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a b s t r a c t

This paper studies the cluster consensus problem for networks with antagonistic interactions modelled
by adjacency matrices with negative weights. By introducing an extended digraph representation con-
sisting of purely cooperative interactions with lifting approach, we relate the trajectories of the system
to those of an extended system with a positive digraph. The behaviours of agents in a signed network
are extracted from its extended digraph. Consequently, the number of clusters and the cluster members
are explicitly determined for any signed digraph by using primary and secondary layer subgraph con-
cepts. The relation between the dynamics of a signed system and its extended representation is investi-
gated for first and higher-order systems. The conditions that make both systems stable are stated.
Additionally, the control parameters to achieve cluster consensus are derived explicitly for first, second
and third order systems. The obtained results for continuous-time networks are subsequently extended
to discrete-time networks. Finally, theoretical results are illustrated via numerical examples.
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1. Introduction

The agreement problem of networked agents, referred to as con-
sensus, has been extensively studied in diverse fields including con-
trol engineering, sensor networks, social systems, robotics and
opinion dynamics. In the literature, the focus is mainly on complete
consensus where all members of a network attain a single steady
state [1–7]. Due to the structure or the topology of a given net-
work, agreeing on a common value may not always be possible.
In such a case, the members of the network converge to different
final states, called clusters. This phenomenon is known as cluster
consensus [8–12].

The complete or the cluster consensus problem is mostly dis-
cussed in the context of cooperative systems. In such systems,
communication links between agents are assumed to be positive
weighting. However, this assumption may not be realistic for some
real-world systems such as opinion dynamics, decision making,
etc. In these systems, also called competitive systems, interaction
flow from an agent to another may be weighted positive or nega-
tive based on agents’ opinions. Positive links represent collabora-
tion of agents while negative links represent antagonistic
interaction of agents. Such a topology is represented by signed
digraphs. In this paper, our main focus is to investigate the effect
of negative links on the cluster agreement problem and to deter-
mine the clusters and their members for any given higher-order
network associated with a signed digraph. While the literature
consists of studies that consider the consensus problem in signed
networks, no research investigates the number of clusters and
the agents in each cluster for a network of agents with antagonistic
interactions. Research on cluster consensus has been mostly
restricted to the bipartite consensus and interval bipartite consen-
sus problems [13–17].

Altafini investigates bipartite consensus where all members of a
signed network converge to the same final value in modulus but
not in sign [13]. Bipartite consensus is a special type of cluster con-
sensus such that the number of clusters equals two. A necessary
and sufficient condition to achieve bipartite consensus for strongly
connected networks is that the signed digraph is structurally bal-
anced and digon sign-symmetric.

In [14], the authors study interval bipartite consensus where the
root nodes of networks reach bipartite consensus while the non-
root nodes converge to some value which is smaller than the
bipartite consensus value in modulus. To achieve interval bipartite
consensus, signed digraphs associated with networks are required
to have a spanning tree. However, in cases where interval bipartite
consensus is achieved, the number of clusters and their members
are unknown.
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Nomenclature

Sc Continuous-time signed system
�Sc Continuous-time extended unsigned system
Sd Discrete-time signed system
�Sd Discrete-time extended unsigned system
L n� n signed Laplacian matrix for Sc
�L 2n� 2n unsigned Laplacian matrix for �Sc

L̂ n� n unsigned Laplacian matrix for Ŝc

Lm mn�mn continuous-time system matrix for m-th order
Sc

�Lm 2mn� 2mn continuous-time system matrix for m-th or-
der �Sc

L̂m mn�mn continuous-time system matrix for m-th order
Ŝc

Cm mn�mn discrete-time system matrix for m-th order Sd
�Cm 2mn� 2mn discrete-time system matrix for m-th order

�Sd
Ĉm mn�mn discrete-time system matrix for m-th order Ŝd
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Opinion dynamics in social networks are investigated by con-
structing structurally balanced signed digraphs in [15]. The authors
consider the case where the opinions are the same (consensus) or
totally opposite (bipartite). Signed digraphs containing a spanning
tree are used to achieve bipartite consensus. However, in real life,
there may be more than two opposite opinions. This case is not
taken into account in [15].

Bipartite consensus is achieved for structurally balanced sys-
tems using binary cooperative-competitive interactions. In [16],
the authors argue that the level of collaboration or competition
may be different from binary. It is shown that multi-partite con-
sensus can be achieved by using weighted cooperative-
competitive interactions. Interactively balanced or sub-balanced
connectivity of digraph is a necessary condition to reach cluster
consensus. In [17], two necessary and sufficient conditions are
derived for structurally balanced and unbalanced systems with
weighted interactions. For structurally unbalanced systems, pin-
ning control is required.

In [18], the authors show that the solution of a signed network
dynamics with n agents can be obtained from the solution of the
corresponding extended unsigned network dynamics with 2n
agents. This approach is used in [19] for consensus analysis of
the signed graph containing spanning tree.

As discussed above, research on the cluster consensus problem
is mainly limited to bipartite consensus and interval bipartite
consensus for networks evolving over signed digraphs. Except
for the bipartite consensus case (where there are only two clus-
ters), there is no study that computes the number of clusters an
arbitrary network converges to. Furthermore, structurally bal-
anced digraph structure is a necessary assumption to reach bipar-
tite or interval bipartite consensus. The existing results on
networks characterized by signed digraphs are restricted to lim-
ited digraph structures i.e., structurally balanced graphs and
graphs consisting of a spanning tree [13–17]. For signed digraphs
with no spanning tree, there is no available result in the litera-
ture. Moreover, the existing results [13–17] cannot be directly
extended to cover such cases. The main difficulty is that the
graph theoretical concepts used in [13–17] are restricted to
digraphs with spanning tree.

This paper is the first study in the literature that addresses
signed digraphs that have no spanning tree. We consider a general
network characterized by positive and negative interactions to
overcome the limitations in [13–17] to address the following fun-
damental questions:

� Given a multi-agent network evolving over a signed digraph
with no assumption on the graph structure, does the network
achieve cluster consensus?

� If so, how many clusters are formed and what are the members
of each cluster?
34
To address the above fundamental questions, we introduce the
extended digraph representation for the analysis of the correspond-
ing signed digraph. In this context, the contributions of this paper
can be highlighted as follows:

� By exploiting the lifting approach in [18], we first relate the
dynamics of any signed digraph (possibly with no spanning
tree) to those of an unsigned digraph and then study the con-
vergence properties of the associated system that contains
agents with higher-order dynamics in continuous-time.

� For any given first or higher-order system with a signed
digraph, we compute the number of clusters and explicitly
determine cluster members.

� For higher-order systems, controller parameter selection for
signed networks is investigated and conditions that guarantee
the cluster consensus are stated.

� The above results are extended to discrete-time systems.

The rest of the paper is organized as follows. In Section 2, we review
some crucial properties of signed digraphs, primary/secondary layer
subgraph concepts and introduce the extended digraph representa-
tion. Our main results on any given higher-order system associated
with a signed digraph are provided in Section 3. In Section 4, we
extend the results of Section 5 to discrete-time networks. A numer-
ical example is provided in Section 6 to illustrate the main results of
the paper. Finally, there are some concluding remarks in Section 7.
2. Mathematical preliminaries

In this section, we review the properties of signed digraphs, the
definitions of primary and secondary layer subgraphs; and give the
mathematical formulation of the consensus protocol.
2.1. Signed digraphs and primary/secondary layer subgraphs

A weighted signed digraph G ¼ V; E;Að Þ represents interaction
between agents. For n agents, V ¼ m1; . . . ; mnf g is the set of nodes
and E#V � V is the set of edges. A directed edge, mj; mi

� �
, denotes

information flow from node mj to node mi. The adjacency element,
aij, is the weight of the corresponding edge, mj; mi

� �
, is defined such

that aij – 0 () mj; mi
� � 2 E. A signed digraph, G, is called digon sign-

symmetric if aijaji P 0. G is called an unsigned digraph, if all adja-
cency elements are non-negative, i.e., aij P 0.

A path P between two nodes (from node mi to node mj) is defined
as a finite sequence of nodes such that ml1 ; ml2 ; . . . ; mlm�1 ; mlm

� �
where

l1 ¼ i; lm ¼ j and mlk ; mlkþ1

� � 2 E for k ¼ 1; . . . ;m� 1. A cycle C is a
directed path whose starting and ending nodes are the same. A
cycle is positive if al2 l1al3 l2 . . . al1 lm > 0 and is negative if
al2 l1al3 l2 . . . al1 lm < 0.
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For unsigned digraphs, there are novel concepts in the literature
that are used to analyze the general structure of digraphs: primary
and secondary layer subgraphs. The definitions are given below:

Definition 1. [20] (PRIMARY LAYER SUBGRAPHS) In any given weighted
digraph G ¼ V; E;Að Þ, there exist unique lp (lp P 1) subgraphs
Gp;i ¼ Vp;i; Ep;i

� �
; i ¼ 1;2; . . . ; lp, such that

� the node set of each subgraph Vp;i; i ¼ 1;2; . . . ; lp, is the largest
possible subset that has a spanning tree and

� nodes in a subgraph, Vp;i, do not receive information from out of
the subgraph, V n Vp;i.
Definition 2. [20] (SECONDARY LAYER SUBGRAPHS) Let V̂ ¼ V n [lp
i¼1Vp;i.

Then, there exist ls unique subgraphs Gs;i ¼ Vs;i; Es;i
� �

; i ¼ 1;2;

. . . ; ls, such that [ls
i¼1Vs;i ¼ V̂, and

� each subgraph Gs;i; i ¼ 1;2; . . . ; ls, has a spanning tree and
� the root node of a subgraph receives information from at least
two nodes in two different subgraphs and

� all nodes except the root in a subgraph do not receive informa-
tion from out of the subgraph.
Remark 1. The primary and secondary layer subgraphs in Defini-
tion 1 and 2 can be determined by using the detection algorithms
in [20]. Given an unsigned digraph G ¼ V; E;Að Þ, we first utilize the
primary layer subgraph detection algorithm in [20] to determine
the primary layer subgraph node sets Vp;i; i ¼ 1; . . . ; lp. The remain-

ing nodes V̂ ¼ V n [lp
i¼1Vp;i constitute members of secondary layer

subgraphs. The secondary layer detection algorithm in [20] can
then be applied on V̂ to determine the secondary layer subgraph
node sets Vs;i; i ¼ 1; . . . ; ls.

2.2. Consensus protocol

Consider a multi-agent system consisting of n agents with the
following linear consensus protocol

Sc : _x 1ð Þ
i tð Þ ¼ x 2ð Þ

i tð Þ;
_x 2ð Þ
i tð Þ ¼ x 3ð Þ

i tð Þ;
..
.

_x m�1ð Þ
i tð Þ ¼ x mð Þ

i tð Þ;

_x mð Þ
i tð Þ ¼

Xm
q¼1

cq
Xn
j¼1

aij x qð Þ
j tð Þ � sgn aij

� �
x qð Þ
i tð Þ

� �
ð1Þ

for i ¼ 1;2; . . . ;n, where x qð Þ
i tð Þ 2 R (q ¼ 1; . . . ;m) are the states of

node mi at time t; x qð Þ
i (q ¼ 2; . . . ;m) denotes the q� 1ð Þst derivative

of x 1ð Þ
i , and cq > 0; q ¼ 1; . . . ;m, are the controller parameters.
The dynamics of system (1) are equivalent to

_x 1ð Þ
i tð Þ ¼ x 2ð Þ

i tð Þ;
..
.

_x m�1ð Þ
i tð Þ ¼ x mð Þ

i tð Þ;

_x mð Þ
i tð Þ ¼ �

Xm
q¼1

cq
Xn
j¼1

lijx
qð Þ
j tð Þ; i ¼ 1;2; . . . ; n

ð2Þ

where lij is the element of the signed Laplacian matrix, L, which is
defined by
35
lij ¼
Pn

k¼1;k–ijaikj; if i ¼ j

�aij; otherwise:

(
ð3Þ

System Sc will be investigated under first and higher-order (m P 2)
dynamics separately. In this context, system Sc can be expressed for
first-order dynamics as

_x tð Þ ¼ �Lx tð Þ ð4Þ
where x tð Þ ¼ x1 tð Þ; . . . ; xn tð Þ½ �T 2 Rn with xi tð Þ 2 R; i ¼ 1; . . . ; n is the
state vector of the first-order system at time t. For m P 2, system
Sc can be rewritten in the following form:

_x 1ð Þ tð Þ
_x 2ð Þ tð Þ
..
.

_x mð Þ tð Þ

266664
377775 ¼ Lm

x 1ð Þ tð Þ
x 2ð Þ tð Þ
..
.

x mð Þ tð Þ

266664
377775

where x qð Þ tð Þ 2 Rn; q ¼ 1;2; . . . ;m is a state vector with components

x qð Þ
i tð Þ; i ¼ 1;2; . . . ;n, at time t and

Lm ¼

0n�n In 0n�n . . . 0n�n

0n�n 0n�n In . . . 0n�n

..

. ..
. ..

. . .
. ..

.

0n�n 0n�n 0n�n . . . In
�c1L �c2L �c3L . . . �cmL

266666664

377777775; ð5Þ

is the mn�mn system matrix where 0n�n denotes the n� n matrix
with all zero entries.

The eigenvalues of Lm can be computed by solving the charac-
teristic equation det lImn � Lmð Þ ¼ 0 where

det lImn � Lmð Þ ¼ det

lIn �In 0n�n . . . 0n�n 0n�n

0n�n lIn �In . . . 0n�n 0n�n

..

. ..
. ..

. ..
. ..

. ..
.

0n�n 0n�n 0n�n . . . lIn �In
c1L c2L c3L . . . cm�1L lIn þ cmL

266666664

377777775

0BBBBBBB@

1CCCCCCCA
¼ det lmIn þ c1 þ c2lþ . . .þ cmlm�1

� �
L

� �
:

The above expression can be rewritten with respect to the eigenval-
ues of the Laplacian matrix, L, as

det lImn � Lmð Þ ¼
Yn
i¼1

lm þ c1 þ c2lþ . . .þ cmlm�1� �
ki

� � ¼ 0 ð6Þ

where ki is the i-th eigenvalue of L. From (6), the eigenvalues of Lm

can be obtained from

lm þ cmkilm�1 þ . . .þ c2kilþ c1ki ¼ 0 ð7Þ
for i ¼ 1;2; . . . ;n. Each eigenvalue of L corresponds tom eigenvalues
of Lm.

2.3. Extended digraph

In this paper, the evolution of a higher-order with a signed
digraph G is investigated by using its extended digraph representa-
tion introduced in [18]. We define this representation as follows:

Definition 3. For a given signed digraph G ¼ V; E;Að Þ where
V ¼ m1; . . . ; mnf g is the node set, E is the edge set and
A ¼ aij

� � 2 Rn�n is the adjacency matrix; the corresponding
extended digraph is �G ¼ �V; �E; �A� �

with the node set
�V ¼ m1; . . . ; mn; m01; . . . ; m

0
n

� 	
, the edge set �E and the adjacency matrix

�A ¼ �aij
� � 2 R

2n�2n. The edge set, �E, and the adjacency matrix, �A, are
defined as follows:
If mj; mi
� � 2 E and aij > 0, then
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� mj; mi
� � 2 �E and �aij ¼ aij, and

� m0j; m0i
� �

2 �E and �aiþn;jþn ¼ aij for i; j ¼ 1; . . . ;n.

If mj; mi
� � 2 E and aij < 0, then

� mj; m0i
� � 2 �E and �aiþn;j ¼ �aij, and

� m0j; mi
� �

2 �E and �ai;jþn ¼ �aij for i; j ¼ 1; . . . ;n.
Fig. 2. Extended digraph in Example 1.

Remark 2. The extended adjacency elements �aij in Definition 3 can
be also formulated as

�aij ¼ �aiþn;jþn ¼ jaijj þ aij
2

and �aiþn;j ¼ �ai;jþn ¼ jaijj � aij
2

;

for i; j ¼ 1;2; . . . ; n. From the adjacency elements �aij, the extended
adjacency matrix �A is obtained as

�A ¼ 1
2

AþA A�A
A�A AþA


 �
: ð8Þ

where A ¼ jaijj
� � 2 Rn�n. Note that an extended digraph has only

non-negative adjacency elements, i.e., �G is an unsigned digraph con-
sisting of 2n nodes.

The extended digraph concept is illustrated by the following
example.

Example 1. Consider the signed digraph in Fig. 1. Black and red
arrows denote positive and negative edges, respectively. Note that
the digraph has no spanning tree. In order to construct the extended
digraph of the given network, the following procedure can be used:

� A new node, m0i, is created for each node, mi; i ¼ 1; . . . ;5. In this
way, the number of nodes is doubled.

� While the positive edges in Fig. 1 are preserved in Fig. 2, the cor-
responding new positive edges are created according to Defini-
tion 3. For example, the positive edge m1; m3ð Þ is maintained and
the corresponding new edge m01; m03

� �
is created with the same

weight i.e., a31 ¼ 0:7.
� The negative edges in Fig. 1 are removed in Fig. 2 and new pos-
itive edges are generated in its place based on Definition 3. For
example, the negative edge m1; m2ð Þ is removed and the corre-
sponding new edges are created as m1; m02

� �
and m01; m2

� �
with

the weight of ja21j ¼ 0:1.

By following the steps above, the corresponding extended digraph
is obtained as shown in Fig. 2. Notice that the weights of all edges
in the extended digraph are positive.
3. Cluster consensus in signed continuous-time networks

Given Sc in (1) evolving over G, the extended system �Sc associ-
ated with extended digraph �G is defined as
Fig. 1. Signed digraph in Example 1.
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�Sc : _�x 1ð Þ
i tð Þ ¼ �x 2ð Þ

i tð Þ;
_�x 2ð Þ
i tð Þ ¼ �x 3ð Þ

i tð Þ;
..
.

_�x m�1ð Þ
i tð Þ ¼ �x mð Þ

i tð Þ;

_�x mð Þ
i tð Þ ¼

Xm
q¼1

cq
X2n
j¼1

�aij �x qð Þ
j tð Þ � �x qð Þ

i tð Þ
� �

ð9Þ

for i ¼ 1; . . . ;2n where �x qð Þ
i tð Þ (q ¼ 1; . . . ;m) are the states at time

t; �x qð Þ
i (q ¼ 2; . . . ;m) denotes the q� 1ð Þst derivative of �x 1ð Þ

i .
The dynamics of system (9) are equivalent to

_�x 1ð Þ
i tð Þ ¼ �x 2ð Þ

i tð Þ;
..
.

_�x m�1ð Þ
i tð Þ ¼ �x mð Þ

i tð Þ;

_�x mð Þ
i tð Þ ¼ �

Xm
q¼1

cq
X2n
j¼1

�lij�x
qð Þ
j tð Þ; i ¼ 1;2; . . . ;2n

ð10Þ

where�lij is the element of the unsigned Laplacian matrix, �L, which is
defined by

�lij ¼
P2n

k¼1;k–i
�aik; if i ¼ j

��aij; otherwise:

(
System (10) can be rewritten as in the following form:

_�x
1ð Þ

tð Þ
_�x
2ð Þ

tð Þ
..
.

_�x
mð Þ

tð Þ

2666664

3777775 ¼ �Lm

�x 1ð Þ tð Þ
�x 2ð Þ tð Þ
..
.

�x mð Þ tð Þ

2666664

3777775
where �x qð Þ tð Þ 2 R

2n; q ¼ 1;2; . . . ;m is a state vector with components

x qð Þ
i tð Þ; i ¼ 1;2; . . . ;2n, at time t and

�Lm ¼

02n�2n I2n 02n�2n . . . 02n�2n

02n�2n 02n�2n I2n . . . 02n�2n

..

. ..
. ..

. . .
. ..

.

02n�2n 02n�2n 02n�2n . . . I2n
�c1�L �c2�L �c3�L . . . �cm�L

266666664

377777775; ð11Þ

02n�2n is the 2n� 2n matrix with all zero entries.
The eigenvalues of �Lm can be computed by solving the charac-

teristic equation det �lI2mn � �Lm
� � ¼ 0 where

det �lI2mn � �Lm
� � ¼ det

�lI2n �I2n 02n�2n . . . 02n�2n 02n�2n

02n�2n �lI2n �I2n . . . 02n�2n 02n�2n

..

. ..
. ..

. ..
. ..

. ..
.

02n�2n 02n�2n 02n�2n . . . �lI2n �I2n
c1�L c2�L c3�L . . . cm�1

�L �lI2n þ cm�L

266666664

377777775

0BBBBBBB@

1CCCCCCCA
¼ det �lmI2n þ c1 þ c2 �lþ . . .þ cm �lm�1

� �
�L

� �
:
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The above expression can be rewritten with respect to the eigenval-
ues of the extended Laplacian matrix, �L, as

det �lI2mn � �Lm
� � ¼Yn

i¼1

�lm þ c1 þ c2 �lþ . . .þ cm �lm�1� �
�ki

� � ¼ 0

ð12Þ
where �ki is the i-th eigenvalue of �L. From (12), the eigenvalues of �Lm

can be obtained from

�lm þ cm�ki �l
m�1 þ . . .þ c2�ki �lþ c1�ki ¼ 0 ð13Þ

for i ¼ 1;2; . . . ;2n. Each eigenvalue of L corresponds to m eigenval-
ues of �Lm.

The following result relates the trajectories of Sc described by a
signed digraph to that of �Sc which is described by an unsigned
digraph.

Theorem 1. The trajectory x qð Þ tð Þ of system Sc in (1) can be
recovered from that of system �Sc in (9) as

x qð Þ
i tð Þ ¼ �x qð Þ

i tð Þ; i ¼ 1; . . . ;n for all t P 0 by setting �x qð Þ
i0 ¼ x qð Þ

i0 and

�x qð Þ
iþn;0 ¼ �x qð Þ

i0 for i ¼ 1;2; . . . ;n and q ¼ 1; . . . ;m.
Proof. The extended system �Sc can be rewritten as follows:

�Sc : _�x 1ð Þ
i tð Þ ¼ �x 2ð Þ

i tð Þ;
..
.

_�x m�1ð Þ
i tð Þ ¼ �x mð Þ

i tð Þ;

_�x mð Þ
i tð Þ ¼

Xm
q¼1

cq
Xn
j¼1

�aij �x qð Þ
j tð Þ � �x qð Þ

i tð Þ
� �

þ
Xn
j¼1

�ai;jþn �x qð Þ
jþn tð Þ � �x qð Þ

i tð Þ
� � !

ð14aÞ

_�x 1ð Þ
iþn tð Þ ¼ �x 2ð Þ

iþn tð Þ;
..
.

_�x m�1ð Þ
iþn tð Þ ¼ �x mð Þ

iþn tð Þ;

_�x mð Þ
iþn tð Þ ¼

Xm
q¼1

cq
Xn
j¼1

�aiþn;jþn �x qð Þ
jþn tð Þ � �x qð Þ

iþn tð Þ
� �

þ
Xn
j¼1

�aiþn;j �x qð Þ
j tð Þ � �x qð Þ

iþn tð Þ
� � !

ð14bÞ

for i ¼ 1; . . . ;n. Let x̂ qð Þ
i tð Þ ¼ �x qð Þ

i tð Þ þ �x qð Þ
iþn tð Þ for i ¼ 1; . . . ;n and

q ¼ 1; . . . ;m. Then, we have

_̂x 1ð Þ
i tð Þ ¼ _�x 1ð Þ

i tð Þ þ _�x 1ð Þ
iþn tð Þ

¼ �x 2ð Þ
i tð Þ þ �x 2ð Þ

iþn tð Þ
¼ x̂ 2ð Þ

i tð Þ
_̂x 2ð Þ
i tð Þ ¼ _�x 2ð Þ

i tð Þ þ _�x 2ð Þ
iþn tð Þ

¼ �x 3ð Þ
i tð Þ þ �x 3ð Þ

iþn tð Þ
¼ x̂ 3ð Þ

i tð Þ
..
.

_̂x m�1ð Þ
i tð Þ ¼ _�x m�1ð Þ

i tð Þ þ _�x m�1ð Þ
iþn tð Þ

¼ �x mð Þ
i tð Þ þ �x mð Þ

iþn tð Þ
¼ x̂ mð Þ

i tð Þ
_̂x mð Þ
i tð Þ ¼ _�x mð Þ

i tð Þ þ _�x mð Þ
iþn tð Þ

¼
Xm
q¼1

cq
Xn
j¼1

�aij þ �aiþn;j
� �

�x qð Þ
j tð Þ þ �ai;jþn þ �aiþn;jþn

� �
�x qð Þ
jþn tð Þ

 !

�
Xm
q¼1

cq
Xn
j¼1

�aij þ �ai;jþn
� �

�x qð Þ
i tð Þ þ �aiþn;j þ �aiþn;jþn

� �
�x qð Þ
iþn tð Þ

 !

From Definition 3, we obtain

�aiþn;j ¼ �ai;jþn; �aij ¼ �aiþn;jþn ð15Þ
37
for i ¼ 1; . . . ; n and jaijj ¼ �aij þ �aiþn;j. By using (15), we also have
�ai;jþn þ �aiþn;jþn ¼ �aij þ �ai;jþn ¼ �aiþn;j þ �aiþn;jþn ¼ jaijj. Then, we have

Ŝc : _̂x 1ð Þ
i tð Þ ¼ x̂ 2ð Þ

i tð Þ
_̂x 2ð Þ
i tð Þ ¼ x̂ 3ð Þ

i tð Þ
..
.

_̂x m�1ð Þ
i tð Þ ¼ x̂ mð Þ

i tð Þ
_̂x mð Þ
i tð Þ ¼

Xm
q¼1

cq
Xn
j¼1

jaijj �x qð Þ
j tð Þ þ �x qð Þ

jþn tð Þ
� � !

�
Xm
q¼1

cq
Xn
j¼1

jaij j �x qð Þ
i tð Þ þ �x qð Þ

iþn tð Þ
� � !

¼
Xm
q¼1

cq
Xn
j¼1

jaijj x̂ qð Þ
j tð Þ � x̂ qð Þ

i tð Þ
� �

ð16Þ

The dynamics of the above system is equivalent to

Ŝc :
_̂x tð Þ ¼ L̂mx̂ tð Þ; x̂ 0ð Þ ¼ x̂0 ð17Þ

where x̂ tð Þ¼ x̂ 1ð Þ tð ÞT ; x̂ 2ð Þ tð ÞT ; . . . ; x̂ mð Þ tð ÞT
h iT

with x̂ qð Þ tð Þ¼

x̂ qð Þ
1 tð ÞT ; x̂ qð Þ

2 tð ÞT ; . . . ; x̂ qð Þ
n tð ÞT

h iT
for q¼1; . . . ;m and

L̂m ¼

0n�n In 0n�n . . . 0n�n

0n�n 0n�n In . . . 0n�n

..

. ..
. ..

. . .
. ..

.

0n�n 0n�n 0n�n . . . In
�c1L̂ �c2L̂ �c3L̂ . . . �cmL̂

266666664

377777775 ð18Þ

where L̂ is the unsigned Laplacian matrix whose elements are
defined by

l̂ij ¼
Pn

q¼1;k–ijaikj; if i ¼ j
�jaijj; otherwise:

(
ð19Þ

The solution of (17) is

x̂ tð Þ ¼ eL̂mtx̂0 ð20Þ
Note that x̂0 ¼ 0; . . . ;0½ �T implies x̂ tð Þ ¼ 0; . . . ;0½ �T for all t, i.e.,
�x qð Þ
i tð Þ ¼ ��x qð Þ

iþn tð Þ for i ¼ 1; . . . ;n and q ¼ 1; . . . ;m.

Substituting �x qð Þ
jþn tð Þ ¼ ��x qð Þ

j tð Þ into (14a), we obtain
_�x 1ð Þ
i tð Þ ¼ �x 2ð Þ

i tð Þ;
_�x 2ð Þ
i tð Þ ¼ �x 3ð Þ

i tð Þ;
..
.

_�x m�1ð Þ
i tð Þ ¼ �x mð Þ

i tð Þ;

_�x mð Þ
i tð Þ ¼

Xm
q¼1

cq
Xn
j¼1

�aij � �ai;jþn
� �

�x qð Þ
j tð Þ �

Xn
j¼1

�aij þ �ai;jþn
� �

�x qð Þ
i tð Þ

 !

for i ¼ 1;2; . . . ;n.
From Definition 3, we get
_�x 1ð Þ
i tð Þ ¼ �x 2ð Þ

i tð Þ;
_�x 2ð Þ
i tð Þ ¼ �x 3ð Þ

i tð Þ;
..
.

_�x m�1ð Þ
i tð Þ ¼ �x mð Þ

i tð Þ;
_�x mð Þ
i tð Þ ¼

Xm
q¼1

cq
Xn
j¼1

aij �x qð Þ
j tð Þ � sgn aij

� �
x qð Þ
i tð Þ

� �
ð21Þ

for i ¼ 1;2; . . . ;n. Note that (21) is equal to (1). By setting
�x qð Þ
i 0ð Þ ¼ x qð Þ

i0 and �x qð Þ
iþn 0ð Þ ¼ �x qð Þ

i0 for i ¼ 1;2; . . . ;n and q ¼ 1; . . . ;m
the trajectory x qð Þ tð Þ can be recovered. This completes the proof.
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While Theorem 1 focuses on the relation of the trajectories of Sc

and �Sc , it does not address the relationship between their stability
properties. By using the relation of L and �L, below we first study the
stability relation for first-order dynamics and then extend the
results to higher-order systems.

Theorem 2. For m ¼ 1, the extended system �Sc in (9) is stable if
and only if the system Sc in (1) is stable.
Proof. ()) Suppose �Sc is stable. From (8), the Laplacian system
matrix, �L, for �Sc is expressed as

�L ¼ 1
2

L̂þ L L̂� L

L̂� L L̂þ L

" #

where L and L̂ are both Laplacian matrices defined as in (3) and (19),
respectively. By using the similarity transformation matrix

T ¼ In 0n�n

In In


 �
ð22Þ

we have

T�LT�1 ¼ L 1
2 L̂� L
� �

0n�n L̂

24 35 ð23Þ

from which we conclude that the eigenvalues of �L are the combined

eigenvalues of L and L̂. Since �Sc is stable and L in (3) is the system
matrix for Sc , we conclude that Sc is stable.
(() Suppose Sc is stable, i.e., L is a Laplacian matrix. Note from (23)

that �L has eigenvalues of L and L̂. As L̂ is a Laplacian matrix by def-
inition in (19) and Sc is stable, it follows that �Sc is stable.
Theorem 3. For m P 2, if the extended system �Sc in (9) is stable,
then the system Sc in (1) is stable.
Proof. Suppose �Sc is stable. From (23), recall that the eigenvalues

of �L for �Sc are the union of the eigenvalues of L and L̂. By using this
result, the eigenvalues of �Lm can be obtained with respect to the

eigenvalues of L and L̂ as

�lm þ cmki �l
m�1 þ . . .þ c2ki �lþ c1ki ¼ 0; i ¼ 1;2; . . . ;n ð24aÞ

�lm þ cmk̂i �l
m�1 þ . . .þ c2k̂i �lþ c1k̂i ¼ 0; i ¼ 1;2; . . . ;n ð24bÞ

where �l is an eigenvalue of �Lm; ki and k̂i are the eigenvalues of L

and L̂, respectively. Note that (24a) and (24b) together are the char-
acteristic polynomial of the system �Sc and only (24a) is the charac-
teristic polynomial of the system Sc . This implies that the
characteristic polynomial of �Sc includes that of Sc . Given that �Sc

is stable, so is Sc .

From Theorem 3, we note that the stability of �Sc implies the sta-
bility of Sc for m P 2. On the other hand, a stable Sc does not nec-
essarily imply a stable �Sc as illustrated in the following example.
Fig. 3. Signed digraph in Example 2.

38
Example 2. Consider the signed network in Fig. 3.

For the given network, the signed Laplacian matrix, L, and its

unsigned version, L̂, are obtained as follows:

L ¼

0 0 0 0 0
0 0:9 �0:9 0 0
0:7 0 0:9 �0:2 0
0 0:1 0 0:4 0:3
0 0 0 0 0

26666664

37777775;

bL ¼

0 0 0 0 0
0 0:9 �0:9 0 0

�0:7 0 0:9 �0:2 0
0 �0:1 0 0:4 �0:3
0 0 0 0 0

26666664

37777775
The eigenvalues of �L and �L̂ are calculated as �1:0646;f
�0:6;�0:5354;0;0g and �0:9289� j0:1773;�0:3422;0;0f g, respec-
tively. Note that the spectra of �L and �L̂ are on the OLHP (open left
half plane) except zero eigenvalues. From Theorem 2, the eigenval-

ues of ��L is the union of the eigenvalues of �L and �L̂, i.e.,
�1:0646;�0:6;�0:5354;0;0f gS �0:9289� j0:1773;�0:3422;0;0f g.
In the light of this fact, the following results are obtained:

� For m ¼ 1, system matrices for Sc and �Sc are �L and ��L, respec-
tively. Therefore, both systems are stable.

� For m ¼ 2 and c1 ¼ 10; c2 ¼ 0:5, system matrices for Sc and �Sc

are Lm and �Lm, respectively. All nonzero eigenvalues of Lm have
negative real parts. In the corresponding extended system
matrix �Lm, there is a pair of complex conjugate eigenvalues
whose real parts are positive (0:0548� j3:0971). In this case,
Sc is stable whereas �Sc is unstable.

In the case of structurally balanced systems, the stability of Sc

and �Sc are equivalent regardless of the degree of the dynamics as
delineated in the next result.

Corollary 1: Consider a structurally balanced system Sc in (1).
For m P 1, the extended system �Sc in (9) is stable if and only if
the system Sc is stable.

Proof. Given a structurally balanced system Sc in (1), its signed
Laplacian matrix, L, in (3) can be expressed as

L ¼ L11 L12
L21 L22


 �
where the elements of L11 2 Rn1�n1 and L22 2 Rn2�n2 contains positive
edges and the elements of L12 2 Rn1�n2 and L21 2 Rn2�n1 contain neg-

ative edges. Therefore, one can obtain L̂ in (19) by using the similar-
ity transformation as

L̂ ¼ L11 �L12
�L21 L22


 �
¼ �In1 0n1�n2

0n2�n1 In2


 �
L11 L12
L21 L22


 � �In1 0n1�n2

0n2�n1 In2


 �

This implies that L and L̂ have the same eigenvalues. From (23), �L
also has the same eigenvalues with L. In the structurally balanced
case, the stabilities of �Sc in (9) and Sc in (1) are equivalent for
m P 1.

For any given higher-order system with negative links, its
extended higher-order system with positive links can be obtained
by using Definition 3. In this case, the following result in [21] will
be useful in determining the number of clusters for any given
higher-order system with antagonistic interactions.
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Lemma 1. [21] The number of clusters for the m-th order system
Sc in (1) associated with an unsigned digraph is equal to lp þ ls if
and only if the roots of (6) are on the OLHP except mlp zero
eigenvalues where lp and ls are the number of primary and
secondary layer subgraphs, respectively.

Note that Lemma 1 is applicable for networks whose communi-
cation links are positive weighted. By using Definition 3, a signed
digraph can be augmented to its extended digraph whose edges
are positive. In this context, the following result is obtained to
determine the clusters for a general higher-order multi-agent sys-
tem that has no restrictive structure properties.

Theorem 4. The number of clusters for them-th order system Sc in
(1) associated with an signed digraph is equal to �lp þ�ls � l0 if the

roots of (6) are on the OLHP where �lp and �ls are the number of
primary and secondary layer subgraphs of the extended system �Sc

in (9), respectively; and l0 is the number of subgraphs whose node
set consists of only a subset of �V n V ¼ m01; . . . ; m

0
n

� 	
.

Proof. From Definition 3, it follows that the extended graph �G con-
tains non-negative edge weights. Hence, Lemma 1 is applicable. For
a given system Sc with n agents, its extended representation �Sc

with 2n agents is obtained based on Definition 3. By using Theo-
rem 1 in [21], we express by �np;i and �ns;j, the number of nodes in
the i-th primary and j-th secondary layer subgraphs of the
extended system, respectively for i ¼ 1; . . . ;�lp and j ¼ 1; . . . ;�ls. Let
�np ¼

P
i
�np;i and �ns ¼

P
j
�ns;j be the total number of nodes in the pri-

mary and secondary layer subgraphs, respectively and
�np þ �ns ¼ �n ¼ 2n holds. For positive ci i ¼ 1; . . . ;mð Þ; �Lm has exactly
m�lp zero eigenvalues. From [21], there are �lp right eigenvectors
associated with zero eigenvalue. Therefore, �Lm cannot be diagonal.
The �lp right eigenvectors and m� 1ð Þ�lp generalized right eigenvec-
tors associated with zero eigenvalue can be obtained as follows for
i ¼ 1; . . . ;�lp

ni;1 ¼ jT
i ��L

�1
s
�LspjT

i 0T
�np 0T

�ns � � � 0T
�np 0T

�ns 0T
�np 0T

�ns

h iT
are right eigenvectors

ni;2 ¼ 0T
�np 0T

�ns jT
i ��L

�1
s
�LspjT

i � � � 0T
�np 0T

�ns 0T
�np 0T

�ns

h iT
..
.

ni;m�1 ¼ 0T
�np 0T

�ns 0T
�np 0T

�ns � � � jT
i ��L

�1
s
�LspjT

i 0T
�np 0T

�ns

h iT
ni;m ¼ 0T

�np 0T
�ns 0T

�np 0T
�ns � � � 0T

�np 0T
�ns jT

i ��L
�1
s
�LspjT

i

h iT
are generalized right eigenvectors

where �Lp; �Ls and �Lsp are defined in [21]. The m� 1ð Þ�lp generalized
left eigenvectors and�lp left eigenvectors associated with zero eigen-
value can be obtained as follows for i ¼ 1; . . . ;�lp

gi;1 ¼ 1Ti 0T
�ns 0T

�np 0T
�ns � � � 0T

�np 0T
�ns 0T

�np 0T
�ns

h iT
gi;2 ¼ 0T

�np 0T
�ns 1Ti 0T

�ns � � � 0T
�np 0T

�ns 0T
�np 0T

�ns

h iT
..
.

gi;m�1 ¼ 0T
�np 0T

�ns 0T
�np 0T

�ns � � � 1Ti 0T
�ns 0T

�np 0T
�ns

h iT
are generalized left eigenvectors

gi;m ¼ 0T
�np 0T

�ns 0T
�np 0T

�ns � � � 0T
�np 0T

�ns 1Ti 0T
�ns

h iT
are left eigenvectors
39
where 1Ti ji ¼ 1 and their properties are given in [21]. Therefore, �Lm

has exactly a zero eigenvalue of algebraic multiplicity m�lp and all
the other eigenvalues have negative real parts. Then there exists a
nonsingular matrix P 2 R

m�n�m�n such that P�1 �LmP ¼ J, where J is
the Jordan canonical form associated with �Lm. One can obtain the
following:

�Lm ¼ PJP�1 ¼ n1;1; . . . ; n1;m; n2;1 . . . ; n�lp ;1; nm�lpþ1; . . . ; nm�n

h i

J0

. .
.

J0
~J

26666664

37777775

gT
1;1

..

.

gT
1;m

..

.

g�lp ;1

..

.

g�lp ;m
gm�lpþ1

..

.

gm�n

26666666666666666666666666666666664

37777777777777777777777777777777775

with J0 ¼

0 1 0 � � � 0

0 0 1 � � � 0

..

. ..
. ..

. . .
. ..

.

0 0 0 � � � 1

0 0 0 � � � 0

26666666664

37777777775
m�m

where J0 are the blocks associated with zero eigenvalue, ~J is the
upper diagonal Jordan block matrix with the nonzero eigenvalues
and nj and gj; j ¼ m�lp þ 1; . . . ;m�n are the rest of the right and left

eigenvectors of �Lm, respectively. One has

e�Lmt ¼ eP Jtð ÞP�1 ¼ P

eJ0t

. .
.

eJ0t

e~Jt

266664
377775P�1

where eJ0t ¼

1 t
1!

t2
2! � � � t m�1ð Þ

m�1ð Þ!

0 1 t
1! � � � t m�2ð Þ

m�2ð Þ!

..

. ..
. ..

. . .
. ..

.

0 0 0 � � � 1

26666664

37777775and lim
t!1

e
~Jt ! 0m �n��lpð Þ�m �n��lpð Þ:

Let y tð Þ be defined as

y tð Þ ¼

I�np tI�np � � � t m�1ð Þ
m�1ð Þ! I�np

0�np��np I�np � � � t m�2ð Þ
m�2ð Þ! I�np

..

. ..
. . .

. ..
.

0�np��np 0�np��np � � � I�np

��L
�1
s
�Lsp �t�L

�1
s
�Lsp � � � � t m�1ð Þ

m�1ð Þ!
�L
�1
s
�Lsp

0�ns��np ��L
�1
s
�Lsp � � � � t m�2ð Þ

m�2ð Þ!
�L
�1
s
�Lsp

..

. ..
. . .

. ..
.

0�ns��np 0�ns��np � � � ��L
�1
s
�Lsp

26666666666666666666664

37777777777777777777775

Im � j1T
� �

0BBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCA

�x 1ð Þ
p 0ð Þ
..
.

�x mð Þ
p 0ð Þ

26664
37775

where �x qð Þ
p tð Þ; �x qð Þ

s tð Þ; q ¼ 1; . . . ;m are the state vectors for the pri-

mary and secondary layer subgraphs; and j ¼ j1; . . . ;j�lp

h i
;

1 ¼ 11; . . . ; 1�lp
h i

are �np ��lp matrices containing the right and left

eigenvectors associated with zero eigenvalues of �Lp, respectively.
limt!1k�x tð Þ � y tð Þk ¼ limt!1ke�Lmt�x 0ð Þ � y tð Þk can be computed as
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lim
t!1

jj�x tð Þ�y tð Þjj¼ lim
t!1

�����������������������

�x 1ð Þ
p tð Þ
..
.

�x mð Þ
p tð Þ
�x 1ð Þ
s tð Þ
..
.

�x mð Þ
s tð Þ

2666666666666664

3777777777777775
�y tð Þ

�����������������������

¼ lim
t!1

�����������������������

e�Lmt

�x 1ð Þ
p 0ð Þ
..
.

�x mð Þ
p 0ð Þ
�x 1ð Þ
s 0ð Þ
..
.

�x mð Þ
s 0ð Þ

2666666666664

3777777777775
�y tð Þ

�����������������������

¼ lim
t!1

������������������������������

j1T tj1T � � � t m�1ð Þ
m�1ð Þ!j1

T 0�np�m�ns

0�np��np j1T � � � t m�2ð Þ
m�2ð Þ!j1

T 0�np�m�ns

..

. ..
. . .

. ..
. ..

.

0�np��np 0�np��np � � � j1T 0�np�m�ns

��L�1
s
�Lspj1T �t�L�1

s
�Lspj1T � � � � t m�1ð Þ

m�1ð Þ!
�L�1
s
�Lspj1T 0�np�m�ns

0�ns��np ��L�1
s
�Lspj1T � � � � t m�2ð Þ

m�2ð Þ!
�L�1
s
�Lspj1T 0�np�m�ns

..

. ..
. . .

. ..
. ..

.

0�ns��np 0�ns��np � � � ��L�1
s
�Lspj1T 0�np�m�ns

26666666666666666666664

37777777777777777777775

�x 1ð Þ
p 0ð Þ
..
.

�x mð Þ
p 0ð Þ
�x 1ð Þ
s 0ð Þ
..
.

�x mð Þ
s 0ð Þ

2666666666664

3777777777775
�y tð Þ

������������������������������

¼ lim
t!1

������������������������������

j1T tj1T � � � t m�1ð Þ
m�1ð Þ!j1

T

0�np��np j1T � � � t m�2ð Þ
m�2ð Þ!j1

T

..

. ..
. . .

. ..
.

0�np��np 0�np��np � � � j1T
��L�1

s
�Lspj1T �t�L�1

s Lspj1T � � � � t m�1ð Þ
m�1ð Þ!

�L�1
s
�Lspj1T

0�ns��np ��L�1
s
�Lspj1T � � � � t m�2ð Þ

m�2ð Þ!
�L�1
s
�Lspj1T

..

. ..
. . .

. ..
.

0�ns��np 0�ns��np � � � ��L�1
s
�Lspj1T

26666666666666666666664

37777777777777777777775

�x 1ð Þ
p 0ð Þ
..
.

�x mð Þ
p 0ð Þ

2664
3775�y tð Þ

������������������������������

¼ lim
t!1

������������������������������

I�np tI�np � � � t m�1ð Þ
m�1ð Þ!I�np

0�np��np I�np � � � t m�2ð Þ
m�2ð Þ!I�np

..

. ..
. . .

. ..
.

0�np��np 0�np��np � � � I�np
��L�1

s
�Lsp �t�L�1

s
�Lsp � � � � t m�1ð Þ

m�1ð Þ!
�L�1
s
�Lsp

0�ns��np ��L�1
s
�Lsp � � � � t m�2ð Þ

m�2ð Þ!
�L�1
s
�Lsp

..

. ..
. . .

. ..
.

0�ns��np 0�ns��np � � � ��L�1
s
�Lsp

26666666666666666666664

37777777777777777777775

Im�j1T
� �

0BBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCA

�x 1ð Þ
p 0ð Þ
..
.

�x mð Þ
p 0ð Þ

2664
3775�y tð Þ

������������������������������

¼0
From [22], the system �Sc that is extended representation of the sys-
tem Sc converges to �K ¼ �lp þ�ls clusters. Since l0 subgraphs in �lp þ�ls
subgraphs do not contain any node of the system Sc , the number of
clusters for system Sc is found as
K ¼ �lp þ�ls � l0:
Remark 3. Theorem 4 delineates the condition to determine the
number of clusters for any digraph with positively or negatively
weighted edges from its extended digraph. If the original system
Sc is completely given by non-negative weights with lp primary
and ls secondary layer subgraphs, then the corresponding extended
system �Sc has �lp ¼ 2lp primary and �ls ¼ 2ls secondary layer sub-
graphs with l0 ¼ lp þ ls. From Theorem 4, the number of clusters for
Sc is K ¼ �lp þ�ls � l0 ¼ lp þ ls which agrees with the result in [20].
Remark 4. It can also be shown that the existing results in the lit-
erature on the special class of structurally balanced signed
digraphs can be recovered from Theorem 4. Systems with struc-
turally balanced digraphs always converge to 2 clusters [13–17].
Extended digraph of a structurally balanced has 2 independent
subgraphs each of which contains a spanning tree. Therefore, it
40
can be found that �lp ¼ 2 primary and �ls ¼ 0 secondary layer sub-
graphs for the extended system. Since each primary layer subgraph
always has at least one member of the original system, it can be
obtained as l0 ¼ 0. Consequently, a structurally balanced system
attains �lp þ�ls � l0 ¼ 2 equilibria that agrees with the existing
results in the literature.

The above result brings a novel contribution to the study of the
cluster consensus problem for higher-order multi-agent systems.
In the literature, there is no result on determining the number of
clusters to which a given higher-order system with negative links
converges.

Given a multi-agent system with a signed digraph, the applica-
tion of Theorem 4 can be summarized as in Algorithm 1.

Algorithm 1:Algorithm to calculate the number of clusters in a
given signed digraph

Given a multi-agent system of n agents with signed digraph
G ¼ V; E;Að Þ where V ¼ m1; . . . ; mnf g

Step 1: Construct the multi-agent system of 2n agents with
�G ¼ �V; �E; �A� �

where V ¼ m1; . . . ; mn; m01; . . . ; m0nf g; E and A
satisfy Definition 3.

Step 2: Determine the primary layer subgraphs �Gp;i for

i ¼ 1; . . . ;�lp, in �G by using the detection algorithm in [20].
Step 3: Determine the secondary layer subgraphs �Gs;i for

i ¼ 1; . . . ;�ls, in �G by using the detection algorithm in [20].
Step 4: Determine the subgraphs among �Gp;i and �Gs;j for

i ¼ 1; . . . ;�lp; j ¼ 1; . . . ;�ls whose node set consists of only a
subset of �V n V ¼ m01; . . . ; m

0
n

� 	
. Let the total number of such

subgraphs be l0

Step 5: Calculate the number of clusters in G as K ¼ �lp þ�ls � l0.

Given a signed digraph G ¼ V; E;Að Þ, the time complexity of
Algorithm 1 can be obtained as follows:

� Step 1: The extended unsigned digraph �G ¼ �V; �E; �A� �
is con-

structed based on Definition 3 where the node set �V is dupli-
cated that requires 2n operations and the edge set �E is
extended based on the connections that requires 4n2 � 2n oper-
ations. Hence, the time complexity of Step 1 is O n2

� �
.

� Step 2: The time complexity of the primary layer subgraph
detection algorithm is studied in [20] and found to be O n4

� �
.

� Step 3: In [20], the time complexity of the secondary layer sub-
graph detection algorithm is found to be O n6

� �
.

� Step 4: Searching n elements (m01; . . . ; m0n) in set of 2n elements in
the worst case requires at most 2n2 comparisons. Therefore, the
time complexity of Step 4 is O n2

� �
.

� Step 5: As this step involves a scalar calculation, its time com-
plexity is O 1ð Þ.

Based on the above discussion, Algorithm 1 is polynomial time and
its time complexity is given by O n6

� �
.

3.1. Controller parameter selection

In this section, conditions on the choice of controller parame-

ters cq
� �

are investigated to achieve cluster consensus for systems

with any order of dynamics. In deriving the general stability condi-
tion for m-th order systems and their extended dynamics, consider
the following characteristic polynomials with complex coefficients
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f lð Þ ¼ lm þ cmkil
m�1 þ . . .þ c2kilþ c1ki ð25aÞ

f̂ lð Þ ¼ lm þ cmk̂il
m�1 þ . . .þ c2k̂ilþ c1k̂i ð25bÞ

that should have its roots in the open left half of the complex plane.
Associated with (25a) or (25b), define ! as

! ¼

a0
1 �a00

2 �a0
3 a00

4 a0
5 � � � �1ð Þmþ1a0

2m�1

1 �a00
1 �a0

2 a00
3 a0

4 � � � �1ð Þmþ1a0
2m�2

0 a0
1 �a00

2 �a0
3 a00

4 � � � �1ð Þmþ1a0
2m�2

0 1 �a00
1 �a0

2 a00
3 � � � �1ð Þmþ1a0

2m�3

..

. ..
. ..

. ..
. ..

. . .
. ..

.

0 0 � � � � � � � � � � � � � � �

266666666664

377777777775
2m�1ð Þ� 2m�1ð Þ

ð26Þ
where a0

r ¼ Reðcm�rþ1kiÞ or a0
r ¼ Reðcm�rþ1k̂iÞ; a00

r ¼ Imðcm�rþ1kiÞ or

a00
r ¼ Imðcm�rþ1k̂iÞ and ar ¼ 0 for r > m. Let !ii; i ¼ 1;2; . . . ;2m� 1

denote the leading principal minors of !. From [21], it follows that
the roots of (25a) and (25b) are on the OLHP, i.e., them-th order sys-
tems are stable if and only if all members of the sequence of
1;!11;!33; . . . ;!2m�1;2m�1 are positive. These conditions can be sim-
plified for second and third-order systems as follows.

For second-order systems:

� c2 > 0,

� c22
c1
> maxi

Im2ðkiÞ
ReðkiÞjki j2

.

(ki is any non-zero eigenvalue of L or L̂)
For third-order systems:

� c3 > 0,

� c23c2ReðkiÞjkij2 � c3c1Re2ðkiÞ � c22Im2ðkiÞ > 0,
� c22c23ReðkiÞjkij4 � 2c1c2c3Re2ðkiÞjkij2 � c32Im2ðkiÞjkij2 þ c21Re3ðkiÞ > 0.

(ki is any non-zero eigenvalue of L or L̂)
Under the conditions given above for second and third-order

systems, the extended representation of any signed network is
stable from [21]. In this case, the number of clusters for the
extended system can be calculated as �lp þ�ls based on Theorem 4
where�lp and�ls are the number of primary and secondary layer sub-
graphs of the extended system, respectively. Since l0 is the number
of subgraphs containing only nodes from m01; . . . ; m0n

� 	
, it can be

concluded that the number of clusters for a signed network is equal
to �lp þ�ls � l0 provided that the following respective conditions are
satisfied.

4. Cluster consensus in signed discrete-time networks

Consider a multi-agent system consisting of n agents with m-th
order integrator dynamics in discrete time.

Sd : x 1ð Þ
i kþ 1ð Þ ¼ x 1ð Þ

i kð Þ þ x 2ð Þ
i kð Þ

x 2ð Þ
i kþ 1ð Þ ¼ x 2ð Þ

i kð Þ þ x 3ð Þ
i kð Þ

..

.

x m�1ð Þ
i kþ 1ð Þ ¼ x m�1ð Þ

i kð Þ þ x mð Þ
i kð Þ

x mð Þ
i kþ 1ð Þ ¼ x mð Þ

i kð Þ þ ui kð Þ

ð27Þ

with the initial condition x qð Þ
i 0ð Þ ¼ x qð Þ

i0 where x qð Þ
i kð Þ (i ¼ 1; . . . ;n and

q ¼ 1; . . . ;m), are the states of agent i at time step k. We introduce
the control input of agent i as follows
41
ui kð Þ ¼
Xm
q¼1

cq
Xn
j¼1

aij x qð Þ
j kð Þ � sgn aij

� �
x qð Þ
i kð Þ

� �
ð28Þ

where aij are the elements of the adjacency matrix and cq > 0
(q ¼ 1; . . . ;m) are the controller parameters to be designed.

System Sd will be investigated under first and higher-order
(m P 2) dynamics separately. In this context, system Sd can be
expressed for first-order dynamics as

x kþ 1ð Þ ¼ Wx kð Þ ð29Þ
where x kð Þ ¼ x1 kð Þ; . . . ; xn kð Þ½ �T is the state vector of the first-order
system at time step k and W ¼ wij

� �
is the system matrix. The fol-

lowing conditions on the systemmatrix are assumed to be satisfied.

Assumption 1.

(i) wii > 0 for all i ¼ 1; . . . ;n,
(ii) wij – 0 for all mj; mi

� � 2 E,
(iii) wij ¼ 0 for all mj; mi

� �
R E,

(iv)
Pn

j¼1jwijj ¼ 1 for all i ¼ 1; . . . ; n

Assumption 1(i) ensures that each agent uses its local informa-
tion by positive weighting. Assumptions 1(ii) and (iii) guarantee
that the weighting coefficients are nonzero if there is a direct con-
nection between the agents and zero if there is none. The absolute
values of the weighting coefficients used by an agent sum up to 1
as stated in Assumption 1(iv). Assumption 1 assures that the
matrix W ¼ jwijj

� � 2 Rn�n is a row-stochastic matrix.
For m P 2, the state dynamics given in (27) and (28) can be

expressed in matrix form as

x kþ 1ð Þ ¼ Cmx kð Þ ð30Þ
where the system matrix Cm is defined as

Cm ¼

In In 0n�n 0n�n � � � 0n�n

0n�n In In 0n�n � � � 0n�n

0n�n 0n�n
. .
. . .

. . .
. ..

.

..

. ..
. . .

. . .
. . .

.
0n�n

0n�n 0n�n � � � 0n�n In In
�c1L �c2L � � � � � � �cm�1L In � cmL

266666666664

377777777775
mn�mn

:

ð31Þ
Given Sd in (27) evolving over G ¼ V; E;Að Þ, the extended system �Sd

is defined as

�Sd : �x 1ð Þ
i kþ 1ð Þ ¼ �x 1ð Þ

i kð Þ þ �x 2ð Þ
i kð Þ

�x 2ð Þ
i kþ 1ð Þ ¼ �x 2ð Þ

i kð Þ þ �x 3ð Þ
i kð Þ

..

.

�x m�1ð Þ
i kþ 1ð Þ ¼ �x m�1ð Þ

i kð Þ þ �x mð Þ
i kð Þ

�x mð Þ
i kþ 1ð Þ ¼ �x mð Þ

i kð Þ þ �ui kð Þ

ð32Þ

with the initial condition �x qð Þ
i 0ð Þ ¼ �x qð Þ

i0 for i ¼ 1; . . . ;2n and
q ¼ 1; . . . ;m. The control input is given as

�ui kð Þ ¼
Xm
q¼1

cq
X2n
j¼1

�aij �x qð Þ
j kð Þ � �x qð Þ

i kð Þ
� �

ð33Þ

where �aij are the non-negative weighting coefficients. The state
dynamics given in (32) and (33) can be expressed in matrix form as

�x kþ 1ð Þ ¼ �Cm�x kð Þ ð34Þ
Here the system matrix �Cm is defined as
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�Cm ¼

In In 0n�n 0n�n � � � 0n�n

0n�n In In 0n�n � � � 0n�n

0n�n 0n�n
. .
. . .

. . .
. ..

.

..

. ..
. . .

. . .
. . .

.
0n�n

0n�n 0n�n � � � 0n�n In In
�c1�L �c2�L � � � � � � �cm�1

�L In � cm�L

266666666664

377777777775
2mn�2mn

:

ð35Þ

and �x kð Þ ¼ �x 1ð Þ kð ÞT ; �x 2ð Þ kð ÞT ; . . . ; �x mð Þ kð ÞT
h iT

2 R
2mn with

�x qð Þ kð Þ ¼ �x qð Þ
1 kð ÞT ; . . . ; �x qð Þ

2n kð ÞT
h iT

2 R
2n (q ¼ 1; . . . ;m) and �L is the

unsigned Laplacian matrix of the extended graph �G.
The state trajectory of the original system Sd can be recovered

from that of the extended system �Sd as delineated by the following
result:

Theorem 5. The trajectory x kð Þ ¼ x1 kð ÞT ; x2 kð ÞT ; . . . ; xn kð ÞT
h iT

with

xi kð Þ ¼ x 1ð Þ
i kð Þ; . . . ; x mð Þ

i kð Þ
h iT

of system Sd in (27) can be recovered

from that of system �Sd in (32) as x qð Þ
i kð Þ ¼ �x qð Þ

i kð Þ; i ¼ 1; . . . ;n and

q ¼ 1; . . . ;m for all k P 0 by setting �x qð Þ
i0 ¼ x qð Þ

i0 and �x qð Þ
iþn;0 ¼ �x qð Þ

i0 for

i ¼ 1; . . . ;n and q ¼ 1; . . . ;m.
Proof. The input of the extended system �Sd can be rewritten as
follows

�ui kð Þ ¼
Xm
q¼1

cq
Xn
j¼1

�aij �x qð Þ
j kð Þ � �x qð Þ

i kð Þ
� �

þ
Xn
j¼1

�ai;jþn �x qð Þ
jþn kð Þ � �x qð Þ

i kð Þ
� �

ð36Þ

�uiþn kð Þ ¼
Xm
q¼1

cq
Xn
j¼1

�aiþn;jþn �x qð Þ
jþn kð Þ � �x qð Þ

iþn kð Þ
� �

þ
Xn
j¼1

�aiþn;j �x qð Þ
j kð Þ � �x qð Þ

iþn kð Þ
� �

ð37Þ

for i ¼ 1; . . . ; n. Let x̂ qð Þ
i kð Þ ¼ �x qð Þ

i kð Þ þ �x qð Þ
iþn kð Þ for i ¼ 1; . . . ;n and

q ¼ 1; . . . ;m. Then we have

x̂ qð Þ
i kþ 1ð Þ ¼ �x qð Þ

i kþ 1ð Þ þ �x qð Þ
iþn kþ 1ð Þ

¼ �x qð Þ
i kð Þ þ �x qþ1ð Þ

i kð Þ þ �x qð Þ
iþn kð Þ þ �x qþ1ð Þ

iþn kð Þ
¼ x̂ qð Þ

i kð Þ þ x̂ qþ1ð Þ
i kð Þ

ð38Þ

for q ¼ 1; . . . ;m� 1 and

x̂ mð Þ
i kþ 1ð Þ ¼ �x mð Þ

i kþ 1ð Þ þ �x mð Þ
iþn kþ 1ð Þ

¼ �x mð Þ
i kð Þ þ �ui kð Þ þ �x mð Þ

iþn kð Þ þ �uiþn kð Þ

¼ x̂ mð Þ
i kð Þ þ

Xm
q¼1

cq
Xn
j¼1

�aij �x qð Þ
j kð Þ � �x qð Þ

i kð Þ
� � 

þ
Xn
j¼1

�ai;jþn �x qð Þ
jþn kð Þ � �x qð Þ

i kð Þ
� �

þ
Xn
j¼1

�aiþn;jþn �x qð Þ
jþn kð Þ � �x qð Þ

iþn kð Þ
� �

þ
Xn
j¼1

�aiþn;j �x qð Þ
j kð Þ � �x qð Þ

iþn kð Þ
� �!

From Definition 3, we obtain

�aiþn;j ¼ �ai;jþn; �aij ¼ �aiþn;jþn ð39Þ
for i ¼ 1; . . . ;n and jaijj ¼ �aij þ �aiþn;j. By using (39), we also have
�ai;jþn þ �aiþn;jþn ¼ �aij þ �ai;jþn ¼ �aiþn;j þ �aiþn;jþn ¼ jaijj. Then we have
42
x̂ mð Þ
i kþ 1ð Þ ¼ �x mð Þ

i kð Þ

þ
Xm
q¼1

cq
Xn
j¼1

jaijj�x qð Þ
j kð Þ þ jaijj�x qð Þ

jþn kð Þ � jaijj�x qð Þ
i kð Þ � jaijj�x qð Þ

iþn kð Þ
 !

¼ �x mð Þ
i kð Þ þ

Xm
q¼1

cq
Xn
j¼1

jaijj x̂ qð Þ
j kð Þ � x̂ qð Þ

i kð Þ
� �

ð40Þ
The dynamics of the system represented by (38) and (40) is equiv-
alent to

Ŝd : x̂ 1ð Þ
i kþ 1ð Þ ¼ x̂ 1ð Þ

i kð Þ þ x̂ 2ð Þ
i kð Þ

x̂ 2ð Þ
i kþ 1ð Þ ¼ x̂ 2ð Þ

i kð Þ þ x̂ 3ð Þ
i kð Þ

..

.

x̂ m�1ð Þ
i kþ 1ð Þ ¼ x̂ m�1ð Þ

i kð Þ þ x̂ mð Þ
i kð Þ

x̂ mð Þ
i kþ 1ð Þ ¼ �x mð Þ

i kð Þ þ
Xm
q¼1

cq
Xn
j¼1

jaijj x̂ qð Þ
j kð Þ � x̂ qð Þ

i kð Þ
� �

ð41Þ
which can be expressed in matrix form as

Ŝd : x̂ kþ 1ð Þ ¼ Ĉmx̂ kð Þ; x̂ 0ð Þ ¼ x̂0 ð42Þ

where x̂ kð Þ ¼ x̂ 1ð Þ kð ÞT ; x̂ 2ð Þ kð ÞT ; . . . ; x̂ mð Þ kð ÞT
h iT

2 R
mn with

x̂ qð Þ kð Þ ¼ x̂ qð Þ
1 kð ÞT ; . . . ; x̂ qð Þ

n kð ÞT
h iT

2 R
n (q ¼ 1; . . . ;m) and

Ĉm ¼

In In 0n�n 0n�n � � � 0n�n

0n�n In In 0n�n � � � 0n�n

0n�n 0n�n
. .
. . .

. . .
. ..

.

..

. ..
. . .

. . .
. . .

.
0n�n

0n�n 0n�n � � � 0n�n In In
�c1L̂ �c2L̂ � � � � � � �cm�1L̂ In � cmL̂

266666666664

377777777775
mn�mn

:

ð43Þ
where x̂0 is the initial condition. Since the solution of (42) is

x̂ kð Þ ¼ Ĉ
k

mx̂0, the initial condition x̂0 ¼ 0; . . . ;0½ �T implies

x̂ kð Þ ¼ 0; . . . ; 0½ �T for all k, i.e., �x qð Þ
i kð Þ ¼ ��x qð Þ

iþn kð Þ for i ¼ 1; . . . ;n and
q ¼ 1; . . . ;m.

Substituting �x qð Þ
jþn kð Þ ¼ ��x qð Þ

j kð Þ into (36), we obtain
�ui kð Þ ¼
Xm
q¼1

cq
Xn
j¼1

�aij �x qð Þ
j kð Þ � �x qð Þ

i kð Þ
� �

þ
Xn
j¼1

�ai;jþn ��x qð Þ
j kð Þ � �x qð Þ

i kð Þ
� � !

ð44Þ

¼
Xm
q¼1

cq
Xn
j¼1

�aij � �ai;jþn
� �

�x qð Þ
j kð Þ � �aij þ �ai;jþn

� �
�x qð Þ
i kð Þ

 !
ð45Þ

for i ¼ 1; . . . ;n. From Definition 3, we get

�ui kð Þ ¼
Xm
q¼1

cq
Xn
j¼1

jaijj þ aij

2
� jaijj � aij

2


 �
�x qð Þ
j kð Þ � jaijj þ aij

2
þ jaijj � aij

2


 �
�x qð Þ
i kð Þ

 !

¼
Xm
q¼1

cq
Xn
j¼1

aij x qð Þ
j kð Þ � sgn aij

� �
x qð Þ
i kð Þ

� �
ð46Þ

for i ¼ 1; . . . ; n. Note that (46) is equal to (28). By setting
�x qð Þ
i 0ð Þ ¼ x qð Þ

i0 and �x qð Þ
iþn 0ð Þ ¼ �x qð Þ

i0 for i ¼ 1; . . . ;n and q ¼ 1; . . . ;m,
the trajectory x kð Þ can be recovered. This completes the proof.
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While Theorem 5 focuses on the relation of the trajectories of Sd

and �Sd, it does not address the relationship between their stability
properties.

Theorem 6. For m ¼ 1, the extended system �Sd in (27) is stable if
and only if the system Sd in (27) is stable.
Proof. ()) Suppose �Sd is stable. From (8), the system matrix �W of
the extended system �Sd is expressed as

�W ¼ 1
2

WþW W�W

W�W WþW


 �
where W ¼ jwijj

� � 2 Rn�n. W and �W are both system matrices satis-
fying Assumption 1. By using the similarity transformation matrix
defined as in (22), we have

T�LT�1 ¼ W 1
2 W�Wð Þ

0n�n W

" #
ð47Þ

from which we conclude that the eigenvalues of �W are the com-
bined eigenvalues of W and W. Since �Sd is stable and W is the sys-
tem matrix for Sd, we conclude that Sd is stable.
(() Suppose Sd is stable, i.e., W is a system matrix satisfying
Assumption 1. Note from (47) that �W has eigenvalues of W and
W. AsW is a systemmatrix satisfying Assumption 1 and Sd is stable,
it follows that �Sd is stable.

The following Theorem states the stability relationship between
the original and the extended system.

Theorem 7. For m P 2, if the extended system �Sd in (32) is stable,
then the system Sd in (27) is stable.
Proof. In order to prove the theorem, we show that the spectrum

of �Cm is the union of the spectra of Cm and Ĉm.
The eigenvalues of Cm are the roots of the polynomial

f kð Þ ¼
Yn
i¼1

k� 1ð Þm þ
Xm
d¼1

cd k� 1ð Þd�1

 !
li

where li are the eigenvalues of L. The eigenvalues of Ĉm are the
roots of the polynomial

g kð Þ ¼
Yn
i¼1

k� 1ð Þm þ
Xm
d¼1

cd k� 1ð Þd�1

 !
l̂i

where l̂ i are the eigenvalues of L̂. The eigenvalues of �Cm are the
roots of the polynomial

h kð Þ ¼
Yn
i¼1

k� 1ð Þm þ
Xm
d¼1

cd k� 1ð Þd�1

 !
�li

where �li are the eigenvalues of �L. Recall from (23) that the spec-

trum of �L is the union of the spectra of L and L̂. Therefore, for all k
such that f kð Þ ¼ 0 or g kð Þ ¼ 0, we have h kð Þ ¼ 0 which concludes
the proof.
Remark 5. From Theorem 7, we note that the stability of �Sd

implies the stability of Sd for m P 2. On the other hand, a stable
Sd does not necessarily imply a stable �Sd.

In the case of structurally balanced systems, the stability of Sd

and �Sd are equivalent regardless of the degree of the dynamics as
delineated in the next result.
43
Corollary 2:Consider a structurally balanced system Sd in (27).
For m P 1, the extended system �Sd in (32) is stable if and only if
the system Sd is stable.

Proof. Suppose that the system Sd in (27) is structurally balanced.
From Corollary 1, the signed Laplacian matrix L and the unsigned

Laplacian matrix L̂ have the same eigenvalues. From (23), �L also has
the same eigenvalues as L. Since the eigenvalues of �Cm and Cm are
functions of the eigenvalues of �L and L, we conclude that the
stabilities of �Sd in (32) and Sd in (27) are equivalent for structurally
balanced graphs.

The stability conditions for cluster consensus of (27) evolving
over an unsigned digraph are stated in the following lemma.

Lemma 2. [23] Suppose that c1 – 0 and the underlying unsigned
digraph of the unsigned network consists of lp primary and ls
secondary layer subgraphs. Then the system (27) achieves
K ¼ lp þ ls cluster consensus if and only if the roots of the equation

Xm�1

q¼0

2q r� 1ð Þm�qcqþ1li þ 2m ð48Þ

are located in the left half of the complex plane where li are the
nonzero eigenvalues of L and the multiplicity of the eigenvalue 0
of L is mlp.

The above lemma is only valid for unsigned multi-agent system.
By using Definition 3, this lemma can be generalized for signed
networks without any structural restriction. Therefore, the follow-
ing theorem is obtained:

Theorem 8. The system Sd achieves K ¼ �lp þ�ls � l0 cluster consen-
sus if the roots of the equationXm�1

q¼0

2q r� 1ð Þm�qcqþ1 �li þ 2m ð49Þ

are located in the left half of the complex plane where �lp and �ls are
the number of primary and secondary layer subgraphs of the
extended system �Sd, respectively; l0 is the number of subgraphs
whose node set consists of only a subset of
�V n V ¼ m01; . . . ; m0n

� 	
; �li are the nonzero eigenvalues of �L and the

multiplicity of the eigenvalue 0 of �L is mlp.
Proof. From Lemma 2, the total number of clusters of extended
system �Sd is �K ¼ �lp þ�ls. Finally, the number of clusters for system
Sd is found as

K ¼ �lp þ�ls � l0

since l0 clusters have no member from the original system Sd.
Remark 6. Lemma 2 states the stability conditions for cluster con-
sensus of the extended system. Note that when the extended sys-
tem achieves �K-cluster consensus, the original system achieves
K ¼ �lp þ�ls � l0 cluster consensus where l0 is the number of sub-
graphs whose node set consists of only a subset of
�V n V ¼ m01; . . . ; m0n

� 	
.

4.1. Controller Parameter Selection

The choice of controller parameters ci plays a crucial role for the
stabilityof the system(27). Inorder to ensure stability, the controller
parameters should be chosen such that the roots of (49) are located



Fig. 5. Extended digraph for the network in Fig. 4.
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in the left half of the complex plane and the conditions obtained in
Section 4 can be applied. By using the results in [22,24], these condi-
tions can be simplified for second and third-order systems.

For second-order systems:

� c1 ¼ �l=dð Þ2,
� c2 ¼ �l.

(d ¼
ffiffiffi
2
rl

q
and �l are two positive numbers with

0 < rl 6 minRe li

� �
;0 < �l 6 min

Re lið Þ
jli j2

, and li are the nonzero

eigenvalues of �LÞ
For third-order systems:

� c1 ¼ a�Re � �Re � 2DRe � 0:5DIm

a� 1:5ð Þ a� 1ð Þ a2 � 3aþ 2:5ð Þ,
� c2 ¼ ac1,

� c3 ¼ DIm þ 4DReð Þ a3 � 4:5a2 þ 6:5a� 3:25
� �þ �Re a� 1ð Þ2
a� 1:5ð Þ a� 1ð Þ a2 � 3aþ 2:5ð Þ .

DRe; �Re;DImð and a are positive parameters such that DRe P

max
i

Re lið Þ
jli j2

; 0 < �Re 6 min
i

Re lið Þ
jli j2

;DIm P max
i

Im lið Þ
jli j2

; a ¼ a0
2�Reþ4DReþDIm

2�Re

with a0 > 1 hold where li are the nonzero eigenvalues of �LÞ
Under the conditions given above for second and third-order

systems, the extended representation of any signed network is
stable from [22,24]. In this case, the number of clusters for the
extended system can be calculated as �lp þ�ls based on Theorem 4
where�lp and�ls are the number of primary and secondary layer sub-
graphs of the extended system, respectively. Since l0 is the number
of subgraphs containing only nodes from m01; . . . ; m0n

� 	
, it can be

concluded that the number of clusters for a signed network is equal
to �lp þ�ls � l0 provided that the following respective conditions are
satisfied.
5. Simulation

Consider the network in Fig. 4 where the red arrows represent
negative information flows and the black arrows represent positive
information flows. Note that the network is not structurally balanced
and has no spanning tree. As such, the existing results in [13–17] are
not applicable.

The system matrix is generated as

L ¼

1 0 0 1 0 0
�1 3 2 0 0 0
0 0 0 0 0 0
0 0 0 2 2 0
0 0 0 4 5 �1
0 0 0 0 �2 2

2666666664

3777777775
The corresponding extended system matrix can be obtained as
follows:
Fig. 4. A signed digraph not containing a spanning tree.
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�L ¼

1 0 0 0 0 0 0 0 0 �1 0 0
�1 3 0 0 0 0 0 0 �2 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0 0 �2 0
0 0 0 0 5 �1 0 0 0 �4 0 0
0 0 0 0 �2 2 0 0 0 0 0 0
0 0 0 �1 0 0 1 0 0 0 0 0
0 0 �2 0 0 0 �1 3 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 �2 0 0 0 0 2 0 0
0 0 0 �4 0 0 0 0 0 0 5 �1
0 0 0 0 0 0 0 0 0 0 �2 2

26666666666666666666666664

37777777777777777777777775
The eigenvalues of �L are 7;7;3;3;2;2;1;1;0; 0;0;0. In the case where
the network has second-order dynamics with c1 ¼ c2 ¼ 1, the stabil-
ity conditions are satisfied. The signed digraph given in Fig. 4 can be
extended into the digraph in Fig. 5. Notice that all connections
between nodes of the extended network are positively weighted in
Fig. 5. The extended digraph can also be redrawn as shown in
Fig. 6 depicting also primary and secondary layer subgraphs. In this
context, primary and secondary layer subgraphs of the extended
network can be extracted as shown in Fig. 6 by using the primary
and secondary layer detection algorithms from [20]. Subgraphs are
labeled as Gp;1;Gp;2;Gp;3;Gp;4 for the primary layer subgraphs and
Gs;1;Gs;2 for the secondary layer subgraphs. The members of the
clusters in the extended digraph are determined as Vp;1 ¼ m3f g;
Vp;2 ¼ m4; m01; m05; m06

� 	
;Vp;3 ¼ m1; m5; m6; m04

� 	
;Vp;4 ¼ m03

� 	
;Vs;1 ¼ m2f g

and Vs;2 ¼ m02
� 	

. The number of primary and secondary layer sub-

graphs of the extended network are �lp ¼ 4 and �ls ¼ 2, respectively.
The number of subgraphs whose node set consists of only a subset
of �V n V ¼ m01; . . . ; m0n

� 	
is l0 ¼ 2 (Vp;4 and Vs;2). From Theorem 4, the

original system in Fig. 4 reaches �lp þ�ls � l0 ¼ 4 clusters.
For the signed digraph, shown in Fig. 4, with

x 0ð Þ ¼ x0 ¼ 0:8; 0:25; 0:95; 0:35; 0:2; 0:25½ �T , the second-order
simulation result is depicted in Fig. 7. The system converges to 4
clusters which are m1; m5; m6f g; m2f g; m3f g and m4f g.

To recover the states of original nodes from its extended repre-
sentation, initial states of the extended system are set as
�x 0ð Þ ¼ xT0; �xT0

� �T . With this setting, the related second-order simu-
lation result is given in Fig. 8. Note that the trajectories of the orig-
inal nodes are the same in both figures.

From this numerical example, the following comparative results
can be obtained:

� The main result in [13] allows to determine whether the net-
work converges to bipartite consensus or not. If given network
is strongly connected, digon-sign symmetric and structurally
balanced, it can be said that bipartite consensus is achieved.



Fig. 7. State evolution of nodes associated with signed digraph in Fig. 4.

Fig. 6. Redrawing of the extended network in Fig. 5.
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The studies [15–17] also focus on networks that have special
graph structures such as structurally balanced, spanning tree.
However, there are no results for networks that do not contain-
ing special graph structures. When structurally balanced sys-
tems are considered numerically, its extended representations
have always only 2 primary layer subgraphs, i.e., �lp ¼ 2; �ls ¼ 0.
Since the primary layer subgraphs always contain a member
of the structurally balanced signed network, l0 can be calculated
45
as 0. Hence, one can conclude that a structurally balanced
signed network always converges to �lp þ�ls � l0 ¼ 2 clusters in
perspective of numerical analysis.

� In [14], results are obtained on networks having a spanning
tree. In addition to the related result in [13], if given network
has a spanning tree, interval bipartite consensus is attained.
However, the number of clusters and their members cannot
be determined from this work.



Fig. 8. State evolution of nodes associated with extended digraph in Fig. 5.
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� The network in Fig. 4 is not structurally balanced and has no
spanning tree. All papers mentioned above and others in the lit-
erature are insufficient to define how the given network
behaves. In this paper, we determine the number of clusters
and their members for a given network without any restrictive
structural properties by using primary/secondary layer sub-
graph concepts and lifting approach. In numerical manner,
�lp;�ls and l0 can be calculated as any value under primary and sec-
ondary layer subgraph conditions.
6. Conclusion

This paper has discussed the cluster agreement problem for a
higher-order network of agents evolving over any given signed
digraph G. We have introduced an extended graph representation
to analyze the convergence properties of any given signed digraph.
This extended digraph structure has enabled us to compute the
number of clusters and the agents in each cluster for a multi-
agent network without any restriction on the digraph structure.
Systematic controller parameter selection methods are also pro-
vided for both continuous-time and discrete-time networks. Fur-
thermore, the application of the extended digraph for nonlinear
networks is currently under investigation.
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