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Abstract: In this paper, using the Calkin—Gorbachuk method, the general form of all self-adjoint operators generated
by first order linear singular multipoint quasi-differential expressions in the direct sum of weighted Hilbert spaces of

vector functions has been found. Later on, the geometry of the spectrum set of these type extensions was researched.
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1. Introduction

The general theory of self-adjoint extensions of linear densely-defined closed symmetric operators in any Hilbert
space was mentioned for the first time in the mathematical literature in famous works of Neumann [12] and Stone
[14]. Application to scalar linear even order symmetric differential operators and description of all self-adjoint
extensions in terms of boundary values was done by Glazman in his seminal work [5] and by Naimark [11] in
his book. It is noteworthy to mention that Glazman—Krein—Naimark (or Everitt—-Krein—Glazman—Naimark)
theorem is very important in the mathematical literature. The Calkin—Gorbachuk method is also another

important method in this area (see [6,13]).
Our major motivation originates from some interesting researches [2—4,15] on scalar cases.

In the present study, the representation of all self-adjoint extensions of the multipoint symmetric quasi-
differential operators is obtained. These operators are generated by first order symmetric quasi-differential
operator expression in the space of the direct sum of weighted Hilbert spaces of vector functions defined on the
semiinfinite intervals. In Section 3, we study them in the sense of abstract boundary values. In Section 4, we
also examine the spectrum of these self-adjoint extensions.

For the differential operators in Hilbert space three questions are important:

(1) Is this operator symmetric?
(2) What are the boundary conditions by which it is generated?
(3) What is the spectrum of this operator? (see [15])
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2. Statement of the problem
Let H be a separable Hilbert space and a;, as € R. In the Hilbert space

H= Lil (H7 (_Ooval)) S2] Liz (H7 (CLZ’ OO))

of vector functions on (—o0, a;)U(az, 00), consider the following linear multipoint differential operator expression

for first order in the form

l(u) = (l1(u1), l2(uz)),

where u = (u1,uz),

e '
ll(ul) = zw—l(alul) +A1U1,
1

es 4
lo(ug) = zw—Q(aqu,) + Ayus,

2
where:
(1) ar,w; : (—00,a1) = (0,00), ag,ws : (az,00) = (0,00);
(2) a1,w; € C(—00,a1), az,ws € C(ag,0);
3) fa;o :ééii di = o0, [ Syt =
(4

) A1 : D(A1) C H— H and As : D(A3) C H — H are linear self-adjoint operators.

The minimal Lig (Lgg) and maximal L; (Ls) operators associated with differential expression I (l3)
in L2 (H,(—o0,a1)) (L2,(H, (az,00))) can be constructed by using the same technique in [7].

The operators Lo = L1g® Log and L = L1 & Ly in the Hilbert space H are called minimal and maximal
operators associated with differential expression I(-), respectively. It is clear that the operator L is symmetric
and L§ = L in H. One can easily see that the operator Lg is not maximal. Furthermore, differential expression
() with boundary condition (asus)(a2) = (ayu1)(a1) generates a self-adjoint extension of Lg.

Our aim in this paper is to obtain all self-adjoint extensions of the minimal operator Ly in H in terms

of boundary values and examine the spectrum of them.

3. Description of all self-adjoint extensions

In this section, we will study the abstract representation of all self-adjoint extensions of the minimal operator
Ly in terms of boundary values using the method of Calkin and Gorbachuk.

Let us prove the following auxiliary result we will need:
Lemma 1 The deficiency indices of the operators L1y and Loy are in form
(m(L19),n(L10)) = (dimH,0),
(m(Lag),n(Lag)) = (0,dimH).
Proof The general solutions of differential equations can be given as follows:

i~ (qud) () £iur (t) =0, t<a,
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i (ud) () £ iug () =0, ¢ > as,

where
1 “wi(s)
+ 1
t) = + d t< H
ul() Oél(t)exp< [ a%(s) 3) fl; ai, flE )
1 b wy(s)
+ 2
t) = ——= d , > aog, € H,
uz (1) an(t) (qt/ag 3(s) " /> )
respectively.

Then we obtain that

65 e = [ I Ola(t)

2

= [V (- ) et
[ e (2 55050 s
= [ e (2 [ a( ] sahes) v

= 5 (1 (-2 [ 55 as) )1l = 510 < o

2

QU
N——

By simple calculations, we also have that

w30 = e ([ 20h0s) 1o 12,8, a2 0)).

(i a3(s)

Consequently, the deficiency indices of the operator Loy can be expressed in the following form:
(m(L2o),n(La)) = (0,dimH).

By using the same technique, one can also show that

(m(L1g),n(L1g)) = (dimH,0),

which completes the proof. O

From the last assertion, it is obvious that
m(LO) = m(Llo) + m(Lzo) =dimH

and
n(Lo) = n(Lio) + n(Lao) = dimH.

Consequently, the symmetric minimal operator Ly has a self-adjoint extension (see [6]).

In order to describe all self-adjoint extensions of the minimal operator Lg, it is necessary to construct a

space of boundary values for it.
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Definition 1 [6] Let H be any Hilbert space and S : D(S) C H — H be a closed densely defined symmetric
operator on the Hilbert space having equal finite or infinite deficiency indices. A triplet ($,71,72), where $ is
a Hilbert space and v1 and -2 are linear mappings from D(S*) into $), is called a space of boundary values for
the operator S, if for any f,g € D(S*)

(5™ f,9)u — (f, 7 9)u = (11(f):72(9)s — (72(f), 11(9)) s
while for any F,G € §), there exists an element f € D(S*) such that v1(f) =F and v(f) =G.

It is known that for any symmetric operator with equal deficiency indices, we have at least one space of

boundary values (see [6]).

Theorem 1 The triplet (H,v1,72), where
1
71:D(L)CH—H, mu)= \—@((oqul)(cq) — (a2u2)(az)), u=(u1,u2) € D(L),

Yo:D(L)CH—H, 7(u)= Z.\iﬁ((oﬂul)(al) + (agu2)(az2)), w= (ur,uz) € D(L)

s a space of boundary values of the minimal operator Lo in H.

Proof In this case, for any « = (uy,us) and v = (v1,v2) from D(L) one can easily check that

e ’ e’ ’
(Lu,v)y — (u, Lv)y = (wai(OMM) +A1u17U1)L31(H7(7oo,a1))+(Zi(a2u2) +A2u2vv2)L32(H,(a2,oo))

Nes) ’ Ne%) ’
- (ul,zw—l(alvl) + A1)z (1, (-s0sa)) — (U271;2(O<2U2) + A202) 12 (H,(az,0))

Qg '
(ZE(Q1U1)’U1)L31(H7(—oo,a1)) (Arur, v1)1z, (11,(~00,01))
D) !

(Zwiz(azm),Uz)L@(H,(awo)) (A2uz,v2) 12, (1, (02,00))

/

.
— (ulalj(alvl) )2 (H,(~o0,a1)) — (U1, A101) 2 (8, (~00,a1))

Qg !
- (U2,Z;2(a2v2) )L2, (H,(az,00)) — (U2, A2v2) 12 (H,(a5,00))

a1 ’ o ’

=i _(;1(041“1) JU1)12 (H(—o0,a1)) F (U1, E(alvl) )LZI(H,(—oo,a1)):|

[, e ’ (€3] ’
+ i _(W—Q(azm) yU2) L2 (H,(az,00)) T+ (U2, @(azvz) )La2(H,(a2,oo)):|

= i /al (arw) o) (t)dt + /a1 (w1, Zi(alm)')le(t)dt]

[/ -0 W1 -

+ i -/‘X’(OQ(aguz)/,v2)Hw2(t)dt+/OC(U%Zz(agvz)/)sz(t)dt}

2 W2 2
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_ Z[/oo (arus) alvl))Hdt—k/al ((alul),(awl)/)Hdt}

— 00

+ i {/OO asusg) agvg))Hdt+/oo((a2u2),(agvg)/)Hdt}

az

. /OO i), alvl))Hdt—l—/w((a2u2)7(a2v2))}{dt>

= i[((a1u1)(ar), (aav1)(a1))n — ((a2u2)(az), (aav2)(az))u]

—(
= (n(u),%2@)r = (v2(w),(v)a-

Now let f1, fo € H. Let us find the function u = (uy,us) € D(L) such that

1
71 (u) = ﬁ((alul)(al) — (uz)(az)) = f1

and
1

Yo (u) = m((awl)(al) + (aquz)(az)) = fo.

From this we can obtain that

R (i)
(qur)(ar) = N (aous)(az) = 7

If we choose the functions uq(-) and wus(-) as

ur(t) = Lexp (_ /a1 wé(S) ds) S fl)ﬂ t<a,
t

a1 (1) ai(s) V2
_ (- " wa(s) s (12— f1) u
vl = p( A a§<s>d> ot

then it is obvious that (u1,u2) € D(L) and v1(u1) = f1, v2(u2) = fa. O
With the use of the Calkin-Gorbachuk method [6], we obtain the following:

Theorem 2 If L is a self-adjoint extension of the minimal operator Lo in H, then it is generated by the

differential operator expression | = (l1,l2) and the boundary condition

(auz)(az) = W(agug)(ar),

where W : H — H is a unitary operator. Moreover, the unitary operator W in H is determined uniquely by

the extension L, i.e. L = Ly, and vice versa.

Proof It is known that all self-adjoint extensions of the minimal operator Ly are described by the differential-

operator expression [ = (l1,1l3) with boundary condition
(V—E)yy(u) +i(V + E)y(u) =0, u= (u,u2) € D(L),
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where V' : H — H is a unitary operator. Therefore, from Lemma 3.3, we obtain

1 . 1
(V= E)E((alul)(al) — (aquz)(az)) +i(V + E)ﬁ((alul)(al) + (azuz)(az)) = 0.

Hence it is obtained that
(a2u2)(a2) = —V(alul)(al).

Choosing W = —V in the last boundary condition we have

(aguz)(az) = W(aiur)(ar).

4. Spectrum of self-adjoint extensions

In this section we will investigate the structure of the spectrum of the self-adjoint extension Ly of the minimal
operator Ly in H.

Theorem 3 The point spectrum o,(Lw) of the self-adjoint extension Ly is empty.
Proof Let us consider the following eigenvalue problem defined by
l(u) =du, u=(up,uz) €H, NeR,

with boundary condition
(CYQUQ)<(12) = W(alul)(al).

Then we have

Zziétg (1) (t) + Avui (t) = dua(t), t < ay,
lﬁj(i) (012U2) (t) + Agus(t) = Aua(t), t > as,
(azuz)(az) = W(aiui)(ar).

The general solutions of these differential equations are as follows:

w () = shgeap (~i4 - AB) [ ;I“d)f;), D em t<a,
ug(t;\) = (t)exp('(AQ —AE) ft ©3(5) g )f)\ ) f)\z) EH, t>as.

as az(s

In this case

1 a wl(s) 1
||U1(t;/\)||2L51(H,(—oo,a1)) = | ()633}7( i(A —/\E)/t a%(s)dé’) §)||2L51(H,(—oo,a1))
1w (t) 1)2
and
1 ) ¢ wa(s) 2
o MEs 1 0a0y = Iyear (z<A2 ) / 2 ag(s>d5> B2z, (1. 60s,000

- > w2 (t) 2)
- Az Ol%(t) t”f)\ ||H
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Then one can notice that uy(-,\) ¢ L2 (H, (—00,a1)) and us(-,A) ¢ L2 (H, (az,00)).
Consequently, we obtain that o,(Lyw ) = () for very unitary operator W in H. O
Notice that the residual spectrum of any self-adjoint operator in any Hilbert space is empty. Therefore,

it is enough to study the continuous spectrum of the self-adjoint extensions Ly, of the minimal operator Lg in
H. It is well known that

U(Lw) CR

in the theory of linear self-adjoint operators in Hilbert spaces.

One can immediately obtain the following:

Theorem 4 The continuous spectrum o.(Lw ) of the self-adjoint extension Ly in H coincides with R, i.e.
O’C(Lw) =R.

Proof For Ae C, \; =ImA >0 and f = (f1, f2) € H one can see that

IR SO = o gean | it - AE) [ jgid i

ai

i . / w1 (7) wi(s)
+a1(t)/exp Z(A1—)\E)/a%(7_)d7 al(g)fl(s)ds“%il(fi(*ooyal))

[e'e] t
) . wa(T wa(s
+|| /exp Z(Az—)\E)/ i( )dT 2( )fz(s)d8||2L32(H,(a2,oo))
2
t

w200 J a0 | a0
> Ny [ o |42 -38) [ S5 50r | okl oo

t
The vector functions f*(¢; A) have the form f*(¢; \) = (0, %exp (z’(AQ -2 [ ngS; ds) f) , AeC,
[6%) S

Ai =ImA >0, f € H belong to ‘H. Indeed,

150 = [ e (ita2 =) [ 2550 | flintea

e} t
1 wa(s) 2
= ———exp 72)\2-/ ds | wo(t)dt|| f
/a%(t) a%(s) 2() H ”H

1
= Sl <o
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For such functions f*(A; - ), we have

2 i1 o fw(n) < [uwnls)
IRA(Lw) "5 Ol 2 1y t/%(s)exp i(As AE)/Q%(T)dT—H(Az AE)/Q%(S)dS

228 TSIz, (1 0z 00

! [ wa(r) [ ()

. wWal(T . wolT
= ||062(t)61:p _ZA/Q%(T)dT+1A2/a%(T)dT

[ SW2(7’) wa(s)
/ e | 2 g | sl s o

1 wa(7) 7w2(s) /Swg(T) 9 9
= _— ; —2)\; 2
||042(t) emp )\’L/ 2(7_) dT 2(5) emp )\7/ 012(7') dT d8||Lw2(H,(a2,oo))||fHH

Q3 2
as t a2

1 wa(s) 2 2
= ||mefﬂp _)‘i/ Q(T)dT Z2, (o1 (a,00n 1/ I

Qg
as
1T ()
wWal(T 2
= — [ —— —2)\; dr | dt
w2 | w2 [ e | st
a az
1
= sl
Using the above inequality we get
1B L) £ e > L Ly ey,
) = 2\/5)\2\/)\*1 2)\1 ) ’
ie. for A\; = ImA >0 and f # 0 we can write
[B=ACLw) 7 (A5 Il o 1
£ (A )% 2N\
and it is also obvious that
[ BA(Lw ) f* (A )lln
[RA(Lw )| > . . f#0.
1% (A5 6) [l
As a consequence, we get
1
|RA(Lw )| > 3y for A\ e C, \; =ImA >0,

which shows that every A, € R belongs to the continuous spectrum of the extension Ly . This completes the
proof. O
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Note: Some interesting models related to the theory of singular multipoint ordinary self-adjoint operators have

been investigated in [8-10].

Note: When a; = ap = 1, similar results were obtained in [1].

(1]

[10]

[11
[12]
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