173 356 1056 348

Progress (%) 8.43 8.99 13.20 NA 59.12 2.86 64.98 24.12 21.06 4.52 30.1

The bold values indicate the best results
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implementations realized for DIJ, SSCE, and TAIEX time

series collected from 2008–2018, it is observed that the

proposed IFTS-PM has outstanding performance in com-

parison to counterparts in the literature in terms of the

RMSE, MAPE, and MdRAE. In most of the implementa-

tions, the improvement level exhibited by the proposed

IFTS-PM has been around 50% and over.

Moreover, considering all the years, it has been

observed that the average progress is over 30%. In 9 out of

10 implementations of the IEX time series, the proposed

model improved prediction performance and even around

60% progress was made for two implementations (time

series 10 and 12). When all of these 10 analyses are taken

into account, an average of over 30% improvement in

prediction performance is observed. Percentage error value

measures, MAPE and MdAPE, for a total of 15 analyses,

except for a few analyses with a value of around 1%, were

obtained below 1% and even less than 0.5% in most of

them. Even considering only the observation of such low

MAPE and MdAPE values, the superior predictive per-

formance of the proposed IFTS-PM becomes clear.

One of the two main elements of this study is the pro-

posed intuitionistic fuzzy time series, prediction model.

The other is the proposed hybrid sigma-pi neural network,

which is introduced as a function approximation tool to

model nonlinear relationships between inputs and outputs

in this prediction model. The proposed prediction model

considers the effects of membership and non-membership

values on the predictions separately. Moreover, the pro-

posed HSP-NN allows the linear functions of membership

and non-membership values to have different weights in

generating predictions. Thus, it provides a more flexible

calculation and analysis process. This can be seen as the

main reason for the proposed prediction model to exhibit

such superior predictive performance.

In future studies, different neural network structures can

be used as a function approximation tool. Moreover,
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Fig. 4 a The conformity plot for

the time series 6. b The

conformity plot for the time

series 7. c The conformity plot

for the time series 8. d The

conformity plot for the time

series 9. e The conformity plot

for the time series 10. f The
conformity plot for the time

series 11. g The conformity plot

for the time series 12. h The

conformity plot for the time

series 13. i The conformity plot

for the time series 14. j The
conformity plot for the time

series 15
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different functions of membership and non-membership

values can be used as model inputs.
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64. Firat M, Güngör M (2007) River flow estimation using adaptive

neuro fuzzy inference system. Math Comput Simul. https://doi.

org/10.1016/j.matcom.2006.09.003

65. Zanaganeh M, Mousavi SJ, Etemad Shahidi AF (2009) A hybrid

genetic algorithm-adaptive network-based fuzzy inference sys-

tem in prediction of wave parameters. Eng Appl Artif Intell.

https://doi.org/10.1016/j.engappai.2009.04.009

66. Khashei M, Bijari M, Raissi Ardali GA (2009) Improvement of

auto-regressive integrated moving average models using fuzzy

logic and artificial neural networks (ANNs). Neurocomputing.

https://doi.org/10.1016/j.neucom.2008.04.017

67. Azadeh A, Asadzadeh SM, Ghanbari A (2010) An adaptive

network-based fuzzy inference system for short-term natural gas

demand estimation: Uncertain and complex environments.

Energy Policy. https://doi.org/10.1016/j.enpol.2009.11.036

68. Azadeh A, Asadzadeh SM, Saberi M et al (2011) A Neuro-

fuzzy-stochastic frontier analysis approach for long-term natural

gas consumption forecasting and behavior analysis: the cases of

Bahrain, Saudi Arabia, Syria, and UAE. Appl Energy. https://

doi.org/10.1016/j.apenergy.2011.04.027

69. Li K, Su H, Chu J (2011) Forecasting building energy con-

sumption using neural networks and hybrid neuro-fuzzy system:

a comparative study. Energy Build. https://doi.org/10.1016/j.

enbuild.2011.07.010

70. Chang JR, Wei LY, Cheng CH (2011) A hybrid ANFIS model

based on AR and volatility for TAIEX forecasting. Appl Soft

Comput J. https://doi.org/10.1016/j.asoc.2010.04.010

71. Pousinho HMI, Mendes VMF, Catalão JPS (2012) Short-term

electricity prices forecasting in a competitive market by a hybrid

PSO-ANFIS approach. Int J Electr Power Energy Syst. https://

doi.org/10.1016/j.ijepes.2012.01.001

72. Barak S, Sadegh SS (2016) Forecasting energy consumption

using ensemble ARIMA-ANFIS hybrid algorithm. Int J Electr

Power Energy Syst. https://doi.org/10.1016/j.ijepes.2016.03.012

73. Inyurt S, Ghaffari Razin MR (2021) Regional application of

ANFIS in ionosphere time series prediction at severe solar

activity period. Acta Astronaut 179:450–461. https://doi.org/10.

1016/J.ACTAASTRO.2020.11.027

74. Arora S, Keshari AK (2021) ANFIS-ARIMA modelling for

scheming re-aeration of hydrologically altered rivers. J Hydrol

601:126635. https://doi.org/10.1016/J.JHYDROL.2021.126635

75. Zardkoohi M, Fatemeh Molaeezadeh S (2022) Long-term pre-

diction of blood pressure time series using ANFIS system based

on DKFCM clustering. Biomed Signal Process Control

74:103480. https://doi.org/10.1016/J.BSPC.2022.103480
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