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Abstract

An analytical solution is presented for the problem of radiation of sound waves from a semi-
infinite circular cylindrical coated pipe which is partially lined from inside. By stating the total field
in duct region in terms of normal waveguide modes (Dini’s series) and using the Fourier trans-
form technique elsewhere, we obtain a Wiener—Hopf equation whose solution involving three
sets of infinitely many unknown expansion coefficients satisfying three systems of linear algebraic
equations. This system is solved numerically and the influence of some parameters (pipe radius,
impedances, extension, etc.) on the radiation phenomenon is displayed graphically.
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Introduction

Today, the world’s population is 7.3 billion people and it continues to grow; hence, the
number of cars and aircraft is increasing day by day. Since, the highways and airports are
built nearby the city centers, this situation, especially for the people who living in urban
area, leads to the formation of excessive noise. Accordingly, reduction of noise pollution has
become very important in order to improve the quality of life.

Researchers, who want to reduce noise pollution, investigated the sound radiation, and
some effective methods were found.”'® For example, the propagation of sound in
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cylindrical ducts or pipes which can be assumed as a model of car exhaust or aircraft engine
etc. Absorbent lining is an effective method of reducing noise from pipes.'' '

Rawlins considered the radiation of sound from a rigid cylindrical duct with an acous-
tically absorbing internal surface.'® The lining is modelled by an impedance boundary con-
dition. An analytical solution is obtained based on the Wiener—Hopf technique'® which was
proven to be a very important method in engineering and mathematical physics. Demir and
Buyukaksoy then treated a similar problem now with a partial lining.'” A hybrid formula-
tion which consists of employing the Fourier transform technique in conjunction with the
Mode Matching method was applied successfully for the solution. In both studies above,
some numerical results were also given graphically.

The goal of the present work is to study the radiation of sound waves by a semi-infinite
lined pipe where a part of its interior surface is treated with an acoustically absorbing
material. The method adopted here is similar to that employed in Demir and
Buyukaksoy'” and consists of expressing the total field in the waveguide region in terms
of normal waveguide modes and using the Fourier Transform elsewhere. Then, the related
boundary-value problem is formulated as a modified Wiener—Hopf equation of the second
kind whose solution involve a set of infinitely many expansion coefficients satisfying an
infinite system of linear algebraic equations. Numerical solution of this system is obtained
for various values of the parameters of the problem such as pipe radius («), internal and
external surface impedances (7, f§), hard outer (f — 0), hard inner (3 — 0) and hard pipe
(p,n — 0) — lined pipe cases, pipe extension (/), reflection coefficient (¢) and comparison
with previous work,'” and their effects on the radiation phenomenon are shown graphically.

The time dependence is assumed to be exp(—iwt), with @ being the angular frequency,
and is suppressed throughout the paper.

Analysis

Formulation of the problem

Consider the radiation of sound waves by a semi-infinite circular cylindrical pipe defined by
{p=a,¢ € (—m,n),z € (—o0,)} (see Figure 1) where (p, ¢, z) denote the usual cylindrical
coordinates. The outer part is lined with an acoustically absorbent material having a surface
impedance f, while the inner part is coated by another acoustically absorbent material
which is characterized by a surface impedance 7. From the symmetry of the geometry of
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Figure |I. Geometry of the problem.
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the problem and of the incident field, the acoustic field will be independent of ¢ everywhere.
We shall therefore introduce a scalar potential u(p, z) which defines the acoustic pressure
and velocity by p = iwpyu and v = gradu, respectively, where p, is the density of undis-
turbed medium.

The incident sound wave which is propagating in the rigid pipe is taken to be

ui _ ei/cz (1)

where k = w/c¢ denotes the wave number of the space and ¢ is the speed of sound. An
expression of the total field will be established as follows

ui(p,z); p>a, z&(—00,00)
T _ uZ(PaZ)§ p <a, z>1
= uy(p,z);  p<a 0<z<l &
ug(p,z)tu's p<a, z<O0

u;, j = 1 — 4, which satisfy the Helmholtz equation, are to be determined with the aid of the
following boundary and continuity relations.

The boundary condition on the absorbent surface can be given in terms of the potential
functions u; and u;

(ikﬁ +§p>u1(a,2) =0, z<l/ (3a)

. 0
(lkn — 8/)) uz(a,z) =0, z<I (3b)
The inner pipe wall is rigid for z < 0, so that

0
a—pm(a, z)=0, z<0 (3¢)

Consider now the continuity conditions related to total field at p = a,z > [ which are
given by

uy(a,z) —

w(a,z) =0, z>1 (3d)

ap ap

u(a,z) —u(a,z) =0, z>1 (3e)

From the continuity at the point z=/and z=0, we get

0 0
&uz(pal)_aufﬁ(pal)*oa p<a (30
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w(p,l) —us(p,1) =0, p<a (3g)
0 0 .
5;16(p,0) = —-ua(p,0) = ik, p<a (3h)
U3(p,0)—1/l4(p,0>=17 p<a (31)

Modified Wiener—Hopf equation

The unknown fields u;, j = 1 — 4 satisfy the Helmholtz equation for z € (—00, c0)

12 2 +iz+k2
pdp ”ap 0z2

Since u;(p, z) satisfies the Helmholtz equation in the range z € (—oo,00), its Fourier
transform with respect to z gives

u,(p,Z):O, J:1_4 (4)

Ea% (p%) + (K - aZ)} F(p,0) = (5)
with
Flp,a) = /_: ui(p,2)e"dz = ¢ (F~(p, ) + F*(p,)) ©6)
where
F(p,a) = /_; wi (p, 2)e™dz (7a)
F¥(p,0) = // h ui (p, z)e™dz (7b)

It can be seen that F*(p,a) and F~(p,a) are analytic functions of o in the half-planes
Smo > Im(—k) and Smo < Imk, respectively. The solution of equation (5) reads

eiod([_;‘—(p7a) + F""(p7o()) = A(OC)H(()1>(KP) (8)
with

K(o) = Vi? — o? )
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Figure 2. Branch cuts in the complex plane.

where A() is a spectral coefficient to be determined. The square-root function K(a) is
defined in the complex a—plane cut as shown in Figure 2 such that K(0) = k.
Consider now the Fourier transform of (3a), namely

e (ikﬁF‘(a, )+ F (a, oc)) =0 (10)

where the dot specifies the derivative with respect to p. By taking the derivative of equation
(8) with respect to p and then using equation (10), we obtain, after putting p = a

MW (0) = A(x)H (o) (11)

where
W* (@) = ikBF" (a,0) + F (a, ) (12a)
H(x) = ikpH\" (Ka) — KH\" (Ka) (12b)

Substituting equation (11) into equation (8) yields

F(p,o) + F(p o) = W (o) (13)

In the region p < a, z > [. By taking the half-range Fourier transform of the Helmholtz
equation satisfied by us(p, z), we get

where G*(p, ) is an analytic function in the upper a-plane Smo > Sm(—k), defined by

G (p,0) = / ‘uz(p,z)em(zfl)dz (15)
!
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while f(p) and g(p) stand for

f0) = oo, l), ()= wa(p.) (160.0)

Particular solution of equation (14) can be found easily by using Green’s function which
satisfies the Helmholtz equation

10 0 2 ~ —
I:;a—p <p8_p> + K (OC):|G(p, I,OC) =0 1Y # Z p7t € (0,(1) (17)

with the following conditions

B G(0,1,0) ~bounded
G(t—0,1,a) =0

~ 1
G(t—0,1,0) = (18a, b, c, d)

0
([kﬁ + 8) G(a, t,o) =0

The solution is

~ 1
G(pv I,OC) :mQ(pa [730 (19)
with
_ [ Jo(Kp)JYo(Kt) — YJo(Kr)] 0 < p <1
0,10 =5 | TRy - Yotk S b5 20)
where
J = J(a) = ikBJo(Ka) — KJ\(Ka) (21a)
Y = Y(a) = ikBYo(Ka) — KY(Ka) (21b)
The solution of equation (14) can now be written as
1 a
G*(p, o) = 700 [B(oc)Jo(Kp) —l—/o (f(1) — iug(1))O(t, p, or)edt (22)

where B(u«) stands for the spectral coefficient to be determined. Using equations (3d) and
(3e), substituting equation (22) and its derivative with respect to p, B(a) can be solved to give

B(a) = W () (23)
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Inserting now equation (23) into equation (22) we get

G (p,a) = J(la) [W*(a)JO(Kp) + /00 (f(r) — ing(1))Q(t, p, ) tdt (24)

The left hand side of equation (24) is analytic in the upper half-plane Sma > Sm(—k).
The regularity of the right hand side may be violated by the presence of the simple poles
occurring at the zeros of J(o) lying in the upper a-half plane, namely at o = o,.

ikaﬂJO(%n) - ymjl (Vm) =0 (25&)
y 2
Oy = 1| K2 — (;’") . Smay, > Smk (25b)

In order that the right hand side of equation (24) be also analytic at o« = o, we
should have

W (tn) = 5 o) [1 = (BKa/ 1,2 fin = ] 06
with
I = 2 A (1
:)- @) |1 = (Bka,.)] Iy L o) @)

By using the continuity relation (3e), it gives

G (a,0) = F(a,0) (28)

and considering equation (13), we obtain

VZ(S;) gF(“’ %)== 2J(a) /0” (A1) — ing())Jo(Kr)ede (29)

where
M (o) = miJ (o) H(o) (30)

Owing to equation (27), f(p) and g(p) can be expanded into Dini series as follows

flp) = meJo (% p>7 g(p) = ngJo <%“ p) (31a,b)
m=1

m=1



Tiryakioglu and Demir 99

Substituting equations (31a) and (31b) in equation (29) and evaluating the resultant
integral, one obtains the following modified Wiener—-Hopf equation valid in the
strip Sm(—k) < Smo < Smk.

VV+ o a a > JO Tm .
( )——F_(a,zx):iz 2( )2 [fin — i0tgm] (32)
m=1 “m -

Solution of the modified Wiener—Hopf equation

The formal solution of equation (32) can easily be obtained through the classical Wiener—
Hopf procedure.'® The result is

W) aSJo(Vm)fn + i0imGm] My (0m)
)‘En; (33)

(
M+(O( 20‘)11(a+ (Xm)

where M (o) is the split function, analytic and free of zeros in the upper half-plane
Smo > Im(—k), resulting from the Wiener-Hopf factorization of the functions M () as

M(2) = Mo ()M_(2), M_(2) = M (~2) (34a.b)

The explicit expressions of M (a) is given in Buyukaksoy and Polat'® as follows

M. (2) = \[ni(ikpJo(ka) — kJ, (ka)) \/ (ikpHy) (ka) - kH (ka) )
xexp{i% {1—C+log(i—z> —Hg] _ikTa} (35)

o )+ 2o

m=1

where C is the Euler’s constant given by C =0-57721 and ¢(«) stands for

UYL T (/fka)zl @\
al0) =P /0 T (1 + o xz) d> (36a)
u(x) = (ifkato(x) — xJ1(x))* + (ifkaYy(x) — x Y, (x))* (36b)

In equation (36a), P denotes the Cauchy principle value at the singularities x = ka. Note
that, when we let |¢| — oo in their respective regions of regularity, we have

My (o) = (a'/?) (37
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Determination of the constants f,,, g, and c,

Consider now the waveguide region p < a, z </ where the total field can be expressed in
terms of Dini series as follows

= a4 byl (5— p) (38)

n=1

with
lka”JO(in) + én‘]l (én) =0 (393)
6 2
n=1,2,., x,=1\/k— (;) (39b)

Consider now the continuity relation in equations (3f) and (3g), namely

fi0) = grslos) = 5o, (40)

Inserting the series expansions of f(p) and g(p) given in equations (31a) and (31b) in
equations (40a) and (40b) respectively, and using equation (38), we get

meJo <%” p> = iz Ln [ane nl — pe i ]Jo (fn ) (41a)
m=1 n=1

ngjo< > = i laye’™! 4 be~ ] g, (é" ) (41b)

m n=1

Multiplying both sides of equations (41a) and (41b) by pJy (% p) and integrating from 0
to a, we obtain

el & fm iYn&m ( ﬁ)
a, = 22 Jo (Vi &, 42a
21}(;1 n ,,; fn — V%1 0( ) ( ) n ( )

a*e't! Jm = n&m B
b, = Jo(V,)End1(E) [ 1+ = 42b
i o a6 (14 (420)

where
a 2 2

Pn =5 [Jo(én) + Jl(fn)] (42C)

2
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In region p < a, z <0, ug(p,z) can be expressed as

5= c "”"ZJ< ) (43a)

n=0

with

a

SN\ 2
JiGa) =0, o, = k2—<”>, oo =k (43b)

from the continuity relations which is given in equations (3h) and (3i) we write

Y [an+bnuo(5" ) Zch()(Jm )+1 (44a)
1

n= m=0

iy tulan = bi)Jo <— ) = —lz TmCmdo (’ ) + ik (44b)
n=1

after simple operations, one can write

a2 e fnfo(jm)Jl (5”) Jl(én)
“ 2P, {,;]C’”W(Xn —om) F—— (n+ k) (45a)
and
2 00 . B
by = a— Z Cm M (Xn + O-m) + Ji (gn) (Xn - k) (45b)
2/(” m=0 é I én

consider equations (45a) and (45b) together with equations (42a) and (45b), namely

Jo(m k
Z m 0(] »n_GM)""L z/l/(n"‘ (463)

fm l/ngm /
JO y}ﬂ lel/” .
2 2 ) =537 + nooAerap B+n e

m=1 n m

fm l/(;zgm m) — it
m=1 é - Wl ﬁ"'”

O(Jm /D
§ o 5 (1 + O wlfn K 461
.2 ) B nle éi ( )

m=0 Jm

By substituting o = a4, 0, 93, ... in equation (33) and using equation (26), one can obtain

JO(yr) 1 - (ﬁka/yr) :| la'g" o ZOC:JO Vm Vm + lamgr11]M+(al11)

4
M+(O(r) 2“111(“)‘ + O(m) ( 6C)

=1



International Journal of Aeroacoustics 18(1)

0.4 - - - : - -
—ka=1
035F g'=1+040, 5 = 143i K=10 —— ka=125/ 4
IR A
0ar - . 1
0251 ' 1
£ F
w 02F s e —— ) 1
= - ~ K
= S ~ .
& e » -
0.15 Tl \ ¥ |
/ \ 2
.’ 7 \ ‘-;
0.1 iy \ : 1
H \ i
£ ,F | .
0.05 i) | ; 1
, , ;
0 PN 7
02 01 0 01 02 0.3 0.4 05 06
|F|cos(A)

Figure 3. Polar plot of the far field amplitude function F(6) versus pipe radius.
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Figure 4. Polar plot of the far field amplitude function F(0) versus Imy~' (reactance).
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Figure 5. Polar plot of the far field amplitude function F(6) versus Re~' (resistance).

Equations (46a), (46b) and (46c) are the required linear systems of algebraic equations
which permits us to determine f,,, g,, and c,,,.

Analysis of the radiated field

The radiated field in the region p > a can be obtained by taking the inverse Fourier trans-
form of F(p,o). By using (11), we write

K
p’ /W+ P) 711(27/)d0€ (47)
o H(o)

where £ is a straight line parallel to the real a-axis, lying in the strip
Sm(—k) < Smo < Imk. Utilizing the asymptotic expansion of Hf)l)(Kp) as kp — oo

2 . .
H(()l) (K,O) _ nerlefm/4 (48)
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Figure 6. Polar plot of the far field amplitude function F(0) versus Imf~' (reactance).

Equation (47) can be evaluated through the saddle-point technique to give

ikr
w1 (p,2)~F(0) (492)

where

_ k W(—kcos0)

" in H(—kcos0) (49b)

where r and 0 are the spherical coordinates defined by

p=rsinf, z—[=rcosl (50a,b)
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Figure 7. Polar plot of the far field amplitude function F(6) versus Reff~' (resistance).

Graphics

This section presents some graphics to illustrate the effects of geometrical and physical
parameters like surface impedances, pipe radius and extension etc. All the numerical results
are derived by truncating the infinite series and the infinite systems of linear algebraic
equations after the first V terms. It is seen that the amplitude of the radiated field becomes
insensitive to the increase of the truncation number after N =20.

In Figure 3, one can see that, the amplitude of the radiated field increases with increasing
values of ka. Figures 4 to 7 shows the variation of the amplitude of the radiated field for the
values of reactance and resistance. As it can be seen that, the radiated field can be reduced
by changing the values of Imp~', Imy~' and Ref~', Rey~!. From Figures 8 to 10, in all far
field graphs, some amount of decrease in the radiated field in all directions is observed in
comparison with the hard (f — 0, # — 0 or 8,7 — 0) walled duct. In Figure 11, the radiated
field amplitude decreases with increasing value of k/. Figure 12 displays the variation of the
modulus of the reflection coefficient |co| with respect to the wave number k for different
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Figure 8. Polar plot of the far field amplitude function F () versus rigid-lined outer surface.
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Figure 11. Continued
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Figure 13. Comparison

Figure 14. Comparison

Figure 15. Comparison
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values of the outer lining. From the graphs of the reflection coefficient, it can be seen that
the magnitude |co| falls off as k increases. Beyond this frequency the magnitude again
increases, but not to the high values achieved in the principal frequency range.

Finally, Figures 13 to 15 display an excellent agreement, in both the reflection coefficient
|co| and the radiated field, between the present paper and the previous study.'”

Conclusions

This study is carried out to obtain the radiation characteristics from a semi-infinite coated
pipe with partial internal lining. By means of the Fourier transform technique in conjunc-
tion with the Mode Matching method, the boundary value problem is reduced to modified
Wiener—Hopf equation of the second kind whose solution is obtained by performing the
Wiener—Hopf factorization and decomposition procedures. The final solution involves three
systems of linear algebraic equations involving three sets of infinitely many unknown coef-
ficients. Numerical solution to these systems is obtained for various values of the problem
parameters such as pipe radius, internal and external surface impedances, pipe extension,
etc. It can be easily checked that for =0, perfect agreement is observed with the study of
Demir and Buyukaksoy'” both analytically and numerically. Furthermore, it is observed
that choosing impedance values appropriately, it is possible to attenuate radiation.
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