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ABSTRACT
Recall that a commutative ring R is said to be a normal ring if it is reduced and
every two distinct minimal prime ideals are comaximal. A finitely generated
reduced R-module M is said to be a normal module if every two distinct minimal
prime submodules are comaximal. The concepts of normal modules and locally
torsion free modules are different, whereas they are equal in theory of commu-
tative rings. We give many properties and examples of normal modules, we use
them to characterize locally torsion free modules and Baer modules. Also, we
give the topological characterizations of normal modules.
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1. Introduction

Throughout this article, we focus only on commutative rings with a nonzero identity and nonzero unital
modules. R will always represent such a ring and M will represent such an R-module. We denote the
set of all maximal ideals and the set of all prime ideals of R by Max(R) and Spec(R), respectively. Recall
that a commutative ring R is said to be a locally integral domain if RP is an integral domain for each
P ∈ Spec(R). It is easy to see that every integral domain is also a locally integral domain but the converse
is not true in general. For instance, take a von Neumann regular ring R that is not a field. Then, R is
clearly a locally integral domain but not an integral domain. Let M be an R-module. The set of torsion
elements of M is denoted by T(M) = {m ∈ M : rm = 0 for some nonzero r ∈ R} [3]. An R-module M is
said to be a torsion free module if T(M) = 0. M is said to be a torsion module if T(M) = M. Otherwise,
we say that M is a non-torsion module, that is, M is a module with a non-torsion element m ∈ M. In
a recent paper, Jayaram et al. studied the concept of locally torsion free modules as a generalization of
torsion free modules, and used them to characterize Baer modules and von Neumann regular rings.
Recall from [16] that an R-module M is said to be a locally torsion free module if RP-module MP is a
torsion free module for every P ∈ Spec(R). Also, recall that a reduced ring (without nilpotent elements)
R is said to be a normal ring if every two distinct minimal prime ideals P1, P2 of R are comaximal, that
is, P1 + P2 = R [11]. Our aim in this paper is to extend the concept of normal rings to modules and to
use them in characterizing locally torsion free modules and Baer modules. For the sake of completeness,
we give some notions and notations which will be used in the sequel. Let M be an R-module. Suppose
that N is a submodule of M, K is a nonempty subset of M and L a nonempty subset of R. The residuals
of N by K and L are denoted by

(N :R K) = {a ∈ R : aK ⊆ N}
(N :M L) = {m ∈ M : Lm ⊆ N}.
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In particular, if N = 0, we will use annR(K) and annM(L) instead of (0 :R K) and (0 :R L), respectively.
If annR(M) = 0, then M is said to be a faithful module. Also, recall from [5], an R-module M is said
to be a multiplication module if every submodule N of M has the form IM for some ideal I of R. For
more details on multiplication modules, the reader may consult [2] and [7]. M is said to be a reduced
module if whenever a2m = 0 for some a ∈ R, m ∈ M, then am = 0 [18]. A finitely generated
reduced R-module M is said to be a normal module if every two distinct minimal prime submodules
are comaximal. By [11, Theorem 8] and [16, Lemma 2.1], we know that the classes of normal rings and
locally integral domains coincide. So, one can naturally ask whether the classes of normal modules and
locally torsion free modules are equal or not. However, we show that these are different concepts (See,
Examples 2.4 and 2.5). Also, we determine the conditions under which locally torsion free modules
and normal modules are equal (See, Propositions 2.14, 2.15 and Theorem 2.16). Among the other
things in this paper, we characterize normal modules in terms of normal rings (See, Lemma 2.11 and
Proposition 2.12). Let S be a multiplicatively closed set of R and denote the set {m ∈ M : sm = 0
for some s ∈ S} by O(S). Note that O(S) is always a submodule of M. In particular, we prefer OP to
denote O(R − P) for every P ∈ Spec(R). Recall from [15] that a submodule N of M is said to be a ∗-
submodule if N = O(S) for some multiplicatively closed set S of R. Also, recall from [14] that a submodule
N of M is said to be a σ -submodule if for each m ∈ N, we have annR(m) + (N :R M) = R. The
set of all σ -submodules of M is denoted by σ(M). N is called a Baer submodule if m ∈ N implies that
annM(annR(m)) ⊆ N [14]. The authors in [14] and [15] studied some basic properties of ∗-submodules,
σ -submodules and Baer submodules and they used them to characterize Baer modules, von Neumann
regular modules, locally torsion free modules and weak quasi-regular modules. Here, we investigate
further properties of ∗-submodules, σ -submodules and Baer submodules (See, Lemmas 3.1, 3.5, 3.7,
3.9, 3.13, Propositions 3.11, 3.12, 3.15, 3.16, 3.17 and Theorem 3.14). Also, we use ∗-submodules, σ -
submodules and Baer submodules to give some new characterizations of Baer modules, locally torsion-
free modules and normal modules (See, Theorems 3.2, 3.10 and 3.18). Finally, in Section 3, we study
the Zariski topology of modules and give the topological characterizations of normal modules (See,
Theorem 4.4).

2. Characterizations of normal modules

Let M be an R-module and N, K be two submodules of M. Recall that N and K are said to be comaximal
if N + K = M. In particular, any two ideals I and J are comaximal if they are comaximal submodules of
R-module R.

Recall that an element e ∈ R is said to be a weak idempotent if e − e2 ∈ annR(M), or equivalently,
em = e2m for each m ∈ M [13]. Jayaram and Tekir, introduced von Neumann regular modules as
a generalization of von Neumann regular rings and they gave many properties and characterizations
of von Neumann regular modules in terms of weak idempotent elements. Recall from [13] that an R-
module M is said to be a von Neumann regular module if for each m ∈ M, there exists a ∈ R such
that Rm = aM = a2M. The authors in [13, Theorem 1] showed that a finitely generated multiplication
module M is von Neumann regular module if Rm = eM for some weak idempotent e ∈ R. Recently,
Jayaram et al. introduced the class of Baer modules which is a generalization of finitely generated von
Neumann regular modules. Recall from [14] that an R-module M is said to be a Baer module if for each
m ∈ M, there exists a weak idempotent element e ∈ R such that annR(m)M = eM. We warn the reader
that there are other Baer module definitions in the literature (see for example [6], [23]). In this paper,
we study the concept of Baer module in the sense of [14].

Now, we begin the study by giving a new property of minimal prime submodules in finitely generated
Baer modules.

Proposition 2.1. Let M be a finitely generated module. If M is a Baer module, then any two distinct minimal
prime submodules are comaximal.
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Proof. From [19], we know that maximal submodules, prime submodules and minimal prime submod-
ules exist in finitely generated modules. Let N and K be two distinct minimal prime submodules of a
finitely generated Baer module M. Then, (N :R M) and (K :R M) are prime ideals containing annR(M).
Thus, (N :R M) contains P1 and (K :R M) contains P2, where P1 and P2 are prime ideals which are
minimal over annR(M). This implies that P1/annR(M) and P2/annR(M) are minimal prime ideals of
R/annR(M). On the other hand, by [14, Proposition 2.12], R/annR(M) is a Baer ring. Then we have
P1/annR(M) + P2/annR(M) = R/ann(M), which implies that P1 + P2 = R. Then we conclude that
(N :R M) + (K :R M) = R and so N + K = M which completes the proof.

Definition 2.2. A finitely generated reduced module M is said to be a normal module if any two distinct
minimal prime submodules are comaximal.

Remark 2.3. Note that, by [14, Proposition 2.7] and Proposition 2.1, every finitely generated Baer
module is an example of a normal module. Also it can be easily shown that a finitely generated reduced
module M is a normal module if and only if every prime submodule contains a unique minimal prime
submodule.

Example 2.4 (A normal module that is not locally torsion free). Consider the Z-module M = Z2 ×
Z2. Then P = {(0, 0)} is a prime submodule so is unique minimal prime. Since M is finitely generated
reduced and has a unique minimal prime, M is a normal module. Let a = 2 and m = (0, 1). Then
am = (0, 0) but annZ(a) + annZ(m) = 2Z �= Z. Therefore, M is not a locally torsion free module by
[16, Lemma 1].

Example 2.5 (A locally torsion free module that is not normal). Consider the Z-module M =
Z[X]. Since M is not finitely generated, M is not a normal module. On the other hand, since M is a
torsion free module, by [16, Example 2], M is a locally torsion free module.

Proposition 2.6. Let n > 1 be an integer. Then Zn is a normal Z-module if and only if n = p1p2 · · · pr for
some distinct prime numbers p1, p2, . . . , pr .

Proof. Suppose that Zn is a normal Z-module. Since it is reduced, one can easily see that n is square
free integer, that is, n = p1p2 · · · pr for some distinct prime numbers p1, p2, . . . , pr . For the converse,
assume that n = p1p2 · · · pr for some distinct prime numbers p1, p2, . . . , pr . If r = 1, then Zp1 has a
unique minimal prime submodule which is also maximal. So, Zp1 is a trivially normal module. Assume
that r ≥ 2. It can be easily seen that every prime submodule of Zn is of the form (pi) which is also
minimal prime. Let i �= j. Since gcd(pi, pj) = 1, we have (pi) + (pj) = Zn. Therefore, Zn is a normal
Z-module.

It is easy to see that if M is a reduced R-module, then R/annR(M) is a reduced ring. But the converse
is not always true.

Example 2.7. Let p be a prime number. Consider R = Z-module M =
∞∏

n=1
Zpn . Then it is clear that

annR(M) = 0 and so R/annR(M) = Z is a reduced ring. Now take m = (1, 1, 0, 0, ...). Since p2m =
0M but pm �= 0M , it follows that M is not a reduced module.

Definition 2.8. Let M be a finitely generated R-module. Then according to [15],

(i) M is said to satisfy the condition (#) if K is a minimal prime submodule, then K = (K :R M)M,
(ii) M is said to satisfy the condition (P) if

⋂
(PM) = (

⋂
P)M for all prime ideals P minimal over

annR(M),
(iii) M is said to satisfy the condition (# #) if it satisfies the condition (#) and (P).
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The proof the following two propositions can be found in [15, Proposition 2.16] and [15, Proposition
2.17]. Since they will be frequently used in the sequel, we will give them for the sake of completeness.

Proposition 2.9. Let M be a finitely generated module satisfying the condition (#) and K a submodule of
M. Then,

(i) If P is a minimal prime ideal over annR(M), then PM is a minimal prime submodule of M.
(ii) If K is a minimal prime submodule of M, then (K :R M) is a minimal prime ideal over annR(M).

Proposition 2.10. Let M be a finitely generated module and I be an ideal containing annR(M). Assume
that N = (N :R M)M for each prime submodule N of M minimal over IM. Then,

(i) If P is a prime ideal minimal over I, then PM is a prime submodule minimal over IM.
(ii) If K is a prime submodule minimal over IM, then (K :R M) is a prime ideal minimal over I.

Lemma 2.11. Suppose M is a finitely generated module satisfying the condition (# #). Then M is a reduced
module if and only if R/annR(M) is a reduced ring.

Proof. The "if " part is clear. Now we will show that the "only if " part is also true. Suppose that
R/annR(M) is a reduced ring, that is,

√
annR(M) = annR(M). Let a2m = 0. If a ∈ √

annR(M) =
annR(M), there is nothing to prove. Suppose that a /∈ √

annR(M). Take a minimal prime P of
annR(M). Then N = PM is a minimal prime submodule of M by Proposition 2.9. Assume that am /∈
PM = N. Since a(am) = 0 ∈ N and N is a prime submodule, we conclude that a ∈ (PM :R M) = P and
thus am ∈ aM ⊆ PM which is a contradiction. Since M satisfies (# #) condition, we have

0 = annR(M)M = (
⋂

P∈Min(annR(M))

P)M = ⋂

P∈Min(annR(M))

(PM).

Then we get am ∈ ⋂

P∈Min(annR(M))

(PM) = 0 and so am = 0 which completes the proof.

Proposition 2.12. Let M be a finitely generated R-module satisfying (# #). Then M is a normal module if
and only if R/annR(M) is a normal ring.

Proof. (⇒) : Suppose that M is a normal module. Since M is a reduced module, so is R/annR(M) by
Lemma 2.11. Take two minimal prime ideals P1/annR(M) and P2/annR(M) of R/annR(M). Then P1 and
P2 are minimal prime ideals of annR(M). By Proposition 2.9, P1M, P2M are minimal prime submodules
of M and thus P1M +P2M = (P1 +P2)M = M. Since M is finitely generated and P1 +P2 ⊇ ann(M), by
[4, Corollary 2.5], P1+P2 = R. This implies that P1/annR(M)+P2/annR(M) = R/annR(M). Therefore,
R/annR(M) is a normal ring.

(⇐) : It is similar to the proof of Proposition 2.1.

Lemma 2.13. ([16, Lemma 2.1]) Let M be an R-module. The following statements are equivalent.

(i) M is a locally torsion free module.
(ii) am = 0 implies annR(a) + annR(m) = R for each a ∈ R and m ∈ M.

(iii) annR(am) = annR(a) + annR(m) for each a ∈ R and m ∈ M.
(iv) RP-module MP is a torsion free module for each P ∈ Max(R).

Proposition 2.14. Let M be a finitely generated faithful reduced module satisfying the condition (#).
Further assume that for any m in M, annR(m) = annR(a) for some a in R. If M is a normal module,
then M is a locally torsion-free module.
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Proof. Suppose rm = 0 for some r in R and m in M. Assume that annR(r) + annR(m) contained in
P for some prime ideal P of R. By assumption, we have annR(m) = annR(a) for some a in R. Then
annR(r), annR(a) are contained in P, so there exist prime ideals P0 and P1 minimal over annR(r), annR(a)

and contained in P. Since R is a reduced ring, by [9, Lemma 2.8], P0 and P1 are minimal prime ideals. If
P0 = P1, then r and a are not in P0, a contradiction. So by Proposition 18 and Proposition 8 of [20], P0M
and P1M are distinct minimal prime submodules. Since M is normal P0M+P1M = M and so PM = M,
a contradiction. Therefore, annR(r) + annR(m) = R, that is, M is a locally torsion-free module.

Proposition 2.15. Let M be a finitely generated module satisfying (#) property. If M is a locally torsion-free
module, then M is a normal module.

Proof. Let N1, N2 be two minimal prime submodules of M. Then by Proposition 2.9, (N1 :R M), (N2 :R
M) are distinct two minimal prime ideals over annR(M). Take r ∈ (N1 :R M) − (N2 :R M). Then it is
easy to see that annR(r) is a subset of (N2 :R M). Since r ∈ (N1 :R M), we get yrn ∈ annR(M) for some
y ∈ R − (N1 :R M) and n ∈ N. Then we get yrnM = 0. Since M is a locally torsion-free module, it is
a reduced module and so r(yM) = 0. Let m′ ∈ M − N1. Since N1 is a prime submodule and y is not
in (N1 :R M), we have ym′ is not in N1. Thus we have annR(ym′) is a subset of (N1 :R M). Note that
r(ym′) = 0. Then by Lemma 2.13, we have annR(r) + annR(ym′) = R. Since annR(r) + annR(ym′) ⊆
(N2 :R M) + (N1 :R M), we have N1 + N2 = M which completes the proof.

Theorem 2.16. Let M be a finitely generated faithful reduced module satisfying (#) property. Further
assume that for any m in M, annR(m) = annR(a) for some a in R. Then M is a normal module if and
only if M is a locally torsion-free module.

Proof. Follows from Propositions 2.14 and 2.15.

Theorem 2.17. Let Mi be an Ri-module for each i = 1, 2, . . . , n. Suppose that R =
n∏

i=1
Ri and M =

n∏

i=1
Mi. The following statements are equivalent.

(i) M is a normal R-module.
(ii) Mi is a normal Ri-module for each i = 1, 2, . . . , n.

Proof. First note that M is a finitely generated reduced module if and only if Mi is a finitely generated
reduced Ri-module for each i = 1, 2, . . . , n.

(⇒) : Suppose that M is a normal module and choose i ∈ {1, 2, . . . , n}. Let Pi,1, Pi,2 be two distinct
minimal prime submodules of Mi. Then N1 = M1 × M2 × · · · × Mi−1 × Pi,1 × Mi+1 × · · · × Mn and
N2 = M1 × M2 ×· · ·× Mi−1 × Pi,2 × Mi+1 ×· · ·× Mn are two minimal prime submodules of M. Since
M is normal, we have N1 + N2 = M which implies that Pi,1 + Pi,2 = Mi. Therefore, Mi is a normal
Ri-module.

(⇐) : Suppose that Mi is a normal Ri-module for each i = 1, 2, . . . , n. Let P, K be two minimal prime
submodules of M. Then P = M1 × M2 × · · ·× Pt × · · ·× Mn and K = M1 × M2 × · · ·× Kj × · · ·× Mn
for some minimal prime submodules Pt of Mt and Kj of Mj. If j �= t, we have P + K = M. So assume
that j = t. Since K �= P and Mt is normal, we have Pt �= Kt so that Pt + Kt = Mt which implies that
P + K = M. Therefore, M is a normal module.

3. Baer modules, locally torsion-free modules and normal modules

We begin this section by giving a characterization of locally torsion-free modules in terms of (∗)-
submodules and σ -submodules.
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Lemma 3.1. (i) Let M be a reduced module and N = O(S) be a proper submodule for some multiplicatively
closed set S of R. Then

√
(N :R M) = (N :R M). In particular, (N :R M) ∩ S = ∅.

(ii) Let M be a finitely generated faithful reduced module satisfying the condition (#). Then minimal
prime submodules are ∗-submodules.

Proof. (i) : It is clear.
(ii) : Let N be minimal prime submodule and let (N :R M) = P. By Proposition 2.9, P is a minimal

prime ideal of R. Denote OP = {m ∈ M : rm = 0 for some r /∈ P}. First note that, by condition (#),
N = PM. Let m ∈ N. Then m = r1m1 + · · · + rnmn for some ri ∈ P and mi ∈ M. Since R is a reduced
ring and P is a minimal prime ideal, we get yiri = 0 for some yi /∈ P. Now take y = y1 · · · yn. Then
y /∈ P and ym = 0. This yields that m ∈ OP. Also it can be easily seen that OP ⊆ N. i.e., N = OP is a
∗-submodule.

Theorem 3.2. Let M be a finitely generated faithful reduced module satisfying the condition (#). Then M
is a locally torsion-free module if and only if ∗-submodules are σ -submodules if and only if minimal prime
submodules are σ -submodules.

Proof. Suppose M is a locally torsion-free module and let N = O(S) be a ∗-submodule. Let m ∈ N.
Then am = 0 for some a ∈ S. By hypothesis, annR(a) + annR(m) = R. Clearly, annR(a) is contained in
(N :R M), so N is a σ -submodule. By Lemma 3.1 (ii), minimal prime submodules are σ -submodules.

Now, assume that minimal prime submodules are σ -submodules. Suppose rm = 0 and annR(r) +
annR(m) is contained in P for some prime ideal P of R. Then annR(r) is contained in P0 ⊆ P for some
minimal prime ideal P0 of R. Note that r does not belong to P0. By Proposition 2.9, P0M is a minimal
prime submodule, so m is in P0M. Therefore annR(m) + (P0M :R M) = R. Then by Proposition
8 of [20], (P0M :R M) = P0. So P = R, a contradiction. Therefore, M is a locally torsion-free
module.

Definition 3.3. Let N be a submodule of M. Then

(i) N is called an m-submodule if N = (N :R M)M.
(ii) An m-submodule N is said to be a strong m-submodule if all prime submodules minimal over

N are m-submodules.

Lemma 3.4. Suppose that M is a finitely generated reduced R-module. Let N be a strong m-submodule and
N = O(S) for some multiplicatively closed subset S of R. If N′ is a prime submodule minimal over N, then
N′ is a minimal prime submodule of M.

Proof. By Proposition 2.10, (N′ :R M) is a minimal prime ideal over (N :R M). We claim that (N′ :R
M)∩S = ∅. Suppose that d ∈ (N′ :R M)∩S. Then there exists d′ /∈ (N′ :R M) such that dd′ ∈ (N :R M) as√

(N :R M) = (N :R M) and (N′ :R M) is minimal over (N :R M). Thus dd′M ⊆ O(S). It can be easily
shown that d′M ⊆ O(S) = N, so d′ ∈ (N :R M) ⊆ (N′ :R M) which is a contradiction. Therefore (N′ :R
M) ∩ S = ∅. We claim that (N′ :R M) is minimal over annR(M). As M is a finitely generated module,

M =
n∑

i=1
Rmi. So annR(M) =

n⋂

i=1
annR(mi). It is enough, if we show that for any a ∈ (N′ :R M) there exists

d /∈ (N′ :R M) such that ad ∈ annR(M). Let a ∈ (N′ :R M). Then there exists b /∈ (N′ :R M) such that

ab ∈ (N :R M) and so abM ⊆ N. Since M =
n∑

i=1
Rmi, abmi ∈ O(S) for each i. Then for each i, there exists

ci ∈ S such that abcimi = 0. Put c = c1c2 · · · cn. Then c ∈ S and abcmi = 0 for i = 1, 2, . . . , n. Therefore
abc ∈ annR(M). Since (N′ :R M) ∩ S = ∅, it follows that c /∈ (N′ :R M) and so bc /∈ (N′ :R M). Put
d = bc. Thus d /∈ (N′ :R M) such that ad ∈ annR(M). So (N′ :R M) is minimal over annR(M).
Consequently, by Proposition 2.10, N′ is a minimal prime submodule of M.
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Lemma 3.5. Let M be a finitely generated reduced module satisfying the condition (P) and N = OP =
{m ∈ M : am = 0 for some a /∈ P}, where P ∈ Spec(R), i.e, N is a ∗-submodule. Assume that N is a strong
m-submodule of M. Then N = OP = ⋂

α∈�

Nα , where each Nα is a minimal prime submodule of M.

Proof. By Lemma 3.1 and [15, Lemma 2.20], radN = N. Then by Lemma 3.4, N = ⋂

α∈�

Nα , where each

Nα is a minimal prime submodule containing N.

Theorem 3.6. Suppose that M is a finitely generated faithful reduced module satisfying the condition (P).
Suppose for each P ∈ Spec(R), OP is a strong m-submodule. Consider the following conditions:

(i) M is a locally torsion-free module.
(ii) OP is a prime submodule for each P ∈ Spec(R).

(iii) Any two distinct minimal prime submodules are comaximal.

Then (i) ⇒ (ii) ⇒ (iii) and (iii) ⇒ (i) if for any m ∈ M, annR(m) = annR(r) for some r ∈ R.

Proof. (i) ⇒ (ii) : Suppose (i) holds. Suppose am ∈ OP with m /∈ OP, where P is prime ideal. Then
a′am = 0 for some a′ /∈ P. By (i), annR(a) + annR(a′m) = R. Note that annR(a′m) ⊆ P, so annR(a) �
P, and thus ra = 0 for some r /∈ P. Clearly a ∈ (OP :R M). Thus, OP is a prime submodule.

(ii) ⇒ (iii) : Suppose (ii) holds. By Lemma 3.4, for each prime ideal P of R, OP is a minimal prime
submodule. Again for each prime submodule K of M, O(K:RM) is the only minimal prime submodule
contained in K, so any two distinct minimal prime submodules are comaximal.

(iii) ⇒ (i) : Suppose that P is a minimal prime submodule of M. Then P is minimal over O(P:M). Since
O(P:M) is a strong m-submodule, P is an m-submodule, that is, P = (P :R M)M. Thus, M satisfies the
condition (#). So by Proposition 2.14, M is a locally torsion-free module.

Lemma 3.7. Let M be a reduced module and N be a Baer submodule. Then (N :R M) = √
(N :R M).

Proof. Let a ∈ √
(N :R M). Then ak ∈ (N :R M) for some k ∈ N. This implies that akm ∈ N for each

m ∈ M. Since N is a Baer submodule and annR(akm) ⊆ annR(am), we get am ∈ annM(annR(am)) ⊆
annM(annR(akm)) ⊆ N, and so a ∈ (N :R M).

Definition 3.8. Let M be an R-module and N a proper σ -submodule of M.

(i) N is called a maximal σ -submodule if N is a maximal element in σ(M).
(ii) N is called a prime σ -submodule if N1 ∩ N2 ⊆ N implies that either N1 ⊆ N or N2 ⊆ N for every

N1, N2 ∈ σ(M).

Note that a maximal σ -submodule is a prime σ -submodule and if M is finitely generated, then every
σ -submodule is contained in a maximal σ -submodule.

Lemma 3.9. Let M be a finitely generated reduced R-module. Consider the following cases:

(i) Every minimal prime submodule is a σ -submodule.
(ii) Every minimal prime submodule is a maximal σ -submodule.

(iii) Every maximal submodule contains a unique minimal prime submodule.
(iv) M is a normal module, i.e, every prime submodule contains a unique minimal prime submodule.

Then (i) ⇒ (ii) ⇒ (iii) ⇒ (iv).

Proof. (i) ⇒ (ii) : Let N be a minimal prime submodule. Then by (i), N is a σ -submodule. Since
M is finitely generated and N is a proper submodule, there exists a proper maximal σ -submodule
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K containing N. Let m ∈ K. Assume that m /∈ N. This implies that annR(m) ⊆ (N :R M) since N is a
prime submodule. As K is a σ -submodule and m ∈ K, it follows that annR(m) + (K :R M) = R and this
gives (N :R M)+ (K :R M) = (K :R M) = R and so K = M which is a contradiction. So that N = K, i.e,
N is a maximal σ -submodule.

(ii) ⇒ (iii) : Let Q be a maximal submodule of M. Assume that Q contains two distinct minimal
prime submodules K, N of M. By assumption K, N are maximal σ -submodules. Since K + N is also a
σ -submodule, we have K + N = M ⊆ Q, a contradiction.

(iii) ⇒ (iv) : It is clear.

Theorem 3.10. Let M be a finitely generated faithful reduced module satisfying (#) property. Further
assume that for any m in M, annR(m) = annR(a) for some a in R. Then the following statements are
equivalent:

(i) Every maximal submodule contains a unique minimal prime submodule.
(ii) M is a normal module.

(iii) M is a locally torsion-free module.
(iv) Every ∗-submodule is a σ -submodule.
(v) Every minimal prime submodule is a σ -submodule.

(vi) Every minimal prime submodule is a maximal σ -submodule.

Proof. Follows from Lemmas 3.9, 2.13, Theorems 3.2 and 2.16.

Now, we characterize σ -submodules in terms of ∗-submodules.

Proposition 3.11. Let M be an R-module. Then a submodule N of M is a σ -submodule if and only if
N = ⋂

Q
OQ, where Q denotes any maximal ideal containing (N :R M).

Proof. ⇒: Let m ∈ N. Since N is a σ -submodule, it follows that annR(m) + (N :R M) = R. Let P be a
maximal ideal contaning (N :R M). Then annR(m) � P and so m ∈ OP, i.e, m ∈ ⋂

Q
OQ, where Q denotes

any maximal ideal containing (N :R M). Conversely, assume that m ∈ ⋂

Q
OQ, where Q is any maximal

ideal containing (N :R M). Let P be a maximal ideal of R. If P contains (N :R M), then m ∈ OP and so
rm = 0 for some r /∈ P. This implies that annR(m)P = RP. Otherwise, we would have (N :R M) � P and
so (N :R M)P = RP. In both cases we have (annR(m) + (N :R M))P = RP for all maximal ideal P of
R and so annR(m) + (N :R M) = R. This gives x + y = 1 for some x ∈ annR(m) and y ∈ (N :R M) and
so m = xm + ym = ym ∈ N. Thus N = ⋂

Q
OQ.

⇐: Assume that N = ⋂

Q
OQ, where Q denotes any maximal ideal containing (N :R M). Now we show

that N is a σ -submodule of M. Let m ∈ N. Assume that annR(m) + (N :R M) �= R. Then there exists a
maximal ideal Q′ of R such that annR(m)+(N :R M) ⊆ Q′. Since m ∈ N = ⋂

Q
OQ, we have m ∈ OQ′ and

so r′m = 0 for some r′ /∈ Q′, i.e, annR(m) � Q′ which is a contradiction.

Recall from [13], that a submodule N of M is a complemented submodule if there exists a submodule
K of M such that N +K = M and N ∩K = 0. We say that a submodule N of M is a locally complemented
if NQ is a complemented submodule of RQ-module MQ for each Q ∈ Max(R).

Proposition 3.12. Let N be a σ -submodule of M. Then N is a locally complemented submodule.

Proof. Assume that N is a σ -submodule of M. Then by previous proposition, N = ⋂

Q
OQ, where

Q denotes any maximal ideal containing (N :R M). Let P be a maximal ideal of R. If (N :R M) � P, then
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NP = MP. Assume that (N :R M) ⊆ P. Let m ∈ N, then m ∈ OP and so rm = 0 for some r /∈ P, i.e,
m
1 = 0. Thus NP = 0P.

Recall that an R-module M is called a colon distributive module if (N + K :R M) = (N :R M) +
(K :R M) for each N, K ∈ L(M). In fact, colon distributive module was first studied by Smith in [24]
as μ-module. Note that a finitely generated module M is a colon distributive module if and only if M is
a multiplication module [24, Theorem 3.8]. We call an R-module M a locally faithful (locally colon
distributive) module if RQ-module MQ is a faithful (colon distributive) for all maximal ideal Q of R. Note
that if M is a finitely generated module, then M is locally faithful (locally colon distributive) module if
and only if it is a faithful module (colon distributive).

Lemma 3.13. Let M be a locally faithful and locally colon distributive R-module. If N is a locally
complemented submodule, then N is a σ -submodule.

Proof. Let N be a locally complemented submodule of a locally faithful and locally colon distributive
R-module M. Assume that N is not a σ -submodule. Then there exists m ∈ N such that m /∈ OQ for
some maximal ideal Q ⊇ (N :R M). This implies that for all r /∈ Q, rm �= 0 and so m

1 �= 0 and so
NQ �= 0. Since (N :R M) ⊆ Q, we have NQ �= MQ. As N is a locally complemented and MQ is a colon
distributive, by [13, Lemma 3], NQ = e

s MQ for some weak idempotent e
s ∈ RQ. Since MQ is faithful, then

e
s is idempotent in RQ. Note that only idempotents are 0Q, 1Q in RQ and so NQ = MQ or NQ = 0Q, a
contradiction.

Theorem 3.14. Let M be a locally faithful and locally colon distributive module. Then the following
statements are equivalent for any submodule N of M:

(i) N is a locally complemented submodule.
(ii) N is a σ -submodule.

(iii) N = ⋂

Q
OQ, where Q denotes any maximal ideal containing (N :R M).

Proof. Follows from Lemma 3.13 and Proposition 3.12.

Proposition 3.15. Let M be a faithful colon distributive normal module. Further assume that for any m
in M, annR(m) = annR(a) for some a in R. Then a submodule N of M is a maximal σ -submodule if and
only if N is a minimal prime submodule.

Proof. Let N be a minimal prime submodule. Then by Theorem 3.10, N is a maximal σ -submodule.
Let N be a maximal σ -submodule of M. First note that M is a multiplication module since it is
colon distributive. Take a maximal submodule K containing N. Then Q = (K :R M) is a maximal
ideal containing (N :R M). Since N is a σ -submodule, NQ is a complemented in RQ-module MQ by
Proposition 3.12 and so by the proof of Lemma 3.13, NQ = 0. This implies that N ⊆ OQ. Since OQ is
a ∗-submodule and M is a normal module, so OQ is a σ -submodule of M by Theorem 3.10. By the
maximality of N, N = OQ. Since MQ is torsion-free, it follows that N = OQ is a prime submodule.
Let N′ be a minimal prime submodule of M which is contained in N. Then N′ is a σ -submodule by
Theorem 3.10. Let m ∈ N − N′. Then annR(m) ⊆ (N′ :R M) and also annR(m) + (N :R M) = R =
(N′ :R M) + (N :R M) = (N :R M) a contradiction so that N = N′.

Proposition 3.16. Let M be a finitely generated R-module. Then the following statements are satisfied:

(i) If N is a prime submodule and also a σ -submodule, then N is a prime σ -submodule.
(ii) If M �= T(M) and N is a prime submodule which is also a σ -submodule, then (N :R M) is a prime

σ -ideal.
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Proof. (i) : Let N be a prime submodule which is also a σ -submodule. Since M is finitely generated, there
exists a maximal σ -submodule K containing N. Then (N :R M) ⊆ (K :R M). Let m ∈ K − N. Since N is
a prime submodule, it follows that annR(m) ⊆ (N :R M). Also note that annR(m)+ (K :R M) = R since
K is a σ -submodule. Thus we have (N :R M) + (K :R M) = (K :R M) = R which is a contradiction.
Hence N = K is a maximal σ -submodule so that it is a prime σ -submodule.

(ii) : By [14, Proposition 3.18], (N :R M) is a σ -ideal. Since N is a prime submodule, (N :R M) is a
prime ideal. By similar argument in (i), (N :R M) is a maximal σ -ideal so that it is a prime σ -ideal.

Proposition 3.17. Let M be a finitely generated non-torsion module satisfying (#) property and R is a
reduced ring. Then every minimal prime submodule is a Baer submodule.

Proof. Suppose that N is a minimal prime submodule. By Proposition 2.9, (N :R M) is a minimal prime
ideal. So (N :R M) is a ∗-ideal. Since M is a non-torsion module and N is a prime m-submodule, by [15,
Lemma 2.5], N is a ∗-submodule. Then by [15, Proposition 2.7], N is a Baer submodule.

We now characterize Baer modules in terms of ∗-submodules and σ -submodules.

Theorem 3.18. Let M be a finitely generated non-torsion reduced multiplication module. Then M is a Baer
module if and only if every Baer submodule is a ∗-submodule and every ∗-submodule is a σ -submodule.

Proof. ⇒: Suppose that M is a Baer module. Let N be a Baer submodule. Then by [15, Lemma 2.23],
N = ⋂

α∈�

Nα , where Nα ’s are prime Baer submodules. This implies that (N :R M) = ⋂

α∈�

(Nα :R M). By

[15, Lemma 2.24], (Nα :R M)’s are prime Baer ideals. Since M is finitely generated faithful Baer module,
by [14, Proposition 2.12], R is a Baer ring so is a quasi-regular ring. Then by [12, Theorem 3], (Nα :R M)’s
are minimal prime ideals. Again by [12, Corollary 3], (N :R M) is a ∗-ideal. Suppose that (N :R M) =
O(S) for some multiplicatively closed subset S of R. Then (N :R M) ∩ S = ∅. Let

−−→
O(S) = {m ∈ M :

rm = 0 for some r ∈ S}. Now we will show that N = −−→
O(S). Let m ∈ N. Then m =

n∑

i=1
aimi, where

ai ∈ (N :R M). So aisi = 0 for some si ∈ S. Put s = s1s2 · · · sn. Then sm = 0. So that N ⊆ −−→
O(S). Note

that by [16, Theorem 3], M is a locally torsion-free module. Suppose that m ∈ −−→
O(S). Then rm = 0 for

some r ∈ S. This implies that annR(r) + annR(m) = R and so 1 = s + r′ for some s ∈ annR(r) and
r′ ∈ annR(m). Thus m = sm. Since sr = 0, s ∈ O(S) = (N :R M). So m ∈ (N :R M)M = N. Then we
have N = −−→

O(S).Thus N is a ∗-submodule. By Theorem 3.10, every ∗-submodule is a σ -submodule. The
converse part follows from [14, Theorem 3.6].

4. Topological characterizations of normal modules

Let R be a ring and I be an ideal of R. The variety of I, denoted by VR(I), is defined by VR(I) = {p ∈
Spec(R) : I ⊆ p}. Then the collection ζ(R) = {VR(I) : I ≤ R} satisfies the axioms for closed sets
in a topological space. The resulting topology is known as the Zariski topology on Spec(R). For any
element r ∈ R, the set Dr = Spec(R) − VR(rR) is open in Spec(R) and it is well-known that the family
F = {Dr : r ∈ R} forms a base for the Zariski topology on Spec(R).

The set of minimal prime ideals of a ring R will be denoted by Min(R). We consider Min(R) as a
subspace of Spec(R) with the Zariski topology. For an ideal I of R, we denote the set VR(I) ∩ Min(R) by
Vo

R(I). Clearly, {Vo
R(I) : I ≤ R} is the family of closed sets of Min(R) and the family {Do

r = Dr ∩Min(R) :
r ∈ R} forms a base for the Zariski topology on Min(R). More information about the space of minimal
prime ideals can be found in [1] and [9].

The set of prime submodules of an R-module M is called the prime spectrum of M and denoted by
Spec(M). The Zariski topology on Spec(M) is described by taking the set {V(N) : N ≤ M} as the family
of closed sets of X = Spec(M) where V(N) = {P ∈ Spec(M) : (N :R M) ⊆ (P :R M)}.
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Let M be an R-module. The ring R/annR(M) will be denoted by R and I will denote the ideal
I/annR(M) where I is an ideal of R containing annR(M). The map ψ : Spec(M) −→ Spec(R), defined
by ψ(P) = (P :R M), is called the natural map of Spec(M) [21]. If M is a finitely generated R-module,
then the natural map ψ is surjective by [21, Proposition 3.5].

Lemma 4.1. Let M be an R-module and ψ : Spec(M) −→ Spec(R) be the natural map.

(1) [21, Proposition 3.1] ψ is continuous for the Zariski topologies; more precisely, ψ−1(VR(I)) = V(IM)

for every ideal I of R containing annR(M).
(2) [21, Theorem 3.6] If ψ is surjective, then ψ is both open and closed map; more precisely, for every

N ≤ M, ψ(V(N)) = VR((N :R M)) and ψ(Spec(M) − V(N)) = Spec(R) − VR((N :R M)).
(3) [21, Proposition 4.3] Let M be an R-module and Xr = Spec(M) − V(rM) for any r ∈ R. Then the set

{Xr : r ∈ R} forms a base for the Zariski topology on Spec(M).
(4) [21, Proposition 4.1] Let M be an R-module, r ∈ R and ψ : Spec(M) −→ Spec(R) be the natural map.

Then

(a) ψ−1(Dr) = Xr
(b) ψ(Xr) ⊆ Dr. If ψ is surjective, then ψ(Xr) = Dr.

The set of all minimal prime submodules of an R-module M will be denoted by Min(M). Consider
Min(M) as a subspace of Spec(M) with the Zariski topology. For a submodule N of M, we denote the
set V(N) ∩ Min(M) by Vo(N). Clearly, {Vo(N) : N ≤ M} is the family of closed sets of Min(M).
Since the family {Xr : r ∈ R} is a base for the Zariski topology on Spec(M), the subspace Min(M) has
{Xo

r = Xr ∩ Min(M) : r ∈ R} as a base of open sets.
Let M be a finitely generated R-module satisfying condition (#). Then, by Proposition 3, we can define

the map ψo : Min(M) −→ Min(R) by ψo(P) = (P :R M). Clearly, ψo is the restriction map of the
natural map ψ on Min(M). Also, ψo is surjective by Proposition 3.

Lemma 4.2. Let M be a finitely generated R-module satisfying condition (#). Consider the map ψo :
Min(M) −→ Min(R) defined as above. Then the following statements are true.

(1) The map ψo is continuous.
(2) The map ψo is both closed and open.
(3) (ψo)−1(Do

r ) = Xo
r for any r ∈ R.

(4) ψo(Xo
r ) = Do

r for any r ∈ R.
(5) Assume that R is a reduced ring. Then, Xo

r = Vo(IM) where I/annR(M) = annR(r). In particular,
Vo(rM) and Xo

r are disjoint open and closed sets.

Proof. (1) This is clear since ψo is the restriction of the continuous map ψ : Spec(M) −→ Spec(R).
(2) Let N ≤ M. Then we have ψo(V(N) ∩ Min(M)) = ψ(V(N) ∩ Min(M)) = ψ(V(N)) ∩

ψ(Min(M)) = VR((N :R M)) ∩ Min(R) by Lemma 4.1-(2). Thus ψo is a closed map. Similarly,
ψo(Min(M) − (Min(M) ∩ V(N))) = ψ(Min(M) − (Min(M) ∩ V(N))) = ψ(ψ−1(Min(R)) −

ψ−1(Min(R)∩VR((N :R M)))) = ψψ−1(Min(R)− (Min(R)∩VR((N :R M)))) = Min(R)− (Min(R)∩
VR((N :R M))) since ψ is surjective. Thus ψo is an open set.

(3) (ψo)−1(Do
r ) = ψ−1(Dr ∩ Min(R)) = ψ−1(Dr) ∩ ψ−1(Min(R)) = Xr ∩ Min(M) = Xo

r by
Lemma 4.1-(4).

(4) Since ψo is surjective, this follows from part (3).
(5) By part (3), we have Xo

r = (ψo)−1(Do
r ). By [9, Theorem 2.3], Do

r = Vo
R(annR(r)). There exists

an ideal I of R containing annR(M) such that annR(r) = I/annR(M). Thus Do
r = Vo

R(annR(r)) =
VR(annR(r)) ∩ Min(R) = VR(I) ∩ Min(R). It follows that Xo

r = (ψo)−1(Do
r ) = (ψo)−1(VR(I) ∩
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Min(R)) = ψ−1(VR(I) ∩ Min(R))) = ψ−1(VR(I)) ∩ ψ−1(Min(R)) = V(IM) ∩ Min(M) = Vo(IM) by
Lemma 4.1-(1).

Corollary 4.3. Let M be a finitely generated R-module satisfying condition (#) and R be a reduced ring.
Then Min(M) is a Hausdoff space with a base of clopen sets.

Proof. Let P and P′ be distinct minimal prime submodules of M. Since M satisfies the condition (#),
(P :R M) �= (P′ :R M). Let a ∈ (P :R M) − (P′ :R M). Then, by Lemma 4.2-(5), Vo(aM) and Xo

a are
disjoint open sets containing P and P′, respectively. Hence Min(M) is a Hausdorff space.

Theorem 4.4. Let M be a finitely generated multiplication R-module. Then the following are equivalent.

(1) M is a Baer module.
(2) M is a normal module and Min(M) is a compact space.
(3) R is a reduced ring and there exists a continuous function δ from Spec(M) onto Min(R) which is the

identity on Min(M).

Proof. (1) �⇒ (2) M is a normal module by Remark 1. R is a Baer ring by [14, Proposition 2.12].
Since M is a reduced R-module, R is a reduced ring. According to [1, Theorem on p. 83], Min(R) is a
compact space. Since {Xo

r : r ∈ R} is a base for the Zariski topology on Min(M), for any open cover of
Min(M), there is a family {rλ : λ ∈ 	} of elements of R such that Min(M) ⊆ ∪λ∈	Xo

rλ . By Lemma 4.2-
(4), ψo(Min(M)) = Min(R) ⊆ ∪λ∈	ψo(Xo

rλ) = ∪λ∈	Do
rλ . Since Min(R) is a compact space, there

exists a finite subset 	′ of 	 such that Min(R) ⊆ ∪λ∈	′Do
rλ whence (ψo)−1(Min(R)) = Min(M) ⊆

∪λ∈	′(ψo)−1(Do
rλ) = ∪λ∈	′Xo

rλ by Lemma 4.2. Thus Min(M) is a compact space.
(2) �⇒ (3) By Proposition 2.12, R is a normal ring, hence it is reduced and every prime ideal of R

contains a unique minimal prime ideal. Also, Min(R) is the image of the compact space Min(M) under
the continuous function ψo. So Min(R) is also a compact space. By [1, Theorem on p. 83], there exists a
continuous function ϕ from Spec(R) onto Min(R) which is the identity on Min(R). Consider the natural
map ψ : Spec(M) −→ Spec(R). Since ψ is continuous, the function ϕoψ is a continuous map from
Spec(M) onto Min(R) which is the identity on Min(M).

(3) �⇒ (1) Define the map φ : Spec(R) −→ Spec(M) by φ(P) = PM. Then it can be easily seen
that φ−1(V(N)) = VR((N :R M)) for any submodule N of M. Thus φ is a continuous map. By (3), there
is a continuous function δ : Spec(M) −→ Min(R) which is the identity on Min(M). It follows that
δoφ : Spec(R) −→ Min(R) is a continuous map which is the identity on Min(R). By [1, Theorem on p.
83], R is a Baer ring. Hence, M is a Baer module by [14, Theorem 2.14].
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