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1 | INTRODUCTION

The Dirac operator is one of the fundamental tools of the geometry and topology for mathematicians and previous
works.!* The Dirac operator owes its fame to the fact that Witten made basic proof of the positive mass theorem on
the basis of this operator.> The self-adjoining of the Dirac operator makes it possible to study its eigenvalues.>*® One
of these studies is the estimating lower bound for the eigenvalues of the Dirac operator.”'* The lower bound estimates
corresponding to the square of the first eigenvalue of the Dirac operator defined on a closed Riemannian spin manifolds
have been studied intensively in terms of the scalar curvature, energy—-momentum tensor, and divergence-free symmet-
ric.>15717 In this direction, the first estimates is given in 1963 by Lichnerowicz.!” The author used an integration of the
Schrédinger-Lichnerowicz formula defined on a closed Riemannian spin manifold to get the following lower bound:

Scal

A2 >
4

(1.1)
where Scal is the scalar curvature of the manifold. Of course, this result is interesting when the scalar curvature is positive,
but the estimate can be improved. Accordingly, the first sharp estimate is obtained in 1980 by Friedrich as follows!®:

2> M geql. 1.2
2 a1 (1.2)

This proof is based on a modification of the spinorial Levi-Civita connection. The equality case is characterized by a
nontrivial real-Killing spinor with positive scalar curvature.
In 1986, Hijazi obtained the following optimal estimates for m > 3-dimension in terms of the Yamabe operator”:

2 m

> mﬂh (1.3)
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where 4 is the eigenvalue of the Yamabe operator. Later on, Bar obtained an estimate in term of the Euler characteristic
of M denoted by y(M) as follows*:
2 » 2
Area(M)

After this point, mathematicians choose to use different geometric invariants such as energy-momentum tensor and
divergence-free symmetric tensor to bring an optimal lower bound for the eigenvalues of the Dirac operator. In this paper,
we optimized Kim's estimates in terms of the trace of divergence-free symmetric tensor.

Before giving an optimal lower bound, let's give some basic information about the B-twist Dirac operator defined as
follows.

Consider an m-dimensional closed Riemannian spin manifold with a spinor bundle S over (M, g) and a spinorial
Levi-Civita connection denoted by V lifted to the spinor bundle by using the Levi-Civita connection given on M. Also,
the Levi-Civita connection given on M is denoted by V. With respect to the spinorial Levi-Civita connection V, Dirac
operator is locally expressed as

1.4)

m
DP = Zei -V, ®, (1.5)
i=1

113

where {ej, ... ,e,}is an orthonormal frame field on M, “-” denotes the Clifford multiplication and @ € I'(S). On the spinor

bundle, S Hermitian inner product is defined by!?
V-2, V-¥) = [V (@.9), 1.6)

where VeTI'(TM) and @, ¥ € I'(S). The spinorial Levi-Civita connection is satisfied the following properties for all vector
fields V, W e I'(TM) and spinor fields @, ¥ € I'(S),

V(@,9) = (Vy®,¥) + (D, VyY¥),
Vy (W-®) =V, W -®+W- V.

In 2009, Kim is obtained two estimates on an m-dimensional closed Riemannian spin manifold for the eigenvalues of
the Dirac operator in terms of the eigenvalue of the B-twist Dirac operator define as’

m m
Ds® = Y B'(e) Vo @ = ) i Vi) @, (1.7)

i=1 i=1

where B is a nondegenerate symmetric (0, 2) tensor field on (M, g) identified with the induced (1, 1)-tensor field B via
B(V, W) =g(V, B(W)). Also, divergence-free symmetric tensor is defined by

div(B™) = Z(Vel_B)(ei) =0.

i=1

Kim's® estimate obtained in Theorem 2.1 is describing with tr(B~!) = 0 and div(B~!) = 0. Accordingly, it is impossible
to comment on the geometry of the manifold in case tr(B~!) is nonzero. In this case, by expanding Kim' s twistor-like
operator

Ty(®) = VyW + pV - & + qB (V) - Dpd (1.8)

to
Ty(®) = Vy® +pV - ® + gB H(V) - Dp® + rtr(B~H)V - Dp®, (1.9

we generalized Kim' s estimates as follows:

. 1 Scal Zf Aa
12 > -4 — 4+ — , 110
1—Sﬁpl7\4f((mp2—zp+1)< 4 " a 24 (1.10)
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where 1; € R is the smallest nonzero eigenvalue of the Dg, p < i and « : M — R is a positive real-valued function
defined as
(@ - pm)|B~? + plr(BH?)’

= . 1.11
“ T B2 - pm) — mp2[tr(B1)2 (111)

Recall that, if tr(B~1) = 0, twistor-like operator given in (1.9) induces to (1.8) which is given by Kim.> The estimates are
still valid. Finally, in the case tr(B~!) # 0, we apply our estimates to the Sasakian spin manifolds which lead us to describe
eta-Killing spinor.

Theorem 1.1. Assume that § is a nondegenerate symmetric tensor defined on an m-dimensional closed Riemannian
spin manifold (M, g) such that div(B™') = 0. Then, the first nonzero eigenvalue A; of D associated with the eigenspinor

@,, satisfied
be:
/1%2supinf _ Sc—al+—1+ﬂ , (1.12)
p M \ (mp?-2p+1) 4 a 2a

where 1, is the smallest nonzero eigenvalue of the Dg, p < ﬁ and a : M — Ris a positive real-valued function defined
as
(0 =pm)IB~ P +pler(B™HI?)*

_ , 1.13
T BIRA - pm — mpr (B2 (1.13)

The equality case of (1.12) is satisfied if and only if Aa vanishes identically and if the spinorial Levi-Civita connection
satisfies

Vy®, = —pAV - @, — qAB (V) - @, — rtr(B-HV - ®y, (1.14)

for some constants 4, 4 and for all vector fields V. Here p, g, r are real-valued functions and @ is the first eigenspinor field
of both D and Dj.

Proof. For any real-valued functions p,q,r and spinor field ® € I'(S), define the following modified spinorial
Levi-Civita connection T on I'(S) by

T,® =V,® + pe; - D® + qB‘l(ei) -Dg® + rtr(B‘l)ei - Dg®.

One can easily compute,

m m
2 (T;®, T;®) = div (®,e;- DD+ V. @) e;| + (mp? —2p +1) |DD|?
i=1

i=1 i
+ (2B 2 - 2q + (2qr + m)|tr(B™V)|?) |Dpd 2 (1.15)
 Seal

n |CI>|2 + (2pq — 2r + 2prm) tr(B‘l) (DO, Dp®).

Remember that the real-valued function « with the eigenspinor ®; corresponding to the eigenvalue 4; of D satisfies
the following equation>:

/adiv 2 (@16 - DDy + V1) €; | p= —1/A(a)|<1>1|2;4. (1.16)
M ' 2/u

i=1

To vanish the last term of Equation (1.15), we set r as

(1.17)
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We still use the parameter r for ease of the calculation obtained below. Then, taking integral of (1.15) over M by
considering Equation (1.16), we get

/ale>1|2u = - %/ (A@|®1 P + (mp? - 2p + 1) ail |,
M M

(1.18)
+ (¢1B7'? = 2q + 2gr + mr)|ir(B™)|?) a|Dp®y |? —aSCT‘”@llZ) .
Let's define the positive function P; as below to get an optimal result:
m
P := / [(Dp®1, Dp®y) — A5 (@1, D1)| p + / [az (T; @1, Tﬂ%)] H
M M| =1
1 -
=/ ((mp* =2p+1) ai|®1%) u - 5/ A@)|® *p — / 111 u
M M M (1.19)
+ / [ ((@*1B'1> = 2q + 2qr + mr)|tr(B™H)|*) a + 1) | Dp®, |
M
—asc—al|d)1|2] u>0.
4
Set the free parameters q and « as
_ 1P _ (a=pm)B P+plirBH)°
4= T A O B
Taking into account (1.17), one can obtain the following equality:
1—r|tr(B™YH|? 1-
_ 1B _rd—pm) (120)
|B-1|2 p
. _ p . .
Solving (1.20), we get r = R Then, in terms of the parameter p, P; can be rewritten as
1 ~
Py =/ ((mp* —2p+1) ad}|®11%) u — —/ A@)| @171 ~ / AN Pp
M 2 M M
mp?*|tr(BH|> — (1 - pm)*|B~'|?
+ / P P = )a+1)1Ds0 (1.21)
M |B-12(IB-1[2(1 — pm)? + pltr(B-1)|?)
oy 2 0.

Finally, if |[B7}|? > W and i > p are chosen to make « positive, then one can get the desired inequality given
in (1.12). U

Note that, if t((B~!) vanishes identically, the spinorial Levi-Civita connection (1.9) reduces to (1.8). In this case, all
results are same with Kim's estimations.’
Consider the ratio of 4; £0 and A; which are first eigenvalues of D and Dg, respectively, and denote this ration by

K1 = % Then under the same conditions as in Theorem 1.1, Equation (1.21) can be rewritten as follows:
1

[0

K2
P, := / (a,if (mp2 -2p+1- _1> |®,|? - %A(a)|d>1|2 - aSCT‘”|q>1|2) u>0. (1.22)
M

This give us the following corollary:
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Corollary 1.2. Under the same conditions as in Theorem 1.1, one has
Scal = Aa
A2 > supin 1.23
oins (5 +55) a2
K2 ~ ~
where{ =mp?* —2p+1 - ;1 andM C Misgivenby M :={xe M : {(x) > 0}.
Corollary 1.3. Under the same conditions as in Theorem 1.1, if real-valued functions p = % andr = —%q are taken in
Equation (1.19), one gets
Scal /E Aa
2> — 1, 1.24
12 l”f( |B_1|2 5 (1.24)

where a : M — R is a real-valued function defined by a = |B7}|.

Proof. Inserting p = % into Equation (1.20), one gets r = —Z—W‘f. This means that the term (2qr + mr?) [tr(B™1)I? given
in Equation (1.19) is vanished. Then P; induces to

1 .
P, 3=/ (aﬁﬂq)ﬂz— EA(G)|¢1|2—/1%|¢1|2
M

Seal (1.25)
- ca
+ (@B - 2)a +1) |DB<I>1|2—a—|<I>1|2> > 0.
If the free parameters q and « are taken as follows:
1 —1|2
one gets the desired result given in (1.24). O

As in Corollary 1.2, consider the ratio of 4; # 0 and A1 which are the first eigenvalues of D and Dg, respectively, and
denotes this ration by k; := % Then under the same conditions as in Corollary 1.3, Equation (1.25) can be rewritten as
1

K
/<azz< 7 1|2>|<D1|2——A( )|CI)1|2—aSC—al|<I>1|2> >0, (1.27)
M

This proves the following:

follows:

Corollary 1.4. In the notations of Corallary 1.3, we have
A} > supinf <Sc_al+£> , (1.28)
M

where{ =1 —

|BI|2 and M C M isgivenby M := {x € M : {(x) > 0}.

In the next theorem, we construct a spinorial Levi—Civita connection with respect to the nondegenerate symmetric
tensor and its trace to give a lower bound estimate.

Theorem 1.5. Assume that § is a nondegenerate symmetric tensor defined on an m-dimensional closed Riemannian
manifold (M, g), such that div(B™') = 0. Let x; be the ratio of 21 € R, 1; # 0 € R which are the first eigenvalues of D
and Dg, respectively. Then, for any real-valued functions q,r : M — R satisfying both

1

ABT >q>0 and q(1+q|B7'» > (2qr + mr)|tr(B™H)|?, (1.29)
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we have
M2 > sup inf Scal + A@) , (1.30)
K(q.rk;) M 4K(q’ r, Kl) 2K(q’ r, Kl)

where k(q, 1, k1) and a are real-valued functions defined on M by

(m—1) (q|B!>@m + mq|B7|* + 2q|tr(B™)|?))
k(q,r, k1) = 2
(q —2q|B1|2) (m + mq|B~'|? + q|tr(B-1)|?)
(m—=1) (qltrB™H|? (1 = m|tr(B™V)|?) — m)

(q-2q1B' ) (m + mq| B> +qlr(BH)?)’
, (mr2+2¢%) [ B I + (@ — mPqr - 2mg’r) B HI|B P (1.31)

(¢ —2qIB-12) (m + mg|B~1|? + glor(B-H)?)°
+m@?|tr(B~Y)|?[B71* — (mgr? + 2¢%r) |tr(B™Y)|® 2>
+ — K
(¢ - 2qIB-12) (m + mg|B~1|? + glor(B-H|?)°

1
@ =—)
q - 2¢*|B71|?

respectively, and M = {x € M|k(q, r, k1)(x) > 0}.
Equality case of (1.30) is satisfied if and only if the spinorial Levi-Civita connection satisfies

Vy®, = —pAV - @, —qIB (V) - @, — rtr(BHV - &, (1.32)

for some constant A, € R, 1 # 0 and for all vector fields V . Here, p, q, r are real-valued functions given in (1.45)
and (1.47) and @, is the first eigenspinor of both D and Dg.

Proof. Consider the following modified spinorial Levi—Civita connection T defined on I'(S) by
Ty® = Vy® + pV - DO + gB~ (V) - Dg® + rtr(B™)V - Dp®, (1.33)

where p, g, r are real-valued functions defined on M. Assume that 4, is the first eigenvalue of D associated with the
eigenspinor ®; and A, is the first eigenvalue of D such that A=Kk Using (1.15)—(1.16) with positive real-valued
function « and free functions y, x : M — R to define the following positive real-valued function Ps as follows:

m
Ps := / [(Dp®1, Dp®@1) — K7 A7 (D1, D1)| p + / a) |Tid, |2
M M =1

+ 7% (Dp®, — kD®;, Dp®; — kD®y)]u

Scal (1.34)

Aa
= / [(mp2 - 2p + 1) a+ }/21('2 — Klz)ﬂfl(bllz - T(X|©1|2 — qu)1|2
M

+2 ((pq — r + prm)tr(B™")a — y*c) Ay (Dp®, 1)
+ ((¢*1B7'1? = 2q + qr + mr®)|tr(B™H)*) a + y* + 1) |Dp®y|* > 0.
Using the relation Dp®, = xD®;, then multiplying modified spinorial Levi—-Civita connection defined in (1.33)
with e; and B~!(e;) and then summing over i = 1, ... , m gives Equations (1.35) and (1.36), respectively. To vanish the

last two lines of (1.34), the real-valued functions p, g, ¥, @, v, k have to satisfy the following four equations:

(1 - mp) — (g + mn)tr(B )k =0, (1.35)

(1 +qB - r(tr(B-l))2> k — ptr(BY) =0, (1.36)
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(pq — r + prm) tr(B Ha — y*kx = 0,

(PIB'1? =2q+ (2qr + mr?) [r(B )’ ) e+ > +1 = 0.
Solving Equation (1.36), one has
(1+qIB7? = rltr(B™HI?) k
tr(BY) '

Inserting (1.35) into Equation (1.37), we have

(pqg — r(1 = pm)) tr(B™YYa — v’k = (pq — rx(q + mr)tr(B™)) tr(BHa — k.

Inserting p into Equation (1.40), we get
y? = a(qL+qIB™ )~ Q@qr + mr)|rB ).

Putting y2 into Equation (1.38), we obtain

1
Q= ——".
q(1 —2q|B7'?)

Note that Equations (1.35) and (1.36) together give

. 1-mp pir(B™Y)
ST qrmnrBY T A+ qBP - rrB YD)

Also solving Equations (1.35) and (1.36), we have

o tr(B™1)
~ (m+mgq|B1|2 + qltr(B1)|?)’

This means
(1 +gqIB2 = rlr(BH?)
© (m+mq|B2 +qltr(B-H?)

So the relations

1 (g1 +q|B71|?) — (2gr + mr?)|tr(B™1)|?)
a=——>0, y2 =
q(1 —2q|B~1]?) q(1 —2q|B71|?)
2= p(1 —mp)
(q +mr)(1 +q|B~1|2 = r|tr(B~1)|?)
(1 —mp)

0

= >
(@ + mr)(m + mq|B~1|% + q|tr(B~1)|?)

imply the restriction
1

BT >q>0 and q(1+q|B'1?) > Q2qr+ mr?)|tr(B™YH|2.

WILEY——27

(1.37)

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)

(1.47)

Inserting (1.45) and (1.46) into (1.34) gives the desired estimates given in (1.30). The limiting case of (1.30) is easy

to check.

O
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2 | ESTIMATING OVER SASAKIAN SPIN MANIFOLDS

In this section, we get an eigenvalue estimate with the aid of the divergence-free symmetric nondegenerate tensor B~} =
i - ié ® 1 by applying Theorem 1.1 and Theorem 1.5 to the Sasakian spin manifolds. Then, by using the relations
between the eta-Killing pair (i, v) corresponding to the eta-Killing spinor and the decomposition property of the spinor
bundle built over Sasakian spin manifold, we investigate the geometric properties of the equality case.

On a 2n + 1 dimensional manifold M, Sasakian structure is defined by an almost contact metric structure of M. An
almost contact metric structure is expressed by (¢, &, , g). Here, ¢ is a (1, 1)-tensor field, ¢ is a vector field, # is a 1-form,
and g is the metric. An almost contact metric structure satisfies

n&) =1, ¢> = =V +n(V)E gV, pW) = gV, W) = n(V)n(W). (2.1)
On an almost contact metric manifold a fundamental 2-form O is defined as
PV, W) =g(V,p(W)),
where V, Wis a vector fields. In addition, if the following condition is satisfied
(Vv) W =gV, W) —n(W)V (2.2)

for all vector fields V, W, then an almost contact metric structure is called Sasakian structure and with this structure
manifold is called Sasakian. Moreover, if the Ricci curvature tensor Ric defined on the Sasakian manifold (M, ¢, &,7,8)
satisfies

Ric=ug+wv®n (2.3)

for some constants u,v € R with u + v = 2n, then the Sasakian manifold (M, ¢, &, 1, g) is called eta-Einstein. Friedrich
and Kim showed that any Spinor bundle constructed on an almost contact metric manifold is split under the action of
the fundamental 2-form. For more information, see Friedrich and Kim.!>

Definition. On an (m = 2n+ 1)-dimensional Sasakian spin manifold (M, ¢, &, , g), eta-Killing spinor with Killing pair
(u,v) is characterized by a nontrivial spinor field @ satisfying

Vy® =uV - ®+vp(V)E- @ (2.4)

for some real numbers u,v € R,u # 0 and VV €T'(TM).

Since eta—Killing spinor with Killing pair (u, v) is an eigenspinor of the Dirac operator with eigenvalue A = —(2n+1)u—v,
Killing pair (u,v) can be expressed in terms of the scalar curvature by considering some special decomposition of the
spinor bundle.'?

Theorem 2.1. Let (M, ¢, & 1) be an 2n + 1-dimensional a closed Sasakian spin manifold n> 1. Let B! = é -
1, div(B™') = 0. Let A; and 1, be the first eigenvalue of D and Dg, respectively. Then we have

¢®

1
m

2> supinf (2.5)

1 Scal ~m*(mp* —2pm+ 1A
p.x(p) M (mp2 - 2p + 1) |

+
4 (m—-1(p -1
where p < ﬁ and A; € R is the first eigenvalue of Dg. Also, if A; # 0, inequality (2.5) can be rewritten

. 1 Scal 1
A2 > ,p < —, 2.6
L= SL;p”?v[f (mp?—2p+1) <4K(p)> P=<sm (2.6)
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where k(p) and u; are real-valued functions on M defined by

_ (m=1)(p—1*(mp? - 2p + 1) — m*(mp® - 2pm + D}

x(P) (m—-1)(p - 1)*(mp? -2p+1) (2.7

_h
/"1—)’1-

The equality case of (2.5) is satisfied in two cases if and only if there exist an eta—Killing spinor ®; with the following
Killing pairs
1.
1 m Scal 1 m Scal
_’ - DV b __’ VN b 2‘8
(2 4+4(m—1)> ( 2 4 4(m—1)> 28)

where m > 5 and @; is the first eigenspinor of Dg.
2.

(2.9)

4 ’ 4

<—2+ V4 +2Scal 4—/4+ 25cal>

where m = 3 and such ®; is the first eigenspinor of Dp.

Proof. Let's define the nondegenerate symmetric tensor field B! on Mby B~! = i - ié ® 1. So, the positive function
given in (1.13) can be rewritten as follows:

(m - 1)(p - 1)

= . 2.10
m2(mp? — 2pm + 1) (2.10)

Inserting the function « into (1.12), one gets inequality (2.5) and (2.6), respectively. Considering B~ = # - ié ®7,
we get

tr(B™Y) = m__l, B =" _21 (2.11)
m m
In limiting case, by taking into account (1.14), one can rewrite spinorial Levi—-Civita connection as follows:
mp A-pmm? -
Ve® = — | pA M)e & — ——— 4B (e) - P
e, P1 <P 1+1—p 1)91 1 m-1(1-p) 1B7 (&) - &1
- 1- 2 . .
S PSRN B WO S o L L o (R, (V-3 DS (2.12)
1-p m-DA-p '\m m
_ m - m(l —pm) .
== (P/ll +—— 1/11) e - Dy — m/ﬁ”l(ﬁ)é‘ - @y
Accordingly, in limiting case, eta-Killing spinor with Killing pair is described as
- DA + mi; 1-pm)i
(v = (P DA A mA = pmh ) (2.13)
m—1 (m-1)1-p)

In case n > 2, eta-Killing spinor is characterized with eta-Killing pair given in (2.20). Let M be a 3-dimensional
Sasakian spin manifold. Then, by using Proposition 3.2 and Proposition 3.3 given in Kim,> eta-Killing pair can be
rewritten in terms of the scalar curvature of M as follows:

() (—2+\/4+ZScal 4 — 4+ZScal>
1,V1) = ’ :
4

n (2.14)
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This means
pm—1i +mphy m(l—pm)iy \ [ =2+ V4 +2Scal 4—+/4+2Scal (2.15)
m—1 "m-1)Q1-p)) 4 ’ 4 : :
Accordingly, the first eigenvalue of D and Dy can be described as follows:
Gp-1) (—2 VA ZScal> —p(1—p) (4 a4+ 2Scal)
M= ,
' 4p(3p— 1)
(2.16)
. a-p (4 —Var ZScal>
M= ,
' 6G3p-1)
where p < é O

In the next theorem to consider application of Theorem 1.5 over Sasakian spin manifolds, we use same divergence-free
symmetric tensor given in the proof of Theorem 1.1.

Theorem 2.2. Let (M, ¢, & 1) be an 2n + 1-dimensional a closed Sasakian spin manifold n> 1. Let B! = i - ié ®

1, div(B™') = 0. Let A; and A, be the first eigenvalues of D and Dy , respectively, and denote k; = % Then, for any
1
real-valued functions q,r : M — R satisfying

m> g (m?+q(m-1) ,
_— 0 d 2 2.17
2m-1) 9177 " o Gartmr), (2.17)
we have
Scal
M2> sup in <—> , (2.18)
! K(q,r,lr)(l) Mf 4x(q,1, K1)

where k(q, 1, k1) are real-valued functions on M defined by

1220 — 202 (m —
K(q, 1, k1) = ( (m =1y (m’q = 2q°(m =~ 1) ((m =1y’ (mg® — 2m’qr

m*(m? + q(m — 1)(2m — 1))2
—4am?@*r + m2qr* 4+ 2mq’r — q* + 2m2qr + 4mq*r — mqr*

(2.19)
=29°r + m’r* + 2qm* + mq’) + 3m*q — qm® + 3m*q’

3 2y _ 2
—6m® +2m )—K1>.

The equality case of (2.18) is satisfied in two cases if and only if there exist an eta-Killing spinor ®; with the followings
Killing pairs:

1.

1 m Scal 1 m Scal
- —_—t — _ = - — 2.2
(2’ 4+4(m—1)>’< 2’ 4 4(m—1)>’ (2.20)

where m > 5 and ®; is the first eigenspinor of Dp.

<—2 +1/4+2Scal 4—+\/4+ ZScal>

2.

(2.21)

4 ’ 4

where m = 3 and such ®; is the first eigenspinor of Dg.

Proof. Let's define the nondegenerate symmetric tensor field B on Mby B~} = i - i.f ®#. So, the positive functions
k(q, 7, k1) can be rewritten as in (2.19). These give us desired inequality (2.18).
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In equality case, in terms of the real functions p, g, r the spinorial Levi—Civita connection can be written as
5 1 m-—1\ ~
Vo1 = — phei @ — g B (e @y — ( ) Tier - @
= —p/llei-d)l—qzl <ﬁ—@>~®l—r(m—_l>zlei-d>1 (222)
m m m

1 ~ - 1 -
- (mpAi + g1 + r(m —1)11) & - ®; + —qlun(e)é - o,

where real-valued functions p is given by

_mim—-1)(q —r(m—1))

= . (2.23)
m3 + (m—1)g2m —1)
Accordingly, in equality case, eta-Killing spinor with Killing pair is described by
1 - N
(U1, v1) = <_E (mpA1 + qAy +r(m — D), th) . (2.24)

In the case n > 2, eta—Killing spinor is characterized with Killing pair given in (2.20).
Let M be 3-dimensional Sasakian spin manifold. By using Proposition 3.2 and Proposition 3.3 given in Kim,> (u1, v;)
can be characterized with Killing pair given in (2.21). O

ACKNOWLEDGEMENT

This study was supported by TUBITAK The Scientific and Technological Research Council of Turkey (Project Number:
120F109)

ORCID
Serhan Eker'® https://orcid.org/0000-0003-1039-0551

REFERENCES

Eker S. Seiberg-Witten-like equations on the strictly pseudoconvex CR-3 manifolds. Bull Korean Math Soc. 2019;56(6):1551-1567.

Friedrich T. Dirac Operators in Riemannian Geometry, Vol. 25. American Mathematical Soc.; 2000.

Witten E. A simple proof of the positive energy theorem. Commun Math Phys. 1931;80:381-402.

Bir C. Lower eigenvalue estimates for Dirac operators. Math Ann. 1992;239:39-46.

Kim EC. Dirac eigenvalues estimates in terms of divergencefree symmetric tensors. Bull Korean Math Soc. 2009;46(5):949-966.

Habib G. Energy-momentum tensor on foliations. J Geom Phys. 2007;57:2234-2248.

Hijazi O. A conformal lower bound for the smallest eigenvalue of the Dirac operator and Killing spinors. Comm Math Phys.

1986;104(1):151-162.

8. Hijazi O. Premiére valeur propre de l'opérateur de Dirac et nombre de Yamabe, Comptes rendus de I'Académie des sciences. Série 1
Mathé,matique. 1991;313(12):865-868.
9. Eker S. Lower bound eigenvalue problems of the compact Riemannian spin-submanifold Dirac operator. Erzincan U,niversitesi Fen

Bilimleri Enstitiisii Dergisi. 2020;13(OZEL SAYI 1)):56-62.

10. Eker S. Lower bounds for the Eigenvalues of the Dirac operator on Spin® manifolds. Iranian J Sci Technol Trans A-Sci. 2020;44:251-257.

11. Hijazi O, Zhang X. Lower bounds for the eigenvalues of the Dirac operator: part I. The hypersurface Dirac operator. Ann Global Anal
Geom. 2001;19(4):355-376.

12. Hijazi O, Zhang X. Lower bounds for the eigenvalues of the Dirac operator: Part II. The submanifold Dirac operator. Ann Global Anal
Geom. 2001;20(2):163-181.

13. Hijazi O, Montiel S, Zhang X. Eigenvalues of the Dirac operator on manifolds with boundary. Comm Math Phys. 2001;221(2):255-265.

14. Zhang X. Lower bounds for eigenvalues of hypersurface Dirac operators. Math Res Lett. 1998;5(3):199-210.

15. Friedrich T, Kim EC. Some remarks on the Hijazi inequality and generalizations of the Killing equation for spinors. J Geom Phys.
2001;37(1-2):1-14.

16. Hijazi O. Lower bounds for the eigenvalues of the Dirac operator. J Geom Phys. 1995;16(1):27-38.

17. Lichnerowicz A. Spineurs harmoniques. CR Acad Sci Paris Ser A-B. 1963;257:7-9.

N oWk wN

85U8017 SUOWILLIOD BA11E81D) 3|qeot[dde 8Ly Aq peueAob ke S9o1e YO ‘8sn JO s3I 10} ARIqiT8UIIUQ AB|IM UO (SUOTHIPUOD-PUB-SWSH /W00 A8 | 1M Ake.q)1|Bu 1 [UO//:SANY) SUORIPUOD PUe SWie | 8U18eS *[£202/80/20] Uo ARigiTauliuo A[IM AIseAlun erwe N AQ ZZT8BwW/Z00T 0T/10p/L0o A 1M Aseiq pul|uo//Sdny Wwolj pepeojumod ‘6 ‘ZZ0Z ‘9/7T660T


https://orcid.org/0000-0003-1039-0551
https://orcid.org/0000-0003-1039-0551

%l_wl LEY EKER

18. Friedrich T. Der erste Eigenwert des Dirac-Operators einer kompakten, Riemannschen Mannigfaltigkeit nichtnegativer Skalarkriimmung.
Math Nach. 1980;97:117-146.
19. Lawson HB, Michelsohn ML. Spin Geometry. Princeton University Press; 1989.

How to cite this article: Eker S. Generalization of Kim's estimates in terms of the trace of divergence-free
symmetric tensor. Math Meth Appl Sci. 2022;45(9):5471-5482. doi:10.1002/mma.8122

85U8017 SUOWILLIOD BA11E81D) 3|qeot[dde 8Ly Aq peueAob ke S9o1e YO ‘8sn JO s3I 10} ARIqiT8UIIUQ AB|IM UO (SUOTHIPUOD-PUB-SWSH /W00 A8 | 1M Ake.q)1|Bu 1 [UO//:SANY) SUORIPUOD PUe SWie | 8U18eS *[£202/80/20] Uo ARigiTauliuo A[IM AIseAlun erwe N AQ ZZT8BwW/Z00T 0T/10p/L0o A 1M Aseiq pul|uo//Sdny Wwolj pepeojumod ‘6 ‘ZZ0Z ‘9/7T660T


info:doi/10.1002/mma.8122

	Generalization of Kims estimates in terms of the trace of divergence-free symmetric tensor
	Abstract
	1 INTRODUCTION
	2 ESTIMATING OVER SASAKIAN SPIN MANIFOLDS
	REFERENCES



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Euroscale Coated v2)
  /PDFXOutputConditionIdentifier (FOGRA1)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG (Modified PDFX1a settings for Blackwell publications)
    /ENU (Use these settings to create Adobe PDF documents that are to be checked or must conform to PDF/X-1a:2001, an ISO standard for graphic content exchange.  For more information on creating PDF/X-1a compliant PDF documents, please refer to the Acrobat User Guide.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


