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Abstract

We prove the existence in the sense of sequences of solutions for some system of integro-
differential type equations in two dimensions containing the normal diffusion in one direction
and the anomalous diffusion in the other direction in H2(R2, RY) using the fixed point tech-
nique. The system of elliptic equations contains second order differential operators without
the Fredholm property. It is established that, under the reasonable technical assumptions,
the convergence in L!(R?) of the integral kernels yields the existence and convergence in
H?(R?, RN) of the solutions. We emphasize that the study of the systems is more difficult
than of the scalar case and requires to overcome more cumbersome technicalities.

Keywords Solvability conditions - Non Fredholm operators - Integro-differential systems -
Mixed diffusion

Mathematics Subject Classification 35J05 - 35P30 - 45K05

1 Introduction

We recall that a linear operator L acting from a Banach space E into another Banach space
F satisfies the Fredholm property if its image is closed, the dimension of its kernel and
the codimension of its image are finite. Consequently, the equation Lu = f is solvable if
and only if ¢; (f) = O for a finite number of functionals ¢; from the dual space F*. Such
properties of the Fredholm operators are broadly used in many methods of the linear and
nonlinear analysis.

< Vitali Vougalter
vitali@math.toronto.edu

Messoud Efendiev
messoud.efendiyev @helmholtz-muenchen.de; m.efendiyev @marmara.edu.tr

Helmbholtz Zentrum Miinchen, Institut fiir Computational Biology, Ingolstidter Landstrasse 1,
85764 Neuherberg, Germany

Department of Mathematics, Marmara University, Istanbul, Turkey

Department of Mathematics, University of Toronto, Toronto, Ontario M5S 2E4, Canada

Published online: 20 August 2022 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10884-022-10199-2&domain=pdf

Journal of Dynamics and Differential Equations

Elliptic equations in bounded domains with a sufficiently smooth boundary satisfy the Fred-
holm property if the ellipticity condition, the proper ellipticity and the Shapiro-Lopatinskii
conditions are fulfilled (see e.g. [1, 6, 20, 23]). This is the main result of the theory of the
linear elliptic problems. In the case of the unbounded domains, such conditions may not be
sufficient and the Fredholm property may not be satisfied. For example, the Laplace opera-
tor, Lu = Au, in R¥ fails to satisfy the Fredholm property if considered in Holder spaces,
L : C*(RY) — C*(R?), or in Sobolev spaces, L : H2(RY) — L%(RY).

Linear elliptic equations in unbounded domains satisfy the Fredholm property if and only if,
in addition to the conditions given above, the limiting operators are invertible (see [24]). In
certain simple cases, the limiting operators can be constructed explicitly. For example, if

Lu=ax)u”" +bx)u’ +cx)u, x ek,

where the coefficients of the operator have the limits at the infinities,

ar = lim a(x), bi= lim b(x), ct= lim c(x),
x—+o00 x—Fo00 x—+o00
the limiting operators are:
Liu =ayu” +biu' + ciu.

Because the coefficients here are constants, the essential spectrum of the operator, that is
the set of complex numbers A for which the operator L — A does not satisfy the Fredholm
property, can be found explicitly by using the standard Fourier transform, so that

Ai(E) = —asE? 4+ byik +cx, E€R

The invertibility of the limiting operators is equivalent to the condition that the origin does
not belong to the essential spectrum.

For the general elliptic equations, the same assertions hold true. The Fredholm property is
satisfied if the essential spectrum does not contain the origin or if the limiting operators are
invertible. However, such conditions may not be written explicitly.

In the case of the non-Fredholm operators the usual solvability relations may not be applicable
and the solvability conditions are, in general, unknown. There are certain classes of operators
for which the solvability relations are obtained. Let us illustrate them with the following
example. Consider the equation

Lu=Au+au=f (1.1

inR9, d e N, where a is a positive constant. Such operator L coincides with its limiting oper-
ators. The homogeneous problem admits a nonzero bounded solution. Thus, the Fredholm
property is not satisfied. However, since the operator has the constant coefficients, we can
use the standard Fourier transform and find the solution explicitly. The solvability conditions
can be formulated as follows. If f € L2(R?) and xf € L! (R?), then there exists a unique
solution of such equation in H2(R?) if and only if

ipx
(f(x), < d) =0, pe Sfl/a a.e.
L2(Rd)

(2m)2

(see [29]). Here Sfl/z denotes the sphere in R4 of radius J/a centered at the origin. Hence,
though our operator fails to satisfy the Fredholm property, the solvability conditions are
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formulated similarly. However, such similarity is only formal since the range of the operator
is not closed.
In the case of the operator with a scalar potential,

Lu=Au+ax)u=f,

the standard Fourier transform is not applicable directly. Nevertheless, the solvability relations
in R can be obtained by a rather sophisticated application of the theory of self-adjoint
operators (see [28]). As before, the solvability conditions are formulated in terms of the
orthogonality to the solutions of the homogeneous adjoint problem. There are several other
examples of the linear elliptic non Fredholm operators for which the solvability relations can
be derived (see [12, 14, 24, 25, 27, 29]).

The solvability conditions play a significant role in the analysis of the nonlinear elliptic equa-
tions. In the case of the non-Fredholm operators, in spite of a certain progress in understanding
of the linear problems, there exist only few examples where the nonlinear non-Fredholm
operators were analyzed (see [5, 9, 10, 13—-15, 26, 29-32]). The large time behavior of the
solutions of a class of fourth-order parabolic problems defined on unbounded domains using
the Kolmogorov g-entropy as a measure was studied in [8]. The article [7] deals with the finite
and infinite dimensional attractors for the evolution equations of mathematical physics. The
attractor for a nonlinear reaction-diffusion system in an unbounded domain in R3 was inves-
tigated in [16]. The works [17] and [22] are devoted to the understanding of the Fredholm
and properness properties of quasilinear elliptic systems of second order and of the operators
of this kind on R¥. The exponential decay and Fredholm properties in the second-order
quasilinear elliptic systems were discussed in [18]. The present work is devoted to another
class of stationary nonlinear systems of equations, for which the Fredholm property may not
be satisfied:

9%uy a2 \*
— -] u
8x12 axg k
+/2 Gi(x = ) Fr(ui(y), uz(y), ..., un(y), )dy =0, 0<s <1, (1.2
R

where ]l <k <N, N>2, x =(x1,x2) € R2, y=01,n) € R2. Here and further down
the vector function

wi=(ui,uz,...,uy)" eRV. (1.3)
The nonlocal operators
82 82 Sk
Ly =——+ |- | H®)—> L*®R?),
0x; 0xy
0<sk<l1l, 1<k<N, N=>2 (1.4)

are defined via the spectral calculus. The existence of solutions of the single equation anal-
ogous to system (1.2) was covered in [13]. The novelty of the works of this kind is that
in each diffusion term we add the standard negative Laplacian in the x; variable to the
minus Laplacian in x; raised to a fractional power. These models are new and not much is
understood about them, especially in the context of the integro-differential equations. The
technical difficulty we have to overcome is that such problems become anisotropic and it
is more difficult to derive the desired estimates when dealing with them. In the population
dynamics in the Mathematical Biology the integro-differential equations describe models
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with the nonlocal consumption of resources and intra-specific competition (see e.g. [2, 3]).
It is very important to study the problems of this kind in unbounded domains from the point
of view of the understanding of the spread of the viral infections, since many countries have
to deal with the pandemics. We use the explicit form of the solvability relations and prove
the existence of solutions of such nonlinear equations. In the case of the standard Laplacian
instead of (1.4), the system analogical to (1.2) was treated in [26] and [32]. The solvability of
the integro-differential problems containing in the diffusion terms only the negative Laplace
operator raised to a fractional power was actively discussed in recent years in the context of
the anomalous diffusion (see e.g. [10, 14, 30, 31]). The anomalous diffusion can be described
as a random process of particle motion characterized by the probability density distribution
of jump length. The moments of such density distribution are finite in the case of the normal
diffusion, but this is not the case for the anomalous diffusion. The asymptotic behavior at the
infinity of the probability density function determines the value of the power of the Lapla-
cian (see [21]). The chapter [11] deals with the necessary condition of the preservation of
the nonnegativity of the solutions of a system of parabolic equations in the case of the mixed
diffusion.

2 Formulation of the Results

The technical conditions of the present article will be analogous to the ones of [13], adapted
to the work with vector functions. Performing the analysis in the Sobolev spaces for vector
functions is more complicated. The nonlinear part of system (1.2) will satisfy the following
regularity conditions.

Assumption1 Let | < k < N. Functions Fy(u,x) : RY x R?> — R are satisfying the
Caratheodory condition (see [19]), such that

=

Zsz(u,x) < Klulgy +h(x) for ucec RN, xeR? 2.1
k=1

with a constant K > 0 and h(x) : R> — R*, h(x) € L*(R?). Furthermore, they are
Lipschitz continuous function, so that for any uD@ c RN x e R?:

N
D Fr@®, x) — Fr®, x)2 < Llu® — u® gy 2.2)
k=1

with a constant L > 0.

Here and below the norm of a vector function given by (1.3) is:

|ulgy =

The solvability of a local elliptic problem in a bounded domain in RY was discussed in [4].
The nonlinear function there was allowed to have a sublinear growth. In order to establish
the existence of solutions of (1.2), we introduce the auxiliary system of equations with
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1 <k <N, N > 2, namely

9%uy . a2\
——5 — u
8x12 8x§ k

= /2 Gr(x — ) Fr(v1(y), v2(¥), ..., on(¥), Wdy, 0<s <1 (2.3)
R
Let us denote

(fi(0), L) 2@y = /R i) B, 2.4)

with a slight abuse of notations when these functions do not belong to L*(R?). Indeed, if
fi(x) € L'(R?) and fr(x) € L% (R?), like for instance those involved in orthogonality
condition (4.5) further down, the integral in the right side of (2.4) is well defined. In the
article we consider the situation in the space of the two dimensions, so that the appropriate
Sobolev space is equipped with the norm

16152z = 191722y + 180172 go)- 2.5)

Then for a vector function (1.3), we have

N N
el 3o o vy 7= D Nkl oy = Y ANkl ooy + I AukllZ o o) - (2.6)
k=1 k=1

Let us also use the norm

N
2 . § 2
||u”L2(R2,RN) = ||le ”LZ(]RZ)'
k=1

By virtue of Assumption 1 above, we are not allowed to consider the higher powers of the
nonlinearities, than the first one, which is restrictive from the point of view of the applications.
But this guarantees that our nonlinear vector function is a bounded and continuous map from
L2(R2,RN) to L2(R%, RY). In the system above we are dealing with the operators Ly,
defined in (1.4). By means of the standard Fourier transform (4.1), it can be trivially obtained
that the essential spectrum of Ly, is given by

A (p)=pi+Ip2l™, p=(p1.p) eR* 1<k=<N. 2.7)

Clearly, each set (2.7) contains the origin. Hence, our operators L, do not satisfy the Fredholm
property, which is the obstacle to solve our system of equations.

The similar situations but in linear equations, containing both self- adjoint and non self-
adjoint differential operators without the Fredholm property have been studied extensively
in recent years (see [24, 25, 28, 29]). Our present article is related to our work [12] because
we also deal with the non Fredholm operators, now involved in the system, which is not
linear anymore and contains the nonlocal terms. Presently, as distinct from [12], the space
dimension is restricted to d = 2 to avoid the extra technicalities.

In our current work we manage to demonstrate that under the reasonable technical conditions
system (2.3)definesamap I, 5 : H 2(R2, RV) - H2Z(R?, R"), whichis a strict contraction.

Theorem1 Let N > 2, 1 <k < N, 0 < sy <1, 1 <M < N — 1, the functions

Gr(x) : R? = R, such that Gi(x) € L'(R?) and x>Gr(x) € L'(R?). Furthermore,
(=A% Gr(x) € L' (R?) and Assumption 1 holds.
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1
Let us also assume that for 1 < k < M we have 0 < s < 3 and orthogonality relations

1
(4.5), (4.6) are valid. Moreover, for M +1 < k < N we have 3 < sx¢ < 1 and orthogonality

conditions (4.5), (4.6) and (4.7) hold and that 2+/27 N> sL < 1, where N3 is defined in
(4.4). Then the map v — T>, sv = u on H*(R%, RN) defined by system (2.3) has a unique
fixed point vy, s, which is the only solution of the system of Eq. (1.2) in H2(R2,RM).

This fixed point vy, ¢ is nontrivial provided that for some 1 < k < N the intersection of
supports of the Fourier transforms of functions supp Fk/((—),\x) N supp@ is a set of nonzero
Lebesgue measure in R2.

Related to system (1.2) in the space of two dimensions, we consider the sequence of the
approximate systems of equations with m € N, namely

2. (m) 2\ %
Fuy— 97 um
ax?2 ax2 k

1 2

+ /R Gl — WE@ ), ud” (), P (), y)dy =0 (2.8)

with0 < sx < 1, 1 <k < N, N > 2. Each sequence of kernels {G , (x)};,_; converges
to G (x) asm — oo in the appropriate function spaces discussed further down. Let us prove
that, under the appropriate technical assumptions, each of systems (2.8) possesses a unique
solution u™ (x) € H%(R2,RY), the limiting system of Eq. (1.2) has a unique solution
u(x) € H*(R%, RY), and u™ (x) — u(x) in H*(R2, R") as m — oo. This is the so-called
existence of solutions in the sense of sequences. In such case, the solvability conditions can
be formulated for the iterated kernels G ,,. They imply the convergence of the kernels in
terms of the Fourier transforms (see the Appendix) and, consequently, the convergence or
the solutions (Theorem 2). The analogous ideas in the context of the standard Schrodinger
type operators were used in [12, 14, 27]. Our second main result is as follows.

Theorem?2 Letm ¢ N, N > 2, 1 <k <N, 0 < s <1, 1 <M < N —1,
the functions Gy, (x) : R? - R, Grm(x) € L (R?), x2Gk,m(x) e LYR?) are such
that Ggm(x) — Gr(x), szkym(x) — szk(x) in LY(R?) as m — oo. Moreover,
(=)' Gpu(x) € LIRY), so that (—=A)' =G pn(x) — (—=A)"%Gr(x) in L'(R?)
as m — oo and Assumption 1 holds.

1
Suppose 0 < s < 5 for 1 < k < M and orthogonality relations (4.24), (4.25) are valid,

1
5 < sk < lfor M+1 < k < N and orthogonality conditions (4.24), (4.25) and (4.26) hold.

Furthermore, we assume that (4.27) is valid for all m € N with some fixed 0 < ¢ < 1.

Then each system of Eq. (2.8) has a unique solution u™ (x) € H*(R2, RN), limiting system
(1.2) admits a unique solution u(x) € H2(R%, RN)Y, so that u™ (x) — u(x) in H*(R%, RN)
asm — oo.

The unique solution u"™ (x) of each system of Eq. (2.8) does not vanish identically in our
space of two dimensions provided that for some 1 < k < N the intersection of supports of
the Fourier transforms of functions supp Fk/(O?c) n suppgk\m is a set of nonzero Lebesgue
measure in R?. Analogously, the unique solution u(x) of limiting system (1.2) is nontrivial if
suppFﬂ.,\x) ﬂsuppé; is a set of nonzero Lebesgue measure in R? for a certain 1 < k < N.
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Remark 1 Inthe article we deal with the real valued vector functions due to the assumptions on
Fi(u, x), Gg.m(x) and G (x) involved in the integral terms of the approximate and limiting
systems discussed above.

Remark 2 The importance of Theorem 2 of our work is the continuous dependence of the
solutions with respect to the integral kernels.

3 Proofs of the Main Results

Proof of Theorem 1 First we suppose that for some v(x) € H 2(R2, RY) there exist two
solutions u)@ (x) € H2(R2, RN) of system (2.3). Then their difference w(x) := u®(x)—
u® (x) € H*(R*, RV) will satisfy the homogeneous system of equations

& 2 \"
— ll;k+<_2> wk=07 1§kSN
0x; 0xy

Evidently, each operator Ly, : H 2(R%) — L2(R?) defined in (1.4) does not possess any non-
trivial zero modes. Hence, the vector function w(x) is trivial in the space of two dimensions.
Let us choose an arbitrary v(x) € H 2(R%, RM) and apply the standard Fourier transform
(4.1) to both sides of system (2.3). This yields

Gr(p) fr(p)
P2+ | pa|®se’

P*Gi(p) fu(p)

l<k<N., @31
Pt +1pa?

ix(p) =2m prir(p) = 2m

where fk (p) stands for the Fourier image of Fi(v(x), x). Clearly, we have the upper bounds

i@k (p)| < 27 N2 o | fa(p)| and |p*@i(p)| <27 N2 | fe(p)l, 1<k <N.

Note that all N>, 5, here are finite by virtue of Lemma 3 of the Appendix under the stated
assumptions. This allows us to derive the estimate from above on the norm

N
2 _ ~ 2 2~ 2
Il 322 vy = D AN@ P2y + 1228 (P17 )} <
k=1
N
<872 ) N7 o IFk@00). D72 g2)- (32)
k=1

The right side of (3.2) is finite by means of (2.1) of Assumption 1 since v(x) € H2(R2,RM).
Obviously, vx (x) € H 2(R2) ¢ L*®(R?), 1 <k < N viathe Sobolev embedding. Hence, for
anarbitraryv(x) € H 2(R2, RV) there exists a unique solutionu(x) € H 2(R2, RN of system
(2.3), so that its Fourier image is given by (3.1). Therefore, the map 7, s : H 2(RZ,RN) —»
H?(R?, R") is well defined. This enables us to choose arbitrary vector functions v"-® (x) €
H2(R%, RN), so that their images uD@ .= 1>, @ e g2Z(RZ RN). By virtue of (2.3),
we haveforl <k < N

2, () 2\ %
S S G Y
Bxlz axg k

= /R Gi(x — @ (3,0 (), .., 0 (), y)dy, (3.3)
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2 Sk
Puy 2\
o2 T\ Tz
8x] sz
= /R Girlx = PEOP0), 02,08 ), iy, (3.4)

where 0 < s; < 1. We apply the standard Fourier transform (4.1) to both sides of systems
(3.3), (3.4) above. This givesus for | <k < N

_ ~ ). _ 25 oy (D),
Ge(p) fy ' (p) P Gr(p) f ' (p)

I/l]((l)(p) — 7T27k2<7 ZMI(CI)(p) =27 5 kz‘ , (35)
Py + | p2|=%* Py + Ipzl Sk

_ ~ O _ 2 A
Ge(p) ;™ (p) Gk(P)f )(p)

M](cz)(p) — 7.[27]‘%’ ZMI(CZ)(p) =27 - > (3.6)
pi + | p2|*% pi + [pal**

In the formulas above fk(])( p) and fk(z) (p) designate the Fourier images of Fr (v (x), x)
and Fr (v (x), x) respectively. Using (3.5) and (3.6), we obtain the estimates from above

D)
W)~ P )| < 222 1) 12

) o)
‘pzu,(( )(p) — pPul )(p)‘ < 27N, g

P - 12 (p)‘

with 1 < k < N. Hence, we derive the upper bound for the norm

N —_
1 a 2
IIM(I)—M(Z)H%{z(RZ,RN) =) { H”/(c '(p) = uy )(p)‘ L2 R2)+Hp [ ()= )(p)]‘LZ R2>}
k=1
N
< 872N, S IRV (@), 00 = Fe@® (@), 02z,
k=1

where N;_  is defined in (4.4). Clearly, v(l) @ (x) € H3(R?) c L% (R?) due to the Sobolev
embedding. Condition (2.2) of Assumptlon 1 above yields

172, v = T, 0@ |l g2 vy < 2v27 N2 LI = 0P| oo gy (37

The constant in the right side of inequality (3.7) is less than one as assumed. Therefore, by
virtue of the Fixed Point Theorem, there exists a unique vector function vy, y € H 2(R2, RN ),
sothat 7> svp, ¢ = v2, 5, Which is the only solution of the system of Eq. (1.2) in H2(R2,RM).
Suppose vz, (x) is trivial in the whole space of two dimensions. This will contradict to the
given condition that for a certain 1 < k < N the Fourier images of G (x) and Fx(0, x) do
not vanish on a set of nonzero Lebesgue measure in R O

We proceed to establishing the solvability in the sense of sequences for our system of integro-
differential equations in the space of two dimensions.

Proof of Theorem 2 By means of the result of Theorem 1 above, each system of Eq. (2.8)

admits a unique solution u™(x) € HXR?,RY), m € N. Limiting system (1.2) possesses
a unique solution u(x) € H?(R?, RV) by virtue of Lemma 4 below along with Theorem 1.
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We apply the standard Fourier transform (4.1) to both sides of the systems of Eqs. (1.2) and
(2.8). This givesusfor1 <k <N, meN

F(p) = 2 zk(P)ﬁﬂk(f)’ u}({m)(p) . k,rzn(p)(/)k,r;z(P) (3.8)
pi + |p2|=* i+ |p2|*%*
r=n ~ — 2/\ —
- G G
Pa(p) = 2mPS k(P)‘PkZ(P)! Pul™(p) = 272 kz,m(p)(ka,m(p)' (3.9)
pi + | p2|*%* pi + p2|=*

Here ¢;(p) and @(p) designate the Fourier images of Fi(u(x), x) and Fie(u™ (x), x)
respectively. Obviously,

— R Gim(p) Gi(p) _
uf" (p) — i (p)| < 2 |t - ek (P) +
P1 + | pa|=%* P + | p2 % L (R2)
Grm(p) — ~
S P () — @)l
P + [p2]~% L (R2)
Thus,
) Gim(p) Gi(p)
llu m)y uell 22y < 27 — | Fr(u(x), x)|l 2R +
¢ = P Im P m | e, =
Gim(p)
+2m | e 13 @™ (), ) = Fie(u(x), 0|l 2 2)-
p] + |P2| Sk L"Q(Rz)

Inequality (2.2) of Assumption 1 yields

N
DI Fe@™ (), %) = Fi@(), 017 2oy < Llu"™ () = u)l 22 zyy. (3:10)
k=1

Clearly, u{"™ (x), ux(x) € H2(R?) C L®(R?) with | < k < N, m € N by virtue of the

Sobolev embedding. Hence, we obtain

Gim(p)  Gi(p)
pl+Ip2®%  pi+|pal*

N
1 ) = (17 2 2 vy < 877
k=1

1 Fk (), 21172 g2,

L>®(R2)

2
+872 [N ] L2 10 (06) = w02 g v

where N") is defined in (4.23). Using (4.27), we derive [lu® (x) — u(x)|%, 2RV =

Gim(p) Gi(p)

pl+pal?c  pl+|pa|2s

872 N
= e(2—e¢) Z

k=1

1P (u(x), 0117 g2y -
L (R2)

By means of upper bound (2.1) of Assumption 1, we have Fi (#(x), x) € L*RY),1<k<N
for u(x) € H*(R2, RN). Let us recall the result of Lemma 4 below. Therefore, under the
stated conditions

u™(x) > u(x), m— 0o (3.11)
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in L2(R%, RN). Using (3.9), we arrive at

_ g e
~ P Grm(p) p-Gr(p) -
Pl (p) "’2”k(1’>‘ e R S Pee i s 1@ (p)] +
pitIp2™ P+ P2l™ | ey
2/\
P Grm(p) _ R
27'”2“ [0k,m (P) — @k (P)I.
Pi 1215 | 2

Hence,

P*Gin(p) _ p*Gilp)

(m)
lAuy ™ () = Aug ()| 22y <27
R VP O R

I Fre(u(x), )l 12(r2)

L% (R2)
2/\
P"Grm(p)
S 1Fe ™ (), %) = Fie@(x), 0l 22y
[)1 + |P2| k LDQ(]RQ)

Upper bound (3.10) allows us to derive the estimate from above

P*Gim(p)  P*Gr(p)
pl+1p2> pl+ipal?%

A (x) = Aug(0) | 22y < 27 i @), ) 2 g2y

L (R2)
o
P"Grm(p)
S L{u™ (x) = u @) 122 gy
p] + |P2| LOO(RQ)

We recall the result of Lemma 4 of the Appendix and use (3.11). This yields
Au™ (x) — Au(x) in L*R*RY), m— .

By virtue of the definition (2.6) of the norm we establish that u™ (x) = u(x)in H2(R%, RN)
asm — o0.

Let us suppose the unique solution # (x) of the system of Eq. (2.8) discussed above is
trivial in our space of two dimensions for some m € N. This will contradict to the stated
condition that the Fourier transforms of Gy, (x) and F; (0, x) do not vanish on a set of
nonzero Lebesgue measure in R2 for a certain 1 < k < N. The similar argument holds for
the unique solution u(x) of limiting system (1.2). O

Acknowledgements V. V. is grateful to Israel Michael Sigal for the partial support by the Robertson Chair
grant.

Declarations

Ethical approval The results of the work are applicable for both human and animal studies.

Competing interest The authors declare that they have no competing interests as defined by Springer, or other
interests that might be perceived to influence the results and/or discussion reported in this paper.

@ Springer



Journal of Dynamics and Differential Equations

4 Appendix

Let Gy (x) be a function, G (x) : R2 — R. We denote its standard Fourier transform using
the hat symbol as

— 1 .
Gr(p) = - /R2 Gr(x)e P¥dx, peR>. 4.1)
Evidently,

— 1
1GEP) 2y < 5 1GH @ @2y 4.2)

1 — .
and Gi(x) = 3 / , Gr(q)e'?™dq, x € R%. For the technical purposes we introduce the
R

auxiliary expressions

p*Gi(p)
pi+ |2l

Gr(p)

NZ, s .= max W

, O0<sp <1,

Loo(R2) Loo(R2)

4.3)

where 1 <k < N, N > 2. Under the conditions of Lemma 3 below, all the quantities (4.3)
will be finite. Hence

Ny, g :=maxi<x<nN2, 5 < 00. 4.4)

The auxiliary lemmas below are the adaptations of the ones established in [13] for the studies
of the single integro-differential equation with mixed diffusion, analogous to system (1.2).
We provide them for the convenience of the readers.

Lemma3 Let N > 2, 1 <k <N, 0 < s <1, 1 <M < N — 1, the functions
Gr(x) : R? - R, so that Gy (x) € L! (]Rz) and x2Gk(x) € LY (R?). Let us also assume that
(=A% G (x) € L'(R).

1
(a) Suppose 0 < s < Eforl <k <M. Then N 5, < o0 if and only if

(Gk(.x), 1)L2(R2) = O, (45)
(Gk(x), xl)L2(R2) =0. (46)

1
(b) Let 5 <sg<lforM+1 <k < N.Then Ny 5, < oo if and only if orthogonality
relations (4.5) and (4.6) along with

(Gr(x). x2) 282 = 0 4.7)

are valid.

Proof Tt can be easily verified that in both cases a) and b) of the lemma the boundedness of

Gr(p) P*Gr(p)

implies that € L™®(R?) as well. Let us express

Pt + 1paf? Pt + pal?
P*Gi(p)  p*Gip) P p>Gi(p) . “45)
—_ 5 A A~ > . .
pi+Ipal® pitIp2 P2+ |pa 2 M
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Here and below x4 will stand for the characteristic function of a set A C RZ. Evidently, the
first term in the right side of (4.8) can be bounded from above in the absolute value by

Gr(p)
= o < 00
p] + |p2| K L°°(R2)
as assumed. Inequality (4.2) yields
||| 2(1751()6\ L —A 17A‘k 4
P k(P Lo r2y < 7 (=2) Gl g2y < 00 4.9)

via the one of our assumptions. In the polar coordinates we have
p = (Iplcosb, |plsind) € R?,

where 6 designates the angle variable. Obviosly, the second term in the right side of (4.8)
can be estimated from above in the absolute value as

PP |G (p) 2 IpPOIG(p))
| 20=50c0s20 + |sind 25 TP N = 00020 1 |sind 2%

< ClIpP"= PG (p)l.

(4.10)

Here and further down C will denote a finite, positive constant. By virtue of (4.9), the right
side of (4.10) can be bounded from above by

ENTEINITe
E”(— ) k) p1r2y < oo.
% (R?) as well. Clearly,

Gup)  Gi(p) P Gi(p)
_ PRS0
P Ipal®e T pl A Ipa P TPET T 2 g g2

The second term in the right side of (4.11) can be easily estimated from above in the absolute
value via (4.2) as

Xlpl>1}- (4.11)

GePlxip=n 160
|pl2cos?6 + |p|25k|sinf|25% — 2m(cos?0 + |sinf|*k) ~

= ClGk()llp1 g2y < 00

due to the one of our assumptions. We can write

P G il S 92Gr(lql. 6
Gitp = G0y + g 0.0+ [ ([ Daig ) as.

Equality (4.12) enables us to express the first term in the right side of (4.11) as
~ 3Gy

G (0) |Pl5757 (0, 6)

s+

pF+ 122 DT PR

Ipl (s 8%Gr(lgl,0)
0 (0 Al ‘”q')dS

Pt + | pa|?
The definition of the standard Fourier transform (4.1) gives us
392Gy
3 p|?

X{lpl=1}

X{pl<1)- (4.13)

2—||x2Gk(x)||L1(Rz) < oo (4.14)
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via the one of the given conditions. It can be easily checked that

2

—  xip<n <1, peR%. (4.15)
2+ o {Ipl<1)

Evidently, the left side of (4.15) can be trivially bounded from above as

IpI? |p|2(1=s)

|p|2cos20 + | p| > |sind| 25k Xipi=t) = |p|2d=s6) — | p|20=50)5in20 + |sinf|?s
| p| 250

= pPU=s0) 4 |5in@|2% — sin26

Xpl<ly =

Xipl<y = 1.

Hence, (4.15) holds. By virtue of (4.14) along with (4.15), we derive the estimate from above
in the absolute value for the third term in (4.13) as

%2 Gl L1 2y | P12 %2 G ()l 11 g2
3 o Xlpls) = T <X
4 (py + | p2]*%) 4z

as assumed. By means of definition (4.1) of the standard Fourier transform we obtain

8Gk
| p

where $ stands for the angle between the vectors p and x in the plane. We introduce the
technical expressions

— (0, —/ Gr(x)|x|cosBdx, (4.16)

01k :=/ Gr(x)x1dx, Qo :=/ Gr(x)xadx. “4.17)
R2 R2

Obviously, under our assumptions (4.17) are well defined, because of the trivial upper bound
on the norm

IxGr () 12y = /
[x|=1

< NGk 12y + 1X2Gr() L1 g2y (4.18)

|x||Gk<x>|dx+f Xl ldx <

lx|>1

which is finite. Formulas (4.16) and (4.17) give us

BGk .
ﬁ(O 0) = {Q1,kcos9 + Q2 ksind}. 4.19)

By virtue of (4.19), the sum of the first two terms in (4.13) can be written as

G (0) iorory — —1PIQ1kc0s6 + Qaysind)
|p[2cos26 + | pIBc|sind 25 AP = o p12cos20 + | p |2 [sind|2%)

X{lpl=1}-
(4.20)

\Yg fix the polar angle & = 0 and let |p| — 0. Clearly, (4.20) will be unbounded unless
G (0) = Q1 = 0in both cases a) and b) of the lemma. This is equivalent to orthogonality
relations (4.5) and (4.6). Thus, it remains to consider the term

i|p| Q2 ksint
27 (IplPcos0 + | plP¥|sin6 >%)

X{Ipl<1}- 4.21)
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First we discuss the situation when l < ¢ < 1. Let us fix the polar angle 8 = T and let
|p| tend to zero. Then (4.21) will be unbounded unless Q> x vanishes. This is equivalent to
orthogonality condition (4.7) and completes the proof of the part b) of the lemma.

Finally, we study the case when 0 < s; < > Then (4.21) can be easily bounded from above
in the absolute value as

102kl
27

|pl1Q2xlIsind)] )
27 (| plPcos?0 + | p>*|sind P5) M

1 _ . _
\p\gnfglpll 25 15in0|" 2% Qs k Xpip1<1y <

which is finite as discussed above. Therefore, in the case a) of our lemma no any orthogonality
conditions other than (4.5) and (4.6) are needed. ]

In order to study the systems of Eq. (2.8), we introduce the following auxiliary expressions

Gin(p) 2Gim(p)

m) . k,m P P Gkm(pP

Ny 5 = max g |l — ™ e 2o (4.22)
Pi+ P27 | o e Pi+ P27 || g2

withO < s <1, 1 <k < N, N > 2and m € N. Under the assumptions of Lemma 4
below, all expressions (4.22) will be finite. This will allow us to define
Nz(m) = maxlfkaNz(f"‘gk <00, meN. (4.23)

, s

Our final technical statement is as follows.

Lemma4 Letm e N, N>2, 1 <k<N,O0<spy <1, 1 <M<N —1, the functions
Gim(x) : RZ = R, Gin(x) € LYR?), x2Gn(x) € LY(R?), so that Gy pm(x) —
Gr(x), szk’m(x) — x2Gr(x) in LY(R?) as m — oo. Furthermore, (—A)I_Ska,m(x) €
LY(R?), such that (—A)' =Gy (x) = (—A)' =Gy (x) in L' (R?) as m — oc.

1
(@) Let0 < s < Eforl <k <M and
(Grom(x), 1)L2(R2) =0, meN, (4.24)
(Gk,m(x)a xl)LZ(RZ) = 0, m e N. (425)
1
(b) Suppose 3 < sy <lfor M+ 1 <k < N, orthogonality relations (4.24), (4.25) along
with
(Gem(x), x2)2g2y =0, meN (4.26)
are valid. Let in addition
22Ny L <1—¢ 4.27)
for all m € N with some fixed 0 < ¢ < 1. Then, forall 1 <k < N, we have

CTI(,\m(p) N G/k@

Cm— o, (4.28)
pE+1pal® pY+pal>

24 26

G G
PGim(p) N p-Gr(p) - 00 (4.29)

pl+Ipa®c pP+|pal®’
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in L% (R?), so that

Grm(p) Gi(p)
Pi+1P2™ | ey Pi+1P2l™* | ey
2/\ 2/\
P Gim(p) p~Gi(p)
. m D SR , m — 00. (4.31)
Pi 1215 e Pi 1215 | e
Moreover,
2V2rNy L <1—¢ (4.32)
is valid.

Proof By virtue of inequality (4.2) along with the one of the given conditions, we derive for
1 <k < N that

—_— —_— 1
1Gem(P) =GP i) < 5 - 1Gkm () = Gl — 0. m — 0o. (433)

Clearly, under the stated assumptions by means of the result of Lemma 3 above we have
Nz(mz < 00. Using (4.24), we estimate for 1 < k < N that

(G (). D) 22y = 1(Gr@) = G (). D 22| < Gk () = G () L1 g2y = 0. m— 00

as we assume. Hence, orthogonality relations (4.5) are valid in the limit with 1 < k < N. By
virtue of (4.25) along with the given conditions, we easily arrive at for I < k < N that

[(Gr(x), x1) 22yl = (G (x) = Giem (%), X1) 22y | < /Rz [Giem (x) — Gi(x)]]x1|dx
= /I. " [Grm (x) — Gr(x)||x|dx + /‘ . |Gr,m (x) — Gr(x)]|x|dx
x|< x|>
< NGkam () =G () | 1 @2y +11x* G () = x> G () | L1 g2y = 0, m— o0,
Thus, orthogonality conditions (4.6) hold in the limitwith1 <k < N.WhenM+1 <k < N,
by the similar argument we can easily demonstrate that orthogonality relations (4.7) are valid

in the limit as well. Using the result of Lemma 3 above, we obtain that N ¢ < co.
Let us show that (4.28) yields (4.29). Evidently, we have the equality

PGn(P) = GiP)] _ P*[Grm(p) = Gi(p)]

X{lpl=1}
p?+ | pa) p?+ | pal P
2 —_— —_—
P2Gim(p) — Gr(p)]
e X{Ipl> 1) (4.34)
pi + | p2|=%*

Obviously, the second term in the right side of (4.34) can be bounded from above in the
absolute value as

PP Genp) = Gep)l PP 1Gkn () ~ Gr(p)
P00 cos20 + |sinf 2 MIP=H = cos?6 + |sin6 |

ClpPY G (p) — Gr(P @2

£||(—A)1_S"[G (x) = GOl L1 (w2
. k.m k L1(R2)

IA

A
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via the analog of inequality (4.9). Hence,

P2Gem(p) — Ge(p)]
pl+ | pal >

C .
Xilpl=1) < A T G () = el 2y — 0

Loo(R2)

as m — oo as we assume. Clearly, the first term in the right side of (4.34) can be estimated
from above in the norm as

P2Grm(p) — Gi(p)]
pl+Ipa|

Gim(p)  Gi(p)
P+ 2P pl4|pa|®*

—0, m— o0
L (R2)

XIpit}

L®(R2)

assuming that (4.28) is valid. Thus, (4.29) will hold as well. Evidently,

Gim(p) Gup) Gk,m(m—GAk(p)X“ -
- = <
PrHIpa pl+ | pofP 2
Gim(p) — Gi(p)
— S X{Ip|>1} (4.35)
pi+ 2| re

The second term in the right side of (4.35) can be bounded from above in the absolute value
using (4.33) as

Crn @) =Gl 1Gn(p) = Gu(p)]
|pl2cos?0 + | p|25k|sind|?5 =1 =" 0520 1 |sing |25

ClGim(p) — Gr(Pll o2y <

IA

C
= 5 1Gkm(x) = GeDll 1 @2,
b4

so that
Giom(p) — Gi(p) c
e Xpl=1) < o NGemx) = Gkl 1 g2y = 0, m — o0
p] + |P2| LOO(]RZ)

according to our assumption. Analogously to (4.12), we write for | <k < N, m € N

R 3G im Pl ([ 92Grn(lgl, ©)
Gim(P) = G (0) + [p| =22 (0, 9)+/ / kn19:9) 4101 as. 4.36)
d|pl 0 0 dlq|

Orthogonality relations (4.5) and (4.24) imply that
Gr(0) =0, Gim(©) =0, 1<k<N, meN. 437)

By virtue of (4.36) along with (4.12) and (4.37) the first term in the right side of (4.35) is
equal to

17| [36“” 0.6) - 5640, 6)

apl a|pl
X{pl<ty +
pl+ | pa|?% :
il s | 8°Grm(al.0) _ 8*Gillglo)
0 (fo |: dlg[? B 3k|q\2 dlql ) ds
+ , Xiipl<1}- (4.38)
pl+ I pal?% g
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Using the definition of the standard Fourier transform (4.1), we easily obtain

0*Grm(pl,0)  9*Gr(pl, 0)

1
e A < X Grm () = 2G| g2y (4.39)

27

Inequalities (4.39) and (4.15) allow us to derive the estimate from above in the absolute value
for the second term in (4.38) as

|1 Ix2 Gl (¥) — X2 G () [ 11 w2
4 (p} + | pa|>*)

1
Xipi=y = 22 Gim(®) = ¥ G 1 ga)-

Thus,

Il (s | 2Gem(al0) _ 92Gi(ql.0)
0 (f()|: 3lql? - 3k|q‘2 dlgql)ds

Pl + | pal >

X{I]V)Ifl}
LCD(R )
= X G s X X G X I 2

which tends to zero as m — 0o as assumed. An elementary computation gives us

G i .
8|l;|m ©.6)= _E[(Gk””(’c)’xl)LZ(RZ)COSQ + (Grm (x), x2) 2 (r2)sin0], (4.40)
3G i |
m(O, 0) = —E[(Gk(x), x1)2R2)c086 + (Gr(x), x2) [2(R2)sinb]. (4.41)

Let us first discuss the case b) of our lemma. By virtue of orthogonality conditions (4.25) and

alpl
G
(4.6) and (4.7) along with (4.41) yield that ﬁ(o, 0) =0, M+ 1 <k < N. Thus, in the
4

0G
(4.26) along with (4.40), we have k,m 0,0) =0, M +1 <k <N, m € N. Analogously,

situation b), the first term in (4.38) is trivial.
Let us turn our attention to the case a) of our lemma. We recall inequality (4.18). Since it is
assumed that Gy, (x), x2Gg.n (x) € L' (R?), we have |x|Gyn(x) € L' (R?). Similarly,

11X1Gke.m (X)) = [x|Gr (Ol 1 g2y = / 1X[1Gk,m (x) — Gr(x)|dx

[x|<1
+ / |G () — G ()ldx <
[x]>1
< NGikm(x) = Gr()l L1 g2y
H¥*Grm () = ¥*Gr D) g2y = 0, m — 00

as we assume. Hence, |x|Gg n(x) — [x|Gk(x) in L'(R?) as m — oo. Orthogonality
conditions (4.25) along with (4.40) give us

3Grm '
km o, 6y = —l—sinQ/ Gim(X)xadx, 1<k<M, meN.
alpl 2n R
By means of (4.6) and (4.41) we obtain
9Gy

27k 0, 6) = —l—sin0/ Gi(x)xpdx, 1<k<M, meN.
a|p| 27 R2
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This enables us to derive the upper bound on the first term in (4.38) in the absolute value as

|plIsind| [go |X[|Gr.m(x) — Gr(x)|dx
21 (|pl*cos?0 + | p|*%|sind|>5k)
|p|172sk|sin9|172sk
2

Xlpl=1} =

IA

1XIGrm (x) — X |Gr () | L1 w2y X{1pI<1}

1
= 5 IxIGem () = x| Gk (D)l L1 @2,

1
since 0 < sp < 3 for 1 < k < M. Therefore, in the situation a) we derive

alpl alpl

p+pa|?

7l [3‘;““ (0,6)- 43¢0, 0)

1
X{pl<1} 5E|||X|Gk,m(x)_|X|Gk(x)||L1(]R2)_>0
L>®(R2)

as m — oo as discussed above. Thus, by means of the argument above (4.28) is valid in
both cases a) and b) of our lemma. Obviously, by virtue of the standard triangle inequality
(4.30) and (4.31) follow easily from (4.28) and (4.29) respectively. Inequality (4.32) holds
via a trivial limiting argument, which relies on (4.30) and (4.31). O

Remark 3 Note that in the parts a) of Lemmas 3 and 4 above foreach 1 <k <M, m € N
there are only two orthogonality relations for our integral kernels required, as distinct from
the second part of the Assumption 2 of [26].

Remark 4 The existence in the sense of sequences of the solutions of our system of Eq. (1.2)
involving the drift terms will be discussed in our consecutive article.
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