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Abstract

Let R be a commutative ring having nonzero identity and M be a unital R-module.
Assume that § € R is a multiplicatively closed subset of R. Then, M satisfies S-
Noetherian spectrum condition if for each submodule N of M, there exist s € S and
a finitely generated submodule ' € N such that sN C rady, (F), where rady, (F)
is the prime radical of F in the sense (McCasland and Moore in Commun Algebra
19(5):1327-1341, 1991). Besides giving many properties and characterizations of S-
Noetherian spectrum condition, we prove an analogous result to Cohen’s theorem
for modules satisfying S-Noetherian spectrum condition. Moreover, we characterize
modules having Noetherian spectrum in terms of modules satisfying the S-Noetherian
spectrum condition.
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1 Introduction

In this paper, all rings under consideration are commutative with nonzero identity
and all modules are nonzero unital. Let R always denote such a ring and M denote
such an R-module. In algebra, various types of ascending chain conditions on rings
and modules have been widely studied by many authors. See, for example, [4,5,9,14].
Recall that a commutative ring R has Noetherian spectrum if it satisfies the ascending
chain condition (ACC) on radical ideals, that is, every increasing sequence I} C I, C
.-+ C I, € --- of radical ideals of R stops [18]. Note that a ring R has Noetherian
spectrum if and only if for each ideal I of R, there exist ay, az,...,a, € I such
that /1 = ~/Rai + Rap + -+ + Ra, [18, Proposition 2.1], where T denotes the
radical of an ideal / of R. Until this time, Noetherian spectrum condition on rings and
modules has drawn attention. See, for example, [7,10,12,19,20]. Recently, Ahmed
[1] have generalized the concept of Noetherian spectrum over rings to the concept of
S-Noetherian spectrum. Let S € R be a multiplicatively closed subset of R. An ideal
I of R is called radically S-finite if there exist s € S and ay, aa, ..., a, € I such that
sI € \/Ray + Ray + - - - + Ray,. In particular, R is said to satisfy the S-Noetherian
spectrum condition if its each ideal is radically S-finite. It is clear that a ring R with
Noetherian spectrum satisfies the S-Noetherian spectrum condition and the converse
is true if S € u(R), where u(R) denotes the set of all units in R. The author, in [1],
transferred many properties of rings having Noetherian spectrum to rings satisfying
S-Noetherian spectrum condition. In particular, he showed that a ring R satisfies the
S-Noetherian spectrum condition if and only if its each radical ideal is radically S-
finite if and only if its each prime ideal is radically S-finite [1, Theorem 2.2]. Our aim
in this paper is to extend the S-Noetherian spectrum condition on rings to modules and
examine the properties of modules satisfying the S-Noetherian spectrum condition.
For the sake of completeness, we begin with some definitions and notations which
will be followed throughout the paper. Let M be an R-module. For any submodule
Nof M, (N: M)={r € R:rM C N} denotes the residual of N by M. In
particular, we use ann(M) to denote the (0 : M). If ann(M) = 0, then M is called a
faithful module [21]. Recall from [6] that an R-module M is said to be a multiplication
module if each submodule K of M has the form K = I M for some ideal I of R. The
notion of prime submodule has a significant role in determining the structure of many
classes of modules. A proper submodule P of M is called a prime submodule if for
a € R,m € M and whenever am € P, then eithera € (P : M) orm € P [13].
Similar to the concept of radical of an ideal in a commutative ring, for any submodule
N of M, the prime radical rady; (V) of N is defined to be the intersection of all prime
submodules P of M containing N [17] . If there is no such a prime submodule, we say
rady (N) = M. Note that in multiplication (or finitely generated) modules, for each
proper submodule N of M, there exists always a prime submodule containing N. D.
Rush, in [20], extended the concept of Noetherian spectrum in rings to modules. Let
N be a submodule of M. We denote the set of all prime submodules containing N by
V(N). N is said to be radically finite if there exists a finitely generated submodule F of
N such that V(N) = V(F), or equivalently, rads; (N) = radys (F) [20]. In particular,
an R-module M has Noetherian spectrum if its all submodules are radically finite.
Now, we introduce the concept of S-Noetherian spectrum condition. Let M be an R-
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module and § € R be a multiplicatively closed subset. We define a submodule N of
M as aradically S-finite if there exist s € S and a finitely generated submodule F of
N such that sN C rady, (F). Also, an R-module M is said to satisfy the S-Noetherian
spectrum condition if each submodule N of M is radically S-finite. Note that an R-
module M with Noetherian spectrum satisfies the S-Noetherian spectrum condition
and the converse is also true if S € u(R). In this article, we extend many proper-
ties of modules having Noetherian spectrum to modules satisfying the S-Noetherian
spectrum condition. Among the other results, we examine the S-Noetherian spectrum
condition under epimorphism, in factor modules, in Cartesian product of modules,
and in trivial extension (idealization) of modules (see Proposition 2.10, Theorem 2.14
and Theorem 2.20). Also, we prove that if M satisfies the S-Noetherian spectrum
condition, then the quotient module S~' M has Noetherian spectrum (see Proposition
2.4). We give a characterization of multiplication modules satisfying the S-Noetherian
spectrum condition in terms of rings satisfying the S-Noetherian spectrum condition
(see Theorem 2.7). Recall the following celebrated theorem (Cohen’s theorem): a ring
R is Noetherian if and only if every prime ideal of R is finitely generated [8, Theorem
3.6]. In several papers, this result was extended to finitely generated modules (see
[11,13]). We prove an analogous result to Cohen’s theorem for modules satisfying
the S-Noetherian spectrum condition (see Theorem 2.6). Furthermore, we use the S-
Noetherian spectrum condition to characterize modules having Noetherian spectrum
(see Theorem 2.9). Recall that a submodule N of M is said to be radical submodule
if rady/(N) = N [17]. In Theorem 2.17, we prove that a finitely generated multi-
plication R-module M satisfies the S-Noetherian spectrum condition if and only if
each radical submodule is radically S-finite if and only if its each prime submodule is
radically S-finite if and only if every nonempty family of radical submodules has an
S-maximal element. Finally, we investigate the S-Noetherian spectrum condition and
Noetherian spectrum condition in trivial extension R « M of an R-module M (see
Theorem 2.20 and Corollary 2.21).

2 Modules Satisfying S-Noetherian Spectrum Condition

Definition 2.1 Let M be an R-module and S € R be a multiplicatively closed subset.
A submodule N of M is called radically S-finite if there exist s € S and a finitely
generated submodule F of N such that sN C rady, (F). In particular, an R-module
M is said to satisfy the S-Noetherian spectrum condition if each submodule of M is
radically S-finite.

Example 2.2 (i) Every radically finite submodule is radically S-finite. The converse
also holds if S € u(R).
(i1) Every module having Noetherian spectrum satisfies the S-Noetherian spectrum
condition for each multiplicatively closed subset S C R.
(iii) Assume that S € u(R). An R-module has Noetherian spectrum if and only if
it satisfies the S-Noetherian spectrum condition.
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Example 2.3 Suppose that M is an R-module and S is a multiplicatively closed subset
of R such that SNann(M) # (. Then, M trivially satisfies the S-Noetherian spectrum
condition.

Let S be a multiplicatively closed subset of R and M be an R-module. The quotient
module S~!'M of M is an S~!R -module. Recall from [8], for any multiplicatively
closed subset S € R, $* = {a eER: ‘—1‘ is a unit of S_IR} denotes the saturation of
S. Also, a multiplicatively closed subset S C R is saturated if S = S*. Note that S* is
always a saturated set of R containing S. Here, we denote the set{r € R : rM = M} by
Uy (R). Itis clear that Uy (R) is a saturated multiplicatively closed subset containing
u(R).

Proposition 2.4 Let M be an R-module and S C R be a multiplicatively closed subset.
The following statements are satisfied:

1) If S1 € S» are multiplicatively closed subsets of R and M satisfies the
S1-Noetherian spectrum condition, then M also satisfies the Sy-Noetherian
spectrum condition.

(ii) Suppose that S* is the saturation of S. M satisfies the S-Noetherian spectrum
condition if and only if M satisfies the S*-Noetherian spectrum condition.

(iii)) Let M be a multiplication R-module and S C Uy (R) be a multiplicatively
closed subset of R. M has Noetherian spectrum if and only if M satisfies the
S-Noetherian spectrum condition.

(iv) Let M satisfy the S-Noetherian spectrum condition with ann(M) NS = (.
Then, S~ R-module S™'M has Noetherian spectrum.

Proof (i): It is clear.

(i1): Suppose that M satisfies the S-Noetherian spectrum condition. Since S €
S*, by (i), M satisfies the S*-Noetherian spectrum condition. For the converse, assume
that M satisfies the S*-Noetherian spectrum condition. Let N be a submodule of
M, then there exist s € S* and a finitely generated submodule F' of N such that
sN C rady (F). Since § is a unit of S—IR, 17 = 1 forsomea € R, t € S.
Then, we have usa = ut for some u € S. Put s’ = ur € S. This implies that
s'N = (ua)sN C sN C rady (F). Hence, M satisfies the S-Noetherian spectrum
condition.

(iii): The "only if part" follows from (i) by taking S; = {1} € S. For the "if part",
let N be a submodule of M. As M satisfies the S-Noetherian spectrum condition, there
exists an s € § and a finitely generated submodule F of N such that sN C rady, (F).
Since M is a multiplication module and sM = M, we have

N=N:MM=(N:M)sM
=5(N: M)M = sN Crady(F).

Hence, M has Noetherian spectrum.
(iv): It is sufficient to point out that S~1 (radpy (F)) € I‘ads—lM(S71 F), where
F is a submodule of M. Also if F is a finitely generated submodule of M, then S™' F
is also a finitely generated submodule of S~ M. O
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Proposition 2.5 Let A be a family of submodules of M which are not radically S-finite.
If A # 0, then A contains a maximal element and any such maximal element is a
prime submodule.

Proof Assume that A # (. Then (A, C) is a partially ordered set. Let {N;};ca be an
increasing chain in A and N = | J N;. Then N is not radically S-finite. If not, there
ieA

existan s € S and a finitely generated submodule F of N such that sN C rady (F).
Since F is finitely generated, then there exists a k € A such that F € Ng, then
SNy € sN C rady (F). This is a contradiction. Hence, N is an upper bound of
{N;}ica in A, so by Zorn’s lemma, A has a maximal element P. Now, we will show
that P is a prime submodule. Suppose to the contrary that there existanx € M — P
and an a € R such that ax € P witha ¢ (P : M). By the maximality of P,
P 4+ aM and (P :p a) are radically S-finite. So there exist s,# € S and finitely
generated submodules H and F, of P + aM and (P :j) a), respectively, such that
s(P +aM) C rady(H) and t(P :p a) C rady (F>). By writing the finitely many
generators h; of H as h; = x; + am;, where x; € P, m; € M and letting F the
submodule generated by x;, we have F; C P,

V(F2) € V(t(P :y ) and V(F) +aM) € V(s(P + aM)).

Note that F1 + aF, € P and F; + aF; is finitely generated. Now, we want to
show that st P C rady (F1 4+ aF3) by showing that V(F| + aF,) C V(stP), so
stP Crady(stP) Crady (Fi +aF>).Let P* € V(F1+aF>),then Fi +aF> C P*.
Thus, we have aF, € P*, P* is prime, this implies that F», € P* oraM C P*. If
F, € P*,wegetstP CtP Ct(P:ya) < P*.IfaM C P*, then F| +aM < P*
and so stP C sP C s(P +aM) C P*. Hence, P* € V(stP). Thus, P is radically
S-finite which is a contradiction. Hence, P is a prime submodule. O

The following theorem is the counterpart of Cohen’s theorem for modules satisfying
the S-Noetherian spectrum condition.

Theorem 2.6 Let M be an R-module and S C R be a multiplicatively closed subset
of R. The following statements are equivalent.

(1) M satisfies the S-Noetherian spectrum condition.
(1) Every radical submodule of M is radically S-finite.
(iii) Every prime submodule of M is radically S-finite.

Proof (i) = (ii) : Obvious.
(i1) = (iii) : Follows from the fact that every prime submodule is radical.
(iii) = (i) : Assume that there exists a submodule of M which is not radically
S-finite. Let A be the family of submodules of M which are not radically S-finite.
Thus, A # (. Then, by Proposition 2.5, there exists a prime submodule of M which
is not radically S-finite, which contradicts the hypothesis. O

Suppose that [ is a proper ideal of R. Then, the canonical homomorphism 7 : R —
R/I is defined by n(r) = r + I for each r € R. Also it is easy to see that if S is a
multiplicatively closed subset of R, then 7 (S) is a multiplicatively closed subset of
the factor ring R/I. In the following, we assume that 7 : R — R/ann(M).
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Theorem 2.7 Let M be a finitely generated multiplication R-module and S C R be a
multiplicatively closed subset of R. The following statements are equivalent.

(1) M satisfies the S-Noetherian spectrum condition.

(i1) R/ann(M) satisfies the 1 (S)-Noetherian spectrum condition.

Proof (i) = (ii) : Let J be an ideal of R/ann(M). Then, there exists an ideal I of
R containing ann(M) such that § = I/ann(M). Put N = IM. Since M satisfies
the S-Noetherian spectrum condition, there exist a finitely generated submodule F of
N and an s € § such that sN C rady (F). Since M is multiplication module and
F is finitely generated submodule, FF = K M for some finitely generated ideal K of
R. As M is finitely generated multiplication, by [15, Theorem 4], we have sN =
sIM C rady(F) = rady(KM) = /(KM : M)M. Since M is finitely generated
multiplication, (KM : M) = K + ann(M), we get sIM < /K +ann(M)M.
Now by [22, Theorem 9 Corollary], we get sI C /K + ann(M). Since K is finitely
generated, we can write K = Raj + Raz + - -- + Ra, for some a; € K. Also note
that K C [ and

v K + ann(M)/ann(M) = \/K + ann(M)/ann(M) = \/(ﬂ, az,...,qy),

where @; = a; + ann(M). This implies that (s + ann(M))J € /(ar, az, . .., a,) for
some a; + ann(M) € J. Thus, J is radically 7 (S)-finite. Hence, R/ann(M) satisfies
the 7 (§)-Noetherian spectrum condition.

(ii) = (i) : Let N be a submodule of M. Since R/ann(M) satisfies the 7 (S)-
Noetherian spectrum condition, there exist an s € S and ay,as,...,a, € (N :
M) such that (s + ann(M)) [(N : M)/ann(M)] C /(a1,az,...,a,), where a; =
a; + ann(M). First note that

\/(a_l, az,...,ay) = \/Ral + Ray + - -+ + Ra, + ann(M) /ann(M).

Then, we conclude that s(N : M) C </Ra; + Ray + - -+ Ra, +ann(M). As M is
multiplication, we get SN € +/Ra| + Ray + --- + Ra, +ann(M)M. Since M is
finitely generated multiplication, by [15, Theorem 4] and [22, Theorem 9 Corollary],

sN € \/Ray + Ray + - - - + Ra,, + ann(M)M
=rad ((Ra; + Rar + - -+ + Ra, + ann(M)) M)
=rad (Ra; + Rar + - - - + Ra,) M).

As M is finitely generated, note that (Ra; + Ras + - - - + Ray) M is finitely generated
and also (Ra; + Rap + -+ + Ra,) M € N. Thus N is radically S-finite. Hence, M
satisfies the S-Noetherian spectrum condition. O

Corollary 2.8 Let M be a finitely generated faithful multiplication R-module and S C
R be amultiplicatively closed subset of R. Then, M satisfies the S-Noetherian spectrum
condition if and only if R satisfies the S-Noetherian spectrum condition.
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Proof Directly from Theorem 2.7. O

Let M be an R-module and p a prime ideal of R. Then, S, = R — p is a multiplica-
tively closed subset of R. If M satisfies the Sy-Noetherian spectrum condition, then
we say that M satisfies the p-Noetherian spectrum condition. Now, we characterize
modules having Noetherian spectrum in terms of modules satisfying the S-Noetherian
spectrum condition.

Theorem 2.9 The following statements are equivalent for an R-module M.
(i) M has Noetherian spectrum.
(i1) M satisfies the p-Noetherian spectrum condition for each p € Spec(R).
(iii) M satisfies the m-Noetherian spectrum condition for each m € Max(R).

Proof (i) = (ii) : Follows from Example 2.2 (ii).

(ii) = (iii) : Follows from the fact that every maximal ideal is prime.

(iii) = (i) : Assume that M satisfies the m-Noetherian spectrum condition for
eachm € Max(R). Let N be a submodule of M, we want to show that V(F) = V(N)
for some finitely generated submodule F' of N. Since M satisfies the m-Noetherian
spectrum condition, for each m € Max(R), there exist ry, ¢ m and a finitely generated
submodule Fi, of N such that 7w N C rady; (Fin). Now set J = {ry : 3m € Max(R),
rm ¢ m and a finitely generated submodule Fy, of N such that iy N C rady (Fr)}.
It is easy to see that (J) = R and so there exists ry,, € J — m; such that (ry,) +
-+ 4 (rm,) = R. Then, there exists a finitely generated submodule Fy,, of N such
that ry, N C radpy (Fiy,) foreachi = 1,2, ..., n. Then, we have

N =RN =[(rm)) + -+ (rm,)IN S ZradM(Fmi)-
i=1

n
Let F = Zle.. Then, F is a finitely generated submodule of N and so V(N) C

i=1

n
V(F).Let P € V(F), then ZFm[ C P and so for each i, Fy,, € P. This implies

i=1

n n
that radp (Frn;) € P and so ZradM(Fmi) C P.Hence, N C ZradM(Fmi) CcP,
i=1

i=1
namely P € V(N). Thus, V(F) = V(N) and M has Noetherian spectrum. O

Let f : M — M’ be an R-homomorphism. It is clear that f(rady (N)) <
radyy (f (N)) for any submodule N of M. To see this, take m” € f(rady (N)). Then,
there exists m € rady (N) such that m’ = f(m). Now, take a prime submodule
P* of M’ containing f(N). If f~'(P*) # M then f~!(P*) is a prime submod-
ule of M containing N. This implies that m € f_l(P*) and so m’ = f(m) €
P*. Thus, we have f(rady(N)) € rady(f(N)). Also, in [16, Corollary 1.3],
McCasland and Moore proved that for any submodule Ker(f) SN € M,N' C M/,
f(rady (N)) = radyy (f(N)) and £~ (radyy (N')) = rady (f~'(N')) provided that
f is surjective.
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Proposition 2.10 (i) Suppose that f : M — M’ is an R -epimorphism and S C R is
a multiplicatively closed subset. If M satisfies the S-Noetherian spectrum condition,
so does M'.

(i1) Assume that M is an R-module satisfying the S-Noetherian spectrum condition,
where S C R isamultiplicatively closed subset. For any proper submodule N of M , the
factor R-module M /N satisfies the S-Noetherian spectrum condition.

Proof (i): Let N’ be a submodule of M’. Then, there exists a submodule N of
M such that f(N) = N’. As M satisfies the S-Noetherian spectrum condition,
sN C rady (F) for some s € S and a finitely generated submodule F of N. This
implies that f(sN) = sf(N) = sN' C f(radpy (F)) C radyy(f(F)). As f(F) is
a finitely generated submodule of N, N’ is radically S-finite. Thus, M’ satisfies the
S-Noetherian spectrum condition.

(i1): Follows from (i). O

Let M; be an R;-module foreachi = 1,2, ..., n. Assume that R = R} x Ry x
-~ XRyand M = M| x M x - --x M,,. Then, it is clear that M is an R-module and all
submodules of M have the form N = N; x N x --- x N,,, where N; is a submodule
of M; foreachi = 1,2, ...,n. Also, if S; is a multiplicatively closed subset of R;,
then § = 1 x 2 x -+ x S, is a multiplicatively closed subset of R.

Proposition 2.11 Let M; be an R;-module for i = 1,2 and R = R; X Ry. The
following statements are equivalent.

(1) N is a prime submodule of the R-module M x M> .

(i1) N has the form N1 x My or M| x Na, where N1 and N> are prime submodules
of M| and M», respectively.

Proof (i) = (ii) : Let N = Nj x N> be a prime submodule of R-module M| x M,
and I/ = 0 x R,. Then, I(M; x 0) € N. Since N is prime, either M; x 0 C N or
I C (N : M;xM,). Then,wehave M1 x0 C NorOx M, C NandsoN = M| x N,
or N = N1 x M». Itis easy to check that N1 and N, are prime submodules of M; and
M, respectively.

(ii) = (i) : Itis clear. O

Theorem 2.12 Let M; be an R;-module for eachi = 1,2, ..., n. Suppose that R =
Ry X Ry X -+ X Ryand M = My x My X --- X M,,. The following statements are
equivalent.

(i) N is a prime submodule of R-module M.

(ii) N has the form My x My X --- x Mj_ 1 X Nj x Mj11 X --- X My, where N
is a prime submodule of M ;.

Proof 1t follows from Proposition 2.11, using induction on 7. O

Corollary 2.13 Let M; be an R;-module for eachi = 1,2, ..., n. Suppose that R =

RixRyx---xRyandM = M x My x---x M,. Assume that N = N1 X Np X - - - X

Ny, where N; is a submodule of M;. Then rady(N) = radpy, (N1) x radpy, (N2) X
- x radpy, (Ny).
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Proof Let (m1, my, ..., my) € radpy (N). Now, we will show that m; € radys, (N;).

Take a prime submodule P; of M; containing N;. Put P = M} x M X --- X Mi_1 X
P; x Mjy1 x --- x M,. Then by previous theorem, P is a prime submodule con-
taining N. This implies that (m1, mo, ..., m,) € P and so m; € P; and this yields
that m; € rady; (N;). Then, we have rady (N) € rady, (N1) X rady, (N2) x --- X
rady, (N,). Now, assume that (my, mo, ..., m,) € radpy, (N1) x radp, (N2) X - -+ X
rady, (N,). Then, we have m; € rady, (Ni) foreach k = 1,2, ..., n. Take a prime
submodule P of M containing N. Then, there exists a prime submodule P; of M; such
that P = My x My x -+ - X My_1 X Py x Myy1 X ---xM,.Since N € P, N, € P; and

so m; € P;. This implies that (m, ma,...,m,) € My X My X --- x M;_1 X P; X
My, x --- x M, = P.Hence, (my,m,...,my,) € rady;(N) and so we conclude
that rady (N) = radys, (N1) x radyg, (N2) x - -+ x rady, (N,). O

Theorem 2.14 Let M; be an R;-module and S; be a multiplicatively closed subset of R;
foreachi =1,2,...,n.Assumethat R = Ri X Ry X---XR,;, S =S xS x---x 8§y
and M = My XMy x---x M, isan R-module. The following statements are equivalent.
(i) M satisfies the S-Noetherian spectrum condition.
(i1) M; satisfies the S;-Noetherian spectrum condition for eachi = 1,2, ..., n.

Proof (i) = (ii) : Let M satisfy the S-Noetherian spectrum condition and N; be a
submodule of M;. Then N =0 x0x---x0x N; x0x ---x0isasubmodule of M,
so there exists = (s1, ..., sy) € S and a finitely generated submodule F = F| x F> X
-+ x F, of N suchthat sN C rady (F) = radp, (F1) xrady, (F2) % - - - xrady, (F).
Hence, s; N; C rady, (F;) and F; is a finitely generated submodule of N;. Thus, M;
satisfies the S;-Noetherian spectrum condition foreachi = 1,2, ..., n.

(ii) = (i) : Let M; satisfy the S;-Noetherian spectrum condition for each i =
1,2,...,n.Suppose that L = N X N> X - -+ X N, is a submodule of M, where N; is

a submodule of M;. Hence, foreachi = 1,2, ..., n, there exist s; € S; and a finitely
generated submodule F; of N; such that s; N; C rady, (F;). Lets = (s1,...,5,) € S,
we have

SL =5[N1 X Ny x--- X Ny] =851N1 X 9Ny X -+ X 5, Ny,
C rady, (F1) x radp, (F2) X - - - x rady, (F,) = rady (F),

where F = F| X Fp X --- X F), is a finitely generated submodule of L. Therefore, M
satisfies the S-Noetherian spectrum condition. O

Definition 2.15 Let § be a nonempty family of submodules of an R-module M. § is
said to be radically S-saturated if whenever sN C K for some s € S, K € §and a
radical submodule N of M, then N € §.

Definition 2.16 Let § be a nonempty family of submodules of an R-module M. K € §
is said to be an S-maximal element if there exists an s € S and whenever K C N for
some N € §,thensN C K.

Let M be a finitely generated multiplication R-module. Then for any submodule
N of M, (rady(N) : M) = /(N : M) by proof of [15, Theorem 4]. Assume that
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N is a radical submodule of M, i.e., rady (N) = N. Then, /(N : M) = (rady;(N) :
M) = (N : M) and so (N : M) is a radical ideal of R.

Theorem 2.17 Let M be a finitely generated multiplication R-module and S C R be
a multiplicatively closed subset. The following statements are equivalent:

(1) M satisfies the S-Noetherian spectrum condition.
(i1) Every radical submodule is radically S-finite.
(iii) Every prime submodule is radically S-finite.
(iv) Every nonempty radically S-saturated family § of radical submodules has a
maximal element.
(v) Every nonempty family § of radical submodules has an S-maximal element.

Proof (i) < (ii) < (iii) : Follows from Theorem 2.6.

(ii) = (iv) : Suppose that § is a nonempty radically S-saturated family of radical
submodules of M. Then, it is clear that (§, C) is a partially ordered set. We will apply
Zorn’s lemma. Take a chain {N;};ca of §. Now, we will show that N = |J N; is

ieA
a radical submodule of M. Let m € rady (N). Since M is a finitely generated
multiplication module, Rm = IM for some finitely generated ideal / of R. Since
M is multiplication, by [2, Theorem 3.1], 1 kym C N for some k € N. Since I and
M are finitely generated, 7¥M is a finitely generated submodule. So, we can write
I*M = Rmi+Rmy+---+Rmy forsomem; € M.Then,forall j =1,2,...,n, we
have m; € N = [(J N;. Then, there exists 7 € A such that m; € N; forall j =
icA
1,2, ..., n. This implies that I*M C N;and so I € /(N; : M) = (N; : M) since
N; is a radical submodule. Thus, we have Rm = IM C N, € N. Hence, N is a rad-
ical submodule of M. Then, by (ii), N is radically S-finite. Then, there exist s € S,
and x1,x2,...,x; € N such that sN C rady(Rxy + Rxy + --- + Rx;). Since
X1,X2,...,Xx] € N, there exists v € A such that x;,x2,...,x; € N, so that
SN C rady(Rx; + Rxo + ---+ Rx;) C rady(N,) = Ny. As N, € § and § is
radically S-saturated, N € §. Then, the supremum of the chain \/ N; = N € §. By
icA

Zorn’s lemma, § has a maximal element. ©

(iv) = (v) : Suppose that §is a nonempty family of radical submodules of
M. Consider §* = {N : N is a radical submodule, 3s € S and N’ € § such that
sN C N’}. Now, we will show that F* is a radically S-saturated family of radical
submodules of M. Let N* € §* and s € S withs K C N* for some radical submodule
K of M. As N* € §*, there exist 57 € S and K’ € § such that s; N* € K’ and so
ss1K C syN* C K'. Then, K € §* and hence §* is radically S-saturated. Thus by
(iv), §* has a maximal element L € §*. Then, there exist s* € S and a submodule
L’ € §F such that s*L < L’. Now, we will show that L’ is an S-maximal element
of §. Assume that L’ € K’ for some K’ € §. Let m € rady (L + K’). Then
I"M C L + K’ for some ideal I of R and ny € N, where Rm = I M. This implies
that s*I"M C s*L + s*K' € K'. Then, we get s*I C /(K" : M) = (K’ : M), and
so s*m € s*Rm = s*IM C K'. Thus, we have s*rady;(L + K') C K. AsK' € §
and rady (L + K’) is a radical submodule, we get rady (L + K') € F*. Since
L C rady (L + K'), by the maximality of L, we have K’ C rady (L + K’) = L and
sos*K’' C s*L C L’. Hence, L’ is an S-maximal element of §.
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(v) = (i) : Suppose that N is a submodule of M. Consider the family § =
{radpy(Rx1 + Rxy + --- 4+ Rxy,) : x1,x2,...,x, € N and n € N} of radical
submodules of M. Then by (v), § has an S-maximal element K € §. So there exists
s € S such that whenever K C L for some L € §, thensL C K. As K € §, we can
write K = radpy (Rx; + Rx> + - - - + Rxy) for some xi, x3, ..., x; € N. Now, take
me N.AsK Crady(Rxi+Rxy+---+ Rx;+ Rm) and rady(Rx; + Rxp +-- -+
Rx; + Rm) € §, we have sm € srady (Rx; + Rxy + -+ 4+ Rxx + Rm) C K. This
implies that sN € K = rady (Rx;+ Rxy+- - -+ Rxi). Hence, N isradically S-finite
and M satisfies S-Noetherian spectrum condition. O

Following [1], an increasing sequence of submodules Ny C N, C--- C N, C ---
of M is said to be S-stationary, if there exist s € S and k € N such that s N,, C Ny, for
alln > k.

Corollary 2.18 Let M be a finitely generated multiplication R-module such that the set
of all radical submodules of M is countable and S T R be a multiplicatively closed
subset. The following statements are equivalent:

(1) M satisfies the S-Noetherian spectrum condition.
(1) Every radical submodule is radically S-finite.
(iii) Every prime submodule is radically S-finite.
(iv) Every increasing sequence of radical submodules of M is S-stationary.
(v) Every nonempty radically S-saturated family § of radical submodules has a
maximal element.
(vi) Every nonempty family § of radical submodules has an S-maximal element.

Proof (i) < (ii) & (iii) < (v) < (vi) : Follows from Theorem 2.17.

(vi) = (iv) : Consider the increasing sequence of radical submodules N; C
Ny C -+ C N, C--- of M. Put § = {N;}ien. Then by (vi), § has an S-maximal
element N; € §. Then, there exists s € S such that sN,, C N; for each n > k since
Nir € N,. Hence, {N;};en is S-stationary.

(iv) = (v) : Suppose that § is a nonempty radically S-saturated family of radical
submodules of M. Thenitis clear that (§, C) is a partially ordered set. Take a chain C in
§. By assumption, C is countable and so we can write C = {L; };cn. We show that C has
an upper bound. We define an increasing sequence Ny S Np S N3 & --- S Ny C---
as follows: Let N; = L;. Having defined Ny_, let Ny = Ly if Ly © Ni_1 and let
Ni = Ni_j otherwise. Then, itis easily seen that {N;};eny € Cand | L; = [J N;.Put

ieN ieN
N = | N;. By using a similar argument as in the proof of previous theorem, we can
showltﬁjltN is aradical submodule of M. Since Ny C Np C N3 C--- C N, C---1is
an increasing sequence of radical submodules, by (iv), there exist s € S andm € N
such that sN,, € N,, for all n € N. This implies that sN € N,,. As N,,, € § and § is
radically S-saturated, N € §. Thus, C has an upper bound N in §. By Zorn’s lemma,
§ has a maximal element. O

Corollary 2.19 Let R be a ring and S C R be a multiplicatively closed subset. The
following statements are equivalent:
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(1) R satisfies the S-Noetherian spectrum condition.
(i1) Every radical ideal is radically S-finite.
(iii) Every prime ideal is radically S-finite.
(iv) Every nonempty family §of radical ideals has an S-maximal element.

Proof In Theorem 2.17, take M = R. O

Let M be an R-module. The idealization or trivial extension R x M = R ® M is
a commutative ring with componentwise addition and multiplication (a, m)(b, m") =
(ab, am’+bm) foreacha, b € Randm, m’ € M [3]. The prime ideals of R o« M have
the form p o< M for some prime ideal p of R [3, Theorem 3.2]. Suppose that [ is an
ideal of R and N is a submodule of M. Then, I o N is an ideal of R o« M if and
only if IM € N [3, Theorem 3.1]. In that case, / o N is called a homogeneous
ideal of R o« M. Note that by [3, Theorem 3.2], /I x N = 1 o« M. Assume that
S C R is amultiplicatively closed subset and N is a submodule of M. Then § o« N is
a multiplicatively closed subset of R o« M [3, Theorem 3.8]. Now, we determine
when the trivial extension R o« M satisfies S o« M-Noetherian spectrum condition.

Theorem 2.20 Let M be an R-module and S € R be a multiplicatively closed subset.
The following statements are equivalent.

(i) R satisfies the S-Noetherian spectrum condition.
(i) R o« M satisfies the S o 0-Noetherian spectrum condition.
(i) R o M satisfies the S o< M-Noetherian spectrum condition.

Proof (i) = (ii) : Suppose that J is a prime ideal of R o« M and R satisfies
S-Noetherian spectrum condition. Then there exists a prime ideal p of R such
that / = p o« M. As R satisfies the S-Noetherian spectrum condition, p is rad-
ically S-finite, i.e., there exist s € S and xp,x2,...,x, € p such that sp C
~/Rxi + Rxy + -+ + Rx,. Also, it is clear that (s, 0)(p o« M) = sp « sM and
(s,0) € § & 0. Moreover, one can easily see that [R o« M](x;, 0) = Rx; o x; M and

n n n n
s0 [>[R o M](x;,0) = \/Zin X Y xiM = \/Zin o M by [3, Theorem
i=1 i=1 i=1 i=1

3.2]. This implies that

$,0)0(pxM)=spxsMCspx M

- x;i X M

T
=

= [SIR & M1(xi, 0).
i=1

As (x;,0) € p x M foralli = 1,2,...,n, it follows that p o« M is radically
S o O-finite. By Corollary 2.19, R « M satisfies the S o< 0-Noetherian spectrum
condition.

(ii) = (iii) : Since S x 0 € § ox M, the rest follows from Proposition 2.4.
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(iii) = (i) : Assume that R o M satisfies the S o« M-Noetherian spectrum
condition. Take an ideal I of R. Then put / = I o M. Since J is radically S o« M-
finite, there exist (s,m) € § o« M and (x1,mq), (x2,m3), ..., (x,,my) € I

M such that (s,m)(I «x M) C i[R X M](x;, m;). As /IR & M](x;, m;) =

i=1

' Rx; o« M, we have

(s m)(I o M) € [ SO[R o M1(xi, mi)
i=1

S VIR o M(xs, m7)

i=1

i( inocM)

i=1

n

This implies that sI € | Rx; for some x1, x2, ..., x, € I. Hence, R satisfies the
i=1

S-Noetherian spectrum condition. O

Corollary 2.21 Let M be an R-module. Then, the following statements are equivalent.

(i) R has Noetherian spectrum.
(i) R o M has Noetherian spectrum.

Proof Take S = {1} and apply Theorem 2.20. O
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