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A B S T R A C T

Fuzzy functions have recently been used for forecasting problems. The main concepts behind a fuzzy functions
are to cluster the inputs using a fuzzy clustering method and to include the obtained membership grades
and their non-linear transformations as new variables in the input matrix. Then, multiple linear regression
models are solved for different clusters. However, adding related variables to the input matrix leads to the
multicollinearity problem. Thus, the main contribution of the proposed method is to employ an elastic net
in fuzzy functions to overcome the aforementioned problem. Two regularization terms occur in an elastic net
that come from the ridge and the lasso regression. These regularization terms are optimized using the nested
cross-validation approach to overcome the multicollinearity problem in the fuzzy functions method. Twelve
practical time-series datasets are analyzed to evaluate the performance of the proposed fuzzy functions. The
outstanding performance of the proposed method has been verified in terms of root mean squared errors and
mean absolute percentage errors for the selected datasets.
1. Introduction

Forecasting is usually the first step of planning and plays a crucial
role in many fields (i.e., economics, finance, health science, meteo-
rology, energy). Thus, many efforts have occurred in the literature to
improve the prediction accuracy of forecasting methods. These methods
can be defined under probabilistic and non-probabilistic approaches.
Exponential smoothing (ES) (Brown, 2004) and autoregressive inte-
grated moving average (ARIMA) (Box et al., 2015) are two of the
most popular probabilistic forecasting methods commonly used by
researchers in the literature. These methods account for very strong
assumptions such as stationarity and constant variance, which are
not always able to be provided by real-life datasets. Thus, proba-
bilistic methods fail to give satisfactory prediction accuracy when
assumptions are violated. In order to improve prediction accuracy using
computer technology developments, non-probabilistic methods have
been commonly studied in the recent literature. Artificial neural net-
works (ANNs) and fuzzy sets (FSs) are the two alternative approaches
researchers have mainly used as non-probabilistic forecasting methods.

ANNs were first introduced by McCulloch and Pitts (1943) and in
short imitate the human brain. The goal of ANNs is to explore the
relationship between the input and the output for complex dataset
structures. Due to its success in modeling complex datasets and its
assumption-free property, ANNs have been commonly used for fore-
casting problems in the recent literature. Feedforward, recurrent, and
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multiplicative neural networks have been widely used for forecasting
purposes (Meshram et al., 2019; Svozil et al., 1997; Talaat et al., 2020).

Another alternative approach is based on fuzzy set theory. Fuzzy set
theory was proposed by Zadeh (1965) as a generalization of classical
set theory. The main idea of fuzzy set theory is to consider uncer-
tainty. Forecasting approaches-based fuzzy set theories are gathered
mainly under two roofs: fuzzy time series (FTS) and fuzzy inference
systems (FIS). Although huge efforts have occurred regarding FTS
methods, the main focus of this study will be on FISs. FIS was first
introduced by Zadeh (1973) by defining linguistic variables. Linguistic
variables are defined as variables whose values are words in an artificial
language. Later, Mamdani and Assilian (1975) proposed FIS in the
context of linguistic variables. Another, widely used FIS was proposed
by Takagi and Sugeno (1985). Jang (1993) proposed the adaptive neuro
fuzzy inference system(ANFIS) for classification problems. ANFIS was
later adapted to time series prediction models. Some recent studies on
forecasting that adopt ANFIS have been proposed by Catalao et al.
(2011), Chang (2008), Cheng et al. (2009, 2013), Hailin and Miao
(2020) and Pousinho et al. (2012). However, all these FISs use rules-
based systems. Thus, an expert opinion must be present for defining the
rules of the problems.

The need for expert opinion is usually the challenge for these FISs.
In order to overcome this challenge, Turksen (2008) proposed type-
1 fuzzy functions (T1FFs) as a non-rule-based FIS. T1FFs were first
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introduced for regression and classification problems. Later, they were
adapted to forecasting purposes. One early study to employ T1FFs in
forecasting problems was conducted by Beyhan and Alci (2010), in
which T1FFs were used to improve the performance of the autore-
gressive model through exogenous input. Later, Aladag et al. (2014)
used the autoregressive model in T1FFs. The proposed method was
able to search for the best model. Dalar and Eğrioğlu (2018) proposed
bootstrapped T1FFs to better estimate the model coefficients. Aladag
et al. (2016) combined a fuzzy time series model with fuzzy functions,
using binary particle swarm optimization to obtain the coefficients with
this method. Tak et al. (2018) adapted the moving average autoregres-
sive model in T1FFs to improve the prediction accuracy. Because the
objective function was non-derivative, this method also employed par-
ticle swarm optimization. Tak (2018) also proposed another forecasting
approach to stabilize and improve the forecasting ability of recurrent
type-1 fuzzy functions. Goudarzi et al. (2016) proposed an interactively
recurrent fuzzy functions model for chaotic time series prediction.

T1FFs’ performance depends directly on the clustering algorithm,
and T1FFs use FCM to partition the inputs. The thought of using
the better clustering algorithm to improve the prediction ability of
a time series problem led researchers to adopt different clustering
algorithms; intuitionistic FCM, possibilistic FCM, and picture fuzzy sets
in T1FFs. Yolcu et al. (2019) used intuitionistic FCM based on the
hesitation margin in T1FFs, which also took non-membership values
into consideration. Tak (2020b) employed the intuitionistic FCM and
autoregressive moving average model alongside the gray wolf optimizer
to calculate the coefficients of the models with better calculation times
for T1FFs. Picture fuzzy sets have been adapted to T1FFs by Bas et al.
(2020). Tak (2020a) proposed possibilistic type-1 fuzzy functions in
order to overcome some of FCM’s disadvantages (i.e. coincident cluster
centers). Studies have shown better calculations of membership grades
to increase T1FFs’ forecasting performance.

Another concern in T1FFs has been identified as the multicollinear-
ity problem. Multicollinearity problems occur because T1FFs add nu-
merous related variables based on membership grades into the input
matrix. Some penalized regression models have been used in the lit-
erature to overcome this concern. Bas et al. (2019) adapted ridge re-
gression to T1FFs to eliminate the multicollinearity problem. Kizilaslan
et al. (2019) also used ridge regression along with intuitionistic FCM
in T1FFs to improve the prediction ability. Bas et al. (2020) proposed
picture fuzzy regression functions based on ridge regression.

Ridge regression penalizes the sum of squared coefficients (Hoerl
& Kennard, 1970). As a result, high values for shrinkage parameters
shrink coefficients towards zero. Thus, ridge regression overcomes the
multicollinearity problem in a model; however this does not reduce
the number of variables, it only reduces their effects. In addition,
the presence of irrelevant variables in the model may result in an
overfitting problem.

Some of the variables that T1FFs add to the membership ma-
trix may be irrelevant. In addition, a high number of variables in-
creases a model’s complexity. Therefore, instead of the ridge regression
method that uses all variables by reducing their effects, using a re-
gression method that makes the variable selection while solving the
multicollinearity problem may be more effective.

The least absolute shrinkage and selection operator (Lasso) regres-
sion is quite similar structurally to ridge regression (Tibshirani, 1996).
It also adds a penalty term for non-zero coefficients. Unlike ridge
regression, Lasso regression penalizes the sum of their absolute values.
As a result, many coefficients are zeroed out under lasso regression for
high values of the shrinkage parameter, which is never the case in ridge
regression.

The performances of these two regression methods depends on the
structure of the data. Ridge regression shows good performance if
most predictors influence the response. On the contrary, Lasso regres-
sion performs better when few predictors influence the response. The
2

variable selection for Lasso regression is very dependent on the data
and therefore unstable. In the presence of predictor groups with high
pairwise correlations, Lasso tends to choose only one of these predictors
and does not care which predictor this is. However, the prediction
performance of the ridge regression was experimentally observed to be
better than Lasso for high correlations between variables (Melkumova
& Shatskikh, 2017). Considering these problems, elastic net regression
has been proposed, which combines the penalties of ridge regression
and Lasso regression to get the best of both (Zou & Hastie, 2005).

Recently, elastic net regression has been used for forecasting pur-
poses in the literature. Plakandaras et al. (2015) proposed a novel
hybrid forecasting methodology using elastic net regression as a vari-
able selection tool for forecasting U.S house prices. Uniejewski et al.
(2016) used various penalized regression models for electricity cost
datasets. They concluded the elastic net to outperform the others. Jiang
and Dong (2018) used elastic net for irrelevant variable selection for
global solar radiation forecasting. Tian et al. (2019) proposed a fore-
casting method for short-term prediction of electric load based on the
Kalman filter using elastic net to improve the forecasting accuracy. Liu
et al. (2018) adapted elastic net regression in the group method for the
data handling method to improve the performance of short-term load
forecasting.

By considering the performance of elastic net-based forecasting
methods in the literature, we have employed elastic net regression in
T1FFs. The aim of the study is to improve the forecasting accuracy
of T1FFs by solving the multicollinearity problem more efficiently
by eliminating the unnecessary predictors and reducing the model
complexity.

This paper presents the elastic net regularization and T1FFs in
Section 2. Section 3 covers the proposed elastic net regression-based
T1FFs with the pseudo-codes. Section 4 compares the performance of
the proposed method is compared with various existing forecasting
methods for 12 practical time series datasets, and Section 5 lastly
discusses the remarks and results from the proposed method.

2. Preliminaries

2.1. T1FFs

Rule-based FISs establish a relation between input and output based
on expert opinion. However, the fuzzy functions approach proposed
by Turksen (2008) does not require any expert opinion while establish-
ing the relation between input and output by using the cluster centers
of the FCM to establish the hidden rules. The main idea of T1FFs is to
include an extra variable based on the dataset given in the input matrix.
Type-1 fuzzy functions start with constructing the input matrices(𝑍).
irst, the lagged variables of the time series are obtained. Next, they are
lustered using FCM, and the cluster centers are obtained. Afterward,
he input matrices(𝑍𝑖) are constructed for all clusters using the lagged
ariables, the obtained membership grades, and their various nonlinear
ransformations. The least-square forecasts are obtained for all clusters,
nd the final predictions are weighted using the membership grades for
he new time points. The detailed steps of T1FFs are given below.

• Step 1. The inputs are obtained as the lagged variables (𝑋𝑡) of a
given time series dataset.

𝑍 =
[

𝑍𝑡−1 𝑍𝑡−2 ... 𝑍𝑡−𝑝
]

• Step 2. The fuzziness index value(𝑚), cluster numbers(𝑐), and
cluster centers(𝑣) are initialized.

• Step 3. Membership grades(𝜇) are calculated in Eq. (1).

𝜇𝑖𝑘 =
⎡

⎢

⎢

⎣

𝑐
∑

𝑗=1

(

𝑑(𝑧𝑘, 𝑣𝑖)
𝑑(𝑧𝑘, 𝑣𝑗 )

)
2

𝑚−1 ⎤
⎥

⎥

⎦

−1

, 𝑖 = 1, 2, ..𝑐; 𝑘 = 1, 2,… , 𝑛 (1)

Step 4. Cluster centers are updated in Eq. (2).

𝑣𝑖 =
∑𝑛

𝑘=1 𝜇
𝑚
𝑖𝑘𝑧𝑘

∑𝑛 𝑚 , 𝑖 = 1, 2, ..𝑐 (2)

𝑘=1 𝜇𝑖𝑘
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• Step 5. Steps 3–4 are repeated until the difference of cluster
centers between two iterations drops under a certain threshold.

• Step 6. The obtained membership grades and their non-linear
transformations are included in the inputs(𝑍(𝑖)) for each cluster
as new variables.

𝑍(𝑖) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜇𝑖1 log( 1−𝜇𝑖1𝜇𝑖1
) 𝑒𝑥𝑝(𝜇𝑖1) 𝑥1 ... 𝑥𝑝

𝜇𝑖2 log( 1−𝜇𝑖2𝜇𝑖2
) 𝑒𝑥𝑝(𝜇𝑖2) 𝑥2 ... 𝑥𝑝+1

. . . . . .

. . . . . .
𝜇𝑖𝑘 log( 1−𝜇𝑖𝑘𝜇𝑖𝑘

) 𝑒𝑥𝑝(𝜇𝑖𝑘) 𝑥𝑘−𝑝 ... 𝑥𝑘−1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝑌 (𝑖) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑌1
𝑌2
.
.

𝑌𝑘−𝑝

⎤

⎥

⎥

⎥

⎥

⎥

⎦

• Step 7. Then, multivariate regression model (𝑌 (𝑖) = 𝑍(𝑖)𝛽(𝑖) + 𝜀(𝑖))
is solved for all clusters.

• Step 8. Outputs of the T1FFs are weighted averages of the results
obtained from the clusters as follows:

𝑦̂𝑖 =
∑𝑐

𝑖=1 𝑦̂𝑖𝑘𝜇𝑖𝑘
∑𝑐

𝑖=1 𝜇𝑖𝑘
, 𝑘 = 1, 2,… , 𝑛 (3)

.2. Elastic net

Linear regression model (𝑌 = 𝑋𝛽 + 𝜀 with 𝜀 ∼ 𝑁(0, 𝜎2) that
ims to estimate the 𝑛𝑥1 response vector 𝑌 as a linear combination of
𝑥𝑝 matrix of explanatory variables 𝑋, and an 𝑛𝑥1 vector of normally
istributed error term with variance 𝜎2, where 𝑛 is the number of
bservations, 𝑝 is the number of explanatory variables and 𝛽 is the 𝑝𝑥1
arameter vector.

Because we do not know the actual parameter values (𝛽), we have
o estimate them from the sample. In the Ordinary Least Squares (OLS)
pproach, we estimate parameter values by minimizing the residual
um of squares. (𝐿𝑂𝐿𝑆 (𝛽) =

∑𝑛
𝑖=1(𝑦𝑖 − 𝑥′𝑖𝛽)

2).
The OLS estimator has the desired property of being unbiased.

owever, in cases where there is a high linear relationship between
he explanatory variables or the presence of too many explanatory
ariables, it may have a huge variance. Consequently, the estimates
btained using OLS approach may be too far from the actual parameter
alues.

The solution to this problem is to reduce the variance at the expense
f adding some bias to the model; that is called regularization. One of
he most famous approaches used for regularization is the Ridge Re-
ression approach. Loss function (𝐿𝑅𝑖𝑑𝑔𝑒(𝛽) =

∑𝑛
𝑖=1(𝑦𝑖 −𝑥′𝑖)

2 +𝜆
∑𝑝

𝑗=1 𝛽𝑗)
f Ridge Regression, in addition to minimizing the sum of squared
esiduals, also penalizes the size of parameter estimates in order to
hrink them toward to zero. 𝜆 parameter is called the regularization
enalty.

Another regularization approach is Least Absolute Shrinkage and
election Operator (Lasso). Lasso and Ridge Regression approaches are
onceptually very similar. Unlike Ridge Regression, Lasso penalizes the
um of the absolute values of the coefficients (𝐿𝑒𝑛𝑒𝑡(𝛽) =

∑𝑛
𝑖=1(𝑦𝑖−𝑥

′
𝑖𝛽)

2

2𝑛 +
𝜆( 1−𝛼2

∑𝑚
𝑗=1 𝛽

2
𝑗 + 𝛼

∑𝑚
𝑗=1

|

|

|

𝛽𝑗
|

|

|

)) rather than the sum of their squares. The
parameter is called the regularization penalty.

Both methods deal with the multicollinearity problem in different
ays. In Lasso, one of the correlated explanatory variables has a larger

oefficient, while the rest are zeroed. Thus, Lasso may also make
ariable selection. Ridge regression uses all of the correlated explana-
ory variables. In the Ridge regression, the coefficients of correlated
xplanatory variables are similar. Ridge regression is successful in data
tructures where most of the explanatory variables effect the response,
hile Lasso is successful in data structures where few explanatory
ariables have an effect on the response. However, the actual parameter
alues are, of course, not known during the analysis.

Zou and Hastie (2005) proposed elastic nets as a new regularization
nd variable selection method in 2005. Elastic net is a convex com-
ination of the ridge and Lasso regressions and aims to minimize the
3

following loss function.
𝑛
∑

𝑖=1
(𝑦𝑖 − 𝛽0

𝑝
∑

𝑗=1
𝛽𝑗𝑥𝑖𝑗 )2 + 𝜆[(1 − 𝛼) ‖𝛽‖22 ∕2 + 𝛼 ‖𝛽‖1] (4)

where 𝑌 is the 𝑛 ∗ 1 response vector, 𝑋 is the 𝑛 ∗ 𝑝 matrix for
the standardized predictors, 𝑛 is the number of observations, 𝑃 is the
number of predictor variables, and 𝛽 is a vector of parameters.

‖𝛽‖1 is called 𝑙1 norm (‖𝛽‖1 =
∑𝑝

𝑗=1
|

|

|

𝑏𝑗
|

|

|

) and is the 𝑙2 or Euclidean

orm (‖𝛽‖2 =
√

∑𝑝
𝑗=1 𝛽

2
𝑗 ).

The loss function of an elastic net has two shrinkage parameters: 𝛼
and 𝜆. 𝛼 controls the mixing between the ridge and Lasso regressions
and varies from 0 to 1. Using 𝛼 = 1 gives the Lasso, and 𝛼 = 0 similarly
gives the ridge. 𝜆 controls the amount of penalization. Although high
values for 𝜆 shrinks the coefficients toward 0 in ridge regression, they
shrink many coefficients to exactly 0 in Lasso regression.

3. Proposed Elastic net based Fuzzy Regression Functions (E-FRFs)

T1FFs includes membership grades and their nonlinear transforma-
tions into the input matrix and use the least square method to estimate
the model coefficients. However, including such related variables into
the input matrix violates the assumption in the least square method that
no linear relationship exists between explanatory variables and causes
overfitting problems. The multicollinearity problem was overcome in
the studies by Bas et al. (2019, 2020), and Kizilaslan et al. (2019).
While ridge regression handles the multicollinearity problem, it does
not account for the overfitting problem. Considering these aforemen-
tioned limitations, this study proposes elastic net-based fuzzy regression
functions for overcoming the problems of multicollinearity, complexity
of the model, and overfitting.

Two penalty terms (𝛼, 𝜆) need to be determined in elastic nets. The
optimum values for 𝛼 and 𝜆 in the objective function are obtained using
the nested cross validation approach. In order to minimize the objective
function, the cyclical coordinate descent algorithm is used. Section 3.1
provides detailed steps for the proposed method, and Algorithm 1
provides the pseudo code.

3.1. Algorithm of E-FRFs

• Step 1. Determine the parameters of the proposed method.
c = number of clusters
p = lag length
nctrain = the length of a fold
nctest = the length test set in cross validation

• Step 2. The inputs are the lagged values of the time series.
𝑍 = [𝑌𝑡−1𝑌𝑡−2 … 𝑌𝑡−𝑝]

• Step 3. Cluster the inputs using FCM and determine the centers of
the clusters and membership grades of the observations in each
cluster by considering 𝑎𝑙𝑝ℎ𝑎 − 𝑐𝑢𝑡.

– Step 3.1 Determine the fuzziness index parameter (𝑚), num-
ber of clusters (𝑐), and initial cluster centers (𝑣).

– Step 3.2 Calculate the membership values using Eq. (5).

𝜇𝑖𝑘 =
⎡

⎢

⎢

⎣

𝑐
∑

𝑗=1

(

𝑑(𝑧𝑘, 𝑣𝑖)
𝑑(𝑧𝑘, 𝑣𝑗 )

)
2

𝑚−1 ⎤
⎥

⎥

⎦

−1

, 𝑖 = 1, 2,… , 𝑐; 𝑘 = 1, 2,… , 𝑛

(5)

under the constraint: ∑𝑐
𝑖=1 𝜇𝑖𝑘 = 1, 𝑖𝑓𝜇𝑖𝑘 < 𝑎𝑙𝑝ℎ𝑎 − 𝑐𝑢𝑡, then

𝜇𝑖𝑘 value will be taken as zero. 𝑍 is the input matrix, 𝑣
are the cluster centers, 𝑑(.) stands for the Euclidean distance
function, 𝑐 is the number of clusters, and 𝑚 is the fuzziness
parameter in Eqs. (5)–(6).
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– Step 3.2 Update the new cluster centers.

𝑣𝑖 =
∑𝑛

𝑘=1 𝜇
𝑚
𝑖𝑘𝑧𝑘

∑𝑛
𝑘=1 𝜇

𝑚
𝑖𝑘

(6)

– Step 3.4 Repeat Steps 2 and 3 until the difference of clusters
between two iterations drops under a certain threshold or a
certain number of iterations has been reached.

• Step 4. Membership grades, functions of the membership grades,
and the lagged values of the time series are combined in 𝑋𝑖.

• Step 5. The optimum 𝛼 and 𝜆 are searched using the nested cross
validation approach.

– Step 5.1 The sequence of 𝛼 and 𝜆 are initialized.
– Step 5.2 𝑘 folds are obtained by the definition of nested

cross validation approach. In this sense, 𝑘 is calculated in
Eq. (7).

𝑘 = 𝑛 − 𝑛𝑡𝑐𝑟𝑎𝑖𝑛
𝑛𝑐𝑡𝑒𝑠𝑡

(7)

where 𝑛 is the number of observations in the time series,
𝑛𝑐𝑡𝑟𝑎𝑖𝑛 is the length of the first fold, and 𝑛𝑐𝑡𝑒𝑠𝑡 is the length
of the test set for all folds. The inputs of the first fold are
given below.

𝑋(𝑖)(𝑙)
(𝑗) = [𝜇(𝑖)(𝑙)

(𝑗) 𝜇(𝑖)(𝑙)2
(𝑗) 𝑙𝑜𝑔(𝜇(𝑖)(𝑙)

(𝑗) )𝑒𝑥𝑝(𝜇(𝑖)(𝑙)
(𝑗) )𝑌 (𝑙)

𝑡−1(𝑗)𝑌
(𝑙)
𝑡−2(𝑗) … 𝑌 (𝑖)

𝑡−𝑝(𝑙)]

(8)

𝑌 (𝑙) = [𝑌 (𝑙)
(𝑗) ] (9)

where 𝑙 ∶ 1, 2,… , 𝑘; 𝑖 ∶ 1, 2,… , 𝑐; 𝑗 ∶ 1, 2,… ., 𝑓𝑛; 𝑓𝑛 =
𝑛𝑐𝑡𝑟𝑎𝑖𝑛 + (𝑙 − 1)𝑛𝑐𝑡𝑒𝑠𝑡.

– Step 5.3 The outputs of the k folds for all 𝑐 clusters are
calculated in Eq. (10).

𝛽(𝑖)(𝑙)𝑒𝑙𝑎𝑠𝑡𝑖𝑐 = min
(𝛽(𝑖)(𝑙)0 ,𝛽(𝑖)(𝑙))∈𝑅𝑝+1

𝑓𝑛
∑

𝑗=1
(𝑌 (𝑙)

(𝑗) − 𝛽(𝑖)(𝑙)0 −𝑋(𝑖)(𝑙)
(𝑗) 𝛽(𝑖)(𝑙))2

+𝜆[
(1 − 𝛼) ‖‖

‖

𝛽(𝑖)(𝑙)‖‖
‖2

2
+ 𝛼 ‖‖

‖

𝛽(𝑖)(𝑙)‖‖
‖1
] (10)

where 𝛽(𝑖)(𝑙)𝑒𝑙𝑎𝑠𝑡𝑖𝑐 , which is minimized via the objective function
in Eq. (10), is calculated using the ‘‘glmnet’’ (Friedman
et al., 2009) function in R. The estimated coefficients of a
fold are used to calculate the forecasts of the test set as given
in Eq. (11).

𝑌 (𝑖)(𝑙)
𝐹𝑜𝑟𝑒𝐹𝑜𝑙𝑑 = 𝑋(𝑖)(𝑙)

(𝑗) 𝛽(𝑖)(𝑙)𝑒𝑙𝑎𝑠𝑡𝑖𝑐 (11)

– Step 5.4 The outputs of the c clusters are next weighted
using the membership values in Eq. (12).

𝑌 (𝑖)∗
𝐹𝑜𝑟𝑒𝐹𝑜𝑙𝑑 =

∑𝑐
𝑖=1 𝑌

(𝑖)(𝑙)
𝐹𝑜𝑟𝑒𝐹𝑜𝑙𝑑𝜇

(𝑖)(𝑙)
(𝑗)

∑𝑐
𝑖=1 𝜇

(𝑖)(𝑙)
(𝑗)

(12)

where 𝑌 (𝑖)∗
𝐹𝑜𝑟𝑒𝐹𝑜𝑙𝑑 represents the outputs of the proposed

method for the 𝑙th fold.
– Step 5.5 Calculate the evaluation criteria (i.e. RMSE) and

save the calculated evaluation criteria to 𝑅𝑀𝑆𝐸𝑓𝑜𝑙𝑑𝑠.

𝑅𝑀𝑆𝐸𝑓𝑜𝑙𝑑𝑠 = [𝑅𝑀𝑆𝐸𝑙], 𝑙 = 1, 2,… , 𝑘 (13)

– Step 5.6 Repeat Steps 5.3–5.5 for all folds.
– Step 5.7 Average the RMSE values and save them to

𝑅𝑀𝑆𝐸𝑚𝑒𝑎𝑛.

𝑅𝑀𝑆𝐸𝑚𝑒𝑎𝑛𝑧 = [𝑚𝑒𝑎𝑛𝑅𝑀𝑆𝐸𝑓𝑜𝑙𝑑𝑠], 𝑧 = 1, 2,… , 𝑞, 𝑞 = 𝑛𝛼 ∗ 𝑛𝜆

(14)

where 𝑛𝛼 is the length of the 𝛼 sequence, and 𝑛𝜆 is the length
of the 𝜆 sequence.
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– Step 5.8 Repeat Steps 5.3–5.7 for all 𝛼 and 𝜆 pairs.
– Step 5.9 Return the optimum value of the 𝛼 and 𝜆 pair that

gives the minimum evaluation criteria value (RMSE).

• Step 6. Calculate the outputs from the T1FFs for all clusters using
Eqs. (15)–(16).

𝛽(𝑖)𝑒𝑙𝑎𝑠𝑡𝑖𝑐 = min
(𝛽(𝑖)(𝑙)0 ,𝛽(𝑖)(𝑙))∈𝑅𝑝+1

𝑓𝑛
∑

𝑗=1
(𝑌(𝑗) − 𝛽(𝑖)0 −𝑋(𝑖)

(𝑗)𝛽
(𝑖))2

+𝜆𝑜𝑝𝑡[
(1 − 𝛼𝑜𝑝𝑡)

‖

‖

‖

𝛽(𝑖)‖‖
‖2

2
+ 𝛼𝑜𝑝𝑡

‖

‖

‖

𝛽(𝑖)‖‖
‖1
] (15)

𝑌 (𝑖)
𝑒𝑙𝑎𝑠𝑡𝑖𝑐 = 𝑋(𝑖)𝛽(𝑖)𝑒𝑙𝑎𝑠𝑡𝑖𝑐 (16)

where 𝛼𝑜𝑝𝑡 and 𝜆𝑜𝑝𝑡 are estimated using the nested cross validation
approach; 𝛽(𝑖)𝑒𝑙𝑎𝑠𝑡𝑖𝑐 are the estimated parameters for the time series
in the 𝑖th cluster, 𝑌 (𝑖)

𝑒𝑙𝑎𝑠𝑡𝑖𝑐 is the output (forecasts) obtained from
the proposed method for the 𝑖th cluster, and 𝑋(𝑖) is the actual
inputs for the 𝑖th cluster.

• Step 7. Calculate the outputs of the proposed method using the
forecasts and membership grades in Eq. (17).

𝑌 ∗
𝑒𝑙𝑎𝑠𝑡𝑖𝑐 =

∑𝑐
𝑖=1 𝑌

(𝑖)
𝑒𝑙𝑎𝑠𝑡𝑖𝑐𝜇

(𝑖)
(.)

∑𝑐
𝑖=1 𝜇

(𝑖)
(.)

(17)

Algorithm 1: Pseudo-code of the E-FRFs
Initialize 𝑐, 𝑝, 𝑛𝑐𝑡𝑒𝑠𝑡, and 𝑛𝑐𝑡𝑟𝑎𝑖𝑛
nput matrix constituted from the lagged values of the time series
alculate the degrees of membership (𝜇) by using FCM for the
training dataset.
nclude 𝜇, 𝑙𝑜𝑔( 1−𝜇𝜇 ), 𝑒𝑥𝑝(𝜇) into the input matrix as new variables.

Determine the folds for cross validation.
while (𝑖 < the length of alphas(𝛼)) do

while (𝑗 < the length of lambdas (𝜆)) do
while (𝑙 < k) do

Calculate RMSE values for the 𝑙𝑡ℎ fold
Store in 𝑅𝑀𝑆𝐸𝑓𝑜𝑙𝑑𝑠

Average RMSEs in 𝑅𝑀𝑆𝐸𝑓𝑜𝑙𝑑𝑠 for 𝑖𝑡ℎ alpha and 𝑗𝑡ℎ lambda
in 𝑅𝑀𝑆𝐸𝑚𝑒𝑎𝑛

Return 𝛼𝑜𝑝𝑡 and 𝜆𝑜𝑝𝑡 which have the minimum RMSE
𝛽𝛼 = 𝑃𝛼
Calculate the forecasts by using 𝛽𝛼 with Equations (14)–(16)

4. Evaluation

Twelve practical time series datasets are used for evaluating the
elastic net fuzzy regression functions. The first five datasets are taken
from the Istanbul Stock Exchange Index (ISEX) annually between 2009
and 2013. The last 7 datasets and 15 observations have been left out
of the sample for testing purposes. The observations from the Taiwan
Stock Exchange (TAIEX) sets have been measured daily between 1999
and 2004. The observations measured over the last two months in the
TAIEX datasets have been left out of the sample for testing purposes.
The ABC dataset has been selected for evaluating the proposed method
as the last application in the study. The last 16 observations have been
left out of the sample.

Five parameters must be identified in order to perform the proposed
method: the optimum values for alpha and lambda in the elastic net
regression, the optimum number of clusters, the optimum value for the
fuzzifier in the FCM algorithm, and the optimum lag length in the AR(p)
process. The proposed method employs the nested cross validation
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Table 1
Search space for ISEX datasets.

Series n ntest Alpha Lambda c p m

ISEX/2009 103 7/15 0–1 0–1000 2–10 1–10 1.3–3.0
ISEX/2010 104 7/15 0–1 0–1000 2–10 1–10 1.3–3.0
ISEX/2011 106 7/15 0–1 0–1000 2–10 1–10 1.3–3.0
ISEX/2012 106 7/15 0–1 0–1000 2–10 1–10 1.3–3.0
ISEX/2013 106 7/15 0–1 0–1000 2–10 1–10 1.3–3.0

method for obtaining the optimum values of alpha and lambda. The
grid search space for alpha and lambda is determined as 0–1 and
10−2−103, respectively, and both are moved at increments of 0.1 around
the space.

Determining the optimum number of clusters is an important and
challenging problem for unsupervised clustering. Although numerous
studies are found to have determined the optimum number of clusters
for FCM, no consensus exists on which method always performs better.
For this reason, the optimum number of clusters is searched iteratively.
Selecting the fuzzifier is also another challenging task. Selecting the
fuzzifier is a common studied topic in the FCM literature. The fuzzifier
determines the membership grades of an object in the clusters. Selecting
a high fuzzifier means an object belongs to all sets equally. Selecting
a small fuzzifier tends to determine whether an object belongs to a set
or not. Thus, the optimum value of the fuzzifier may differ from one
dataset to another. In this sense, the current study also searches itera-
tively for the optimum value of the fuzzifier. Root mean squared errors
(RMSE; see Eq. (17)) and mean absolute percentage errors (MAPE; see
Eq. (18)) have been used to compare the forecasting accuracy of the
proposed method with existing methods.

𝑅𝑀𝑆𝐸 =

√

√

√

√

1
𝑛

𝑛
∑

𝑡=1
(𝑎𝑐𝑡𝑢𝑎𝑙 − 𝑓𝑖𝑡𝑡𝑒𝑑)2 (18)

𝑀𝐴𝑃𝐸 = 1
𝑛

𝑛
∑

𝑡=1

|

|

|

|

(𝑎𝑐𝑡𝑢𝑎𝑙 − 𝑓𝑖𝑡𝑡𝑒𝑑)
𝑎𝑐𝑡𝑢𝑎𝑙

|

|

|

|

(19)

where 𝑛 is the number of obtained forecasts.

4.1. ISEX datasets

For the first five applications, the ISEX datasets have been evaluated
to compare the prediction ability of the elastic net fuzzy regression
functions using the selected existing methods. Daily ISEX sets have been
obtained for the first two quarters annually from 2009 to 2013. In order
to evaluate the performance of E-FRFs, the last 7 and 15 observations
are left out of the sample. The search intervals for the alpha, lambda,
cluster numbers, fuzzy index value, and lag length are given in Table 1.

The proposed method searched for the best outcomes in terms of
the MAPE value, with the RMSE values being calculated accordingly.
Table 2 represents the optimum value for 𝛼, 𝜆, 𝑐, 𝑝, and 𝑚. The
prediction ability of the elastic net fuzzy regression functions have
been compared using the autoregressive integrated moving average
(ARIMA) (Box et al., 2015), exponential smoothing (ES) (Brown, 2004),
multilayer perceptron artificial neural networks (MLP-ANN) (Wilam-
owski et al., 2007), type-1 fuzzy functions (Turksen, 2008), and type-1
fuzzy functions based on ridge regression (T1FFRRs) (Bas et al., 2019).
The outcomes of the selected methods have been obtained from Bas
et al. (2019) and Tak (2020b). The methods are compared in terms of
MAPE and RMSE values.

Table 3 presents the outcomes from the proposed and selected
forecasting methods, with the corresponding RMSE values for the ISEX
sets for the length of test set being 7. E-FRFs outperformed the others
for 3 datasets and obtained the second-best outcomes for 2 datasets.
However, when looking at the mean of the RMSE values over the
years, E-FRFs have the best forecasting accuracy. Fig. 1 represents the
forecasting accuracy of E-FRFs and other methods in terms of RMSE
values.
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Table 2
The optimum values of the coefficients for ISEX datasets.

Series/ntest Alpha Lambda c p

2009 - 7 0 316.2278 8 3
2010 - 7 0 125.8925 10 8
2011 - 7 0 1000 2 3
2012 - 7 0 1 9 3
2013 - 7 0.7 794.3282 8 5
2009 - 15 0 50.11872 3 3
2010 - 15 0.1 1000 9 10
2011 - 15 0 398.1072 8 9
2012 - 15 0 1 3 4
2013 - 15 0 1 5 3

Table 3
The comparison table of selected methods and E-FRFs in terms of RMSE (ntest = 7).

RMSE ARIMA ES MLP-ANN T1FFs T1FFRRs Proposed

2009/7 345 345 325 446 319 240.2516
2010/7 1221 1208 1077 1180 1080 1044.867
2011/7 1058 1057 920 1083 915 946.9358
2012/7 651 651 775 1034 720 662.3993
2013/7 1362 1362 1315 1512 1251 832.0063

Mean 927.4 924.6 882.4 1051 857 745.292

Fig. 1. Line plot of RMSE values for ISEX datasets (𝑛𝑡𝑒𝑠𝑡 = 7).

Table 4
The comparison table of selected methods and E-FRFs in terms of MAPE (ntest = 7).

MAPE ARIMA ES MLP-ANN T1FFs T1FFRRs Proposed

2009/7 0.0087 0.0087 0.0083 0.0101 0.0077 0.0050
2010/7 0.0183 0.0185 0.0143 0.0179 0.0155 0.0142
2011/7 0.0144 0.0144 0.0128 0.0153 0.0115 0.0114
2012/7 0.0084 0.0084 0.0111 0.0162 0.0106 0.0102
2013/7 0.0116 0.0116 0.0109 0.0131 0.0102 0.0069

Mean 0.01228 0.01232 0.01148 0.01452 0.0111 0.0095

Another metric used to evaluate the performance of E-FRFs is MAPE.
The MAPE values for the proposed and selected methods are given in
Table 4. Inspecting the table, E-FRFs are seen to have outperformed the
other methods for four time series. The proposed E-FRFs also clearly
outperformed the other methods in terms of the mean for MAPE.

Table 5 presents the outcomes of the proposed and selected fore-
casting methods, with the corresponding RMSE values for ISEX sets for
the length of test set being 15. The proposed elastic net fuzzy regression
functions outperformed the other forecasting methods in terms of the
mean for the RMSE metric.

Inspecting Table 6, the proposed elastic net fuzzy regression func-
tions clearly has the best forecasting accuracy in terms of the means for
the MAPE values when leaving the last 15 observations out of sample.
Fig. 2 allows the forecasting accuracy of the proposed method and the
other methods to be visualized in terms of RMSE values.
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Table 5
The comparison table of selected methods and E-FRFs in terms of RMSE
(ntest = 15).

RMSE ARIMA ES MLP-ANN T1FFs T1FFRRs Proposed

2009/15 540 540 525 534 495 499.6106
2010/15 1612 1612 1603 1852 1575 1299.632
2011/15 1130 1130 1096 1146 1028 999.6103
2012/15 621 621 783 1038 676 762.276
2013/15 1269 1269 1233 1279 1237 1207.17

Mean 1034.4 1034.4 1048 1169.8 1002.2 953.6598

Fig. 2. Line plot of RMSE values for ISEX datasets (𝑛𝑡𝑒𝑠𝑡 = 15).

Table 6
The comparison table of selected methods and E-FRFs in terms of MAPE (ntest=15).

MAPE ARIMA ES MLP-ANN T1FFs T1FFRRs Proposed

2009/15 0.012 0.012 0.0114 0.0122 0.0112 0.0108
2010/15 0.022 0.022 0.022 0.0264 0.0213 0.0200
2011/15 0.015 0.015 0.0146 0.0156 0.0143 0.0135
2012/15 0.0088 0.0088 0.0117 0.0161 0.0123 0.0116
2013/15 0.0109 0.0109 0.0107 0.0108 0.0103 0.0102

Mean 0.01374 0.01374 0.01408 0.01622 0.01342 0.0132

Table 7
Search space for TAIEX datasets.

Series n ntest Alpha Lambda c p m

TAIEX/1999 266 45 0–1 0–1000 2–15 1–10 1.3–3.0
TAIEX/2000 271 47 0–1 0–1000 2–15 1–10 1.3–3.0
TAIEX/2001 244 43 0–1 0–1000 2–15 1–10 1.3–3.0
TAIEX/2002 248 43 0–1 0–1000 2–15 1–10 1.3–3.0
TAIEX/2003 249 43 0–1 0–1000 2–15 1–10 1.3–3.0
TAIEX/2004 250 45 0–1 0–1000 2–15 1–10 1.3–3.0

4.2. TAIEX datasets

Six datasets of daily observations for each year from 1999 to 2004
have been used to confirm the performance of the proposed E-FRFs.
The search interval for selecting the best parameters of E-FRFs and the
length of test sets (ntest) for each year are given in Table 7.

The proposed method searched for the best results in terms of the
RMSE values. Table 8 presents the optimum values for 𝛼, 𝜆, 𝑐, 𝑝, and
𝑚 obtained after the search. The forecasting ability of the elastic net
fuzzy regression functions have been compared with those from Bas
et al. (2019), Chen (1996), Chen and Jian (2017), Chen and Phuong
(2017), Cheng et al. (2016), Tak (2020b), Tak et al. (2018), Yu and
Huarng (2006) and Yu et al. (2016).

The outcomes indicate the best results to have been obtained from
the E-FRFs for 1999, 2000, 2001, and 2004. In addition, the prediction
ability of the proposed method is measured best in terms of the mean
of the RMSE values (see Table 9). Fig. 3 represents the forecasting
accuracy of the proposed method and selected forecasting methods in
terms of RMSE.
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Table 8
The optimum parameter specifications for TAIEX datasets.

1999 2000 2001 2002 2003 2004

c 8 10 11 6 15 15
p 3 9 13 3 13 8
Alpha 0 0.127 0 0.2 0.1 0
Lambda 1 1.584893 100 15.84893 7.943282 316.2278

Fig. 3. Graph of RMSE values of T1-R-IFFs and existing methods (𝑛𝑡𝑒𝑠𝑡 = 7).

4.3. ABC datasets

Another dataset commonly used to evaluate the performance of
E-FRFs in the literature involves beer consumption in Australia. Ob-
servations for this have been measured quarterly from 1956 to 1994.
The MAPE metric is used to search for the best outcomes from the
E-FRFs. Cluster centers vary between 2 to 15 and the lag lengths for
the AR process between 1–10; the optimum values for 𝛼 and 𝜆 are
searched between 0 to 1 and 0 to 1000 in increments of 0.1. The last
16 observations are left out of sample for testing purpose in the ABC
dataset.

The SARIMA, WMES, L-NL-ANN, MNM-FTS, T1FF, and T1FFRR
methods have been used to compare the prediction ability of the
elastic net fuzzy regression functions. Table 10 represents the actual
values from the last 16 observations and one-step-ahead forecasts for
the existing forecasting and the proposed methods. Upon inspecting
Table 10, the best forecasting accuracy is clearly obtained by the
proposed method in terms of both MAPE and RMSE values. Fig. 4
presents a line plot of the actual values and forecasts from the E-FRFs.

5. Conclusions

This study introduces a new forecasting method based on T1FFs and
elastic nets. T1FFs start clustering the time series datasets using FCM.
Afterward, the obtained membership grades and their nonlinear trans-
formations are included in the T1FFs input matrix. However, including
such related variables in the input matrix results in multicollinearity.
Although some unnecessary variables are present, the least square
method allows all the variables to remain in the model. This also results
in overfitting and complexity problems. In order to overcome these
problems, the proposed method employs an elastic net. In order to
validate the forecasting accuracy of the E-FRFs, 12 practical time series
(ISEX, TAIEX, and ABC) datasets are used. The results demonstrate the
proposed E-FRF to be quite a competitive forecasting method for certain
time series datasets. Overall, E-FRFs have the following contributions
and advantages.

• E-FRFs require no assumptions such as stationarity.
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Table 9
The comparison table of selected methods and E-FRFs for TAIEX.

1999 2000 2001 2002 2003 2004 Mean

Chen (1996) 120 176.32 147.84 101.18 74.46 84.28 117.34
Chen and Jian (2017) 101.82 128.95 110.66 60.41 50.65 52.86 84.23
Tak (2020b) 97.81 122.23 106.81 64.24 51.5 52.79 82.563
Yu and Huarng (2006) 112 131 130 80 58 67 96.4
Chen and Phuong (2017) 99.97 126.59 110.17 61.62 53.01 53.28 84.11
Tak et al. (2018) 98.33 128.18 106.48 65.14 52.38 53.78 84.05
Cheng et al. (2016) 100.74 125.62 113.04 62.94 51.46 54.25 84.68
Yu et al. (2016) 101.29 125.42 113.22 63.99 52.99 52.4 84.88
Bas et al. (2019) 99.12 119.73 113.17 62.55 48.73 51.66 82.493
Proposed 96.011 118.143 103.605 63.928 50.883 51.595 80.694
Table 10
The comparison table of selected methods and E-FRFs for ABC dataset in terms of RMSE and MAPE.

Test SARIMA WMES L&NL-ANN MNM-FTS T1FF T1FFRR Proposed

430.5 452.72 453.91 449.92 437.5 446.2 446.64 442.527
600 578.29 575.22 574.28 537.5 580.12 580.95 582.242
464.5 487.7 502.32 481.47 437.5 483.04 481.19 484.235
423.6 446.28 444.73 442.79 437.5 442.97 442.76 441.163
437 456.77 459.66 445.12 437.5 444.74 445.13 435.298
574 583.51 582.48 571.97 537.5 579.9 579.87 581.594
443 492.13 508.64 472.76 487.5 468.01 465.8 467.965
410 450.36 450.31 416.36 437.5 418.98 418.72 419.808
420 461.01 465.4 428.63 437.5 431.6 431.85 431.224
532 588.96 589.74 559.89 562.5 559.41 559.1 556.698
432 496.77 514.96 445.75 462.5 444.08 442.34 445.091
420 454.64 455.89 390.25 412.5 394.99 394.65 401.888
411 465.46 471.15 412.38 437.5 409.72 410.03 410.214
512 594.71 597 533.19 537.5 525.6 525.92 521.351
449 501.67 521.28 442.13 437.5 438.91 436.09 438.146
382 459.17 461.46 405.08 412.5 409.07 408.81 415.898

RMSE 47.04 53.33 18.79 29.14 17.39 17.08 16.823
MAPE 0.09 0.11 0.04 0.05 0.03 0.03 0.032
Fig. 4. Graph of RMSE values of T1-R-IFFs and existing methods (𝑛𝑡𝑒𝑠𝑡 = 7).

• E-FRFs require no expert opinion to define a rule because E-FRFs
are a non-rule based system.

• Type-1 fuzzy functions add membership grades and their non-
linear transformations to the model. Thus, elastic net regulation
terms are added to the model in order to solve the multicollinear-
ity problem.

• 𝛼 and 𝜆 are optimized using the nested cross validation approach
for elastic regression. Therefore, the multicollinearity problem is
solved more efficiently by removing correlated variables from the
model.

• E-FRFs obtain better forecasting accuracy than most other fore-
casting methods in the literature.
7

Although E-FRFs are a powerful forecasting method, their accu-
racy can be improved by also adding moving average terms to the
model. Different fuzzy clustering methods other than FCM may also
improve the forecasting ability of E-FRFs. These scenarios suggest
future directions of the proposed method.
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