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ON THE NONLINEAR STABILITY AND THE EXISTENCE OF SELECTIVE
DECAY STATES OF 3D-QUASI-GEOSTROPHIC POTENTIAL VORTICITY
EQUATION

OGUL ESEN, DAOZHI HAN, TAYLAN SENGUL, AND QUAN WANG

ABSTRACT. In this article, we study the dynamics of large scale motion in atmosphere and ocean gov-
erned by the 3D-quasi-geostrophic potential vorticity (QGPV) equation with a constant stratification.
It is shown that for a Kolmogorov forcing on the first energy shell, there exist a family of exact solutions
which are dissipative Rossby waves. The nonlinear stability of these exact solutions are analyzed based
on the assumptions on the growth rate of the forcing. In the absence of forcing, we show the existence of
selective decay states for the 3D-QGPYV equation. The selective decay states are the 3D-Rossby waves
traveling horizontally at a constant speed. All these results can be regarded as the expansion of that of
the 2D-QGPYV system and in the case of 3D-QGPYV system with isotropic viscosity. Finally, we present
a geometric foundation for the model as a general equation for non-equilibrium reversible-irreversible
coupling.

1. INTRODUCTION

Large-scale structures that exhibit persistent spatial and temporal coherence are ubiquitous in geo-
physical flows, particularly in motions of atmosphere and ocean. Examples of such coherent structures
include macroturbulent kolks, surface boils, the big red spot on Jupiter and so on. Mathematically,
problems pertaining to large-scale coherent structures in geophysical flows are concerned about long
time selective decay, the effect of large-scale forcing, non-linear stability as well as chaotic dynamics,
cf. [1]. It is clear that the non-linear dynamics involved in the geophysical flows in the atmosphere and
the ocean are rather complex. In this article we investigate the large-scale coherent structures from
the perspective of non-linear stability and long-time selective decay based on the following continuously
stratified quasi-geostrophic potential vorticity equation (QGPV) with dissipation [2—4]

WAY + J(h, A) + BOyp = D(A)Y + F(t, x,y,2), (1)

where (3 is the beta-plane coefficient in the mid-latitude, A = 0,y + Oyy + 50, with S a measure of the
stratification relative to rotation, D(A) is the general dissipation operator encompassing Ekman drag,
Newtonian viscosity and hyper-viscosity [5]

N
i=0
F is the external forcing, and J(¢, Av) is 2D Jacobian determinant
_ 090y 09Iy
We consider (1) in a channel, that is we fix the spatial domain as a box given by
Q=(0,L,) x (0,Ly) x (0,H), (4)

and choose the supplemented boundary conditions as

P(t,0,y,2) = ¥(t, L, y, 2),

Y(t, x,0,2z) = P(t,z, Ly, 2),

P(t,x,y,0) = P(t, x,y, H) =0,

g%f(t,x,y,O) = g%f(t,x,y,H) =0.
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The continuously stratified QGPV-model can be derived from the rotating Boussinesq equations as
the asymptotic limit of fast rotation and strong stratification, cf. [2,6]. It is a widely used model in
oceanography and meteorology to describe large-scale oceanic and atmospheric flows [7-10], to simulate
global warming, see Simonnet et al. [11,12], Berloff and Meacham [13], and Ghil [14] and references
therein.

There have been many works on the stability of solutions to the QGPV type equations with or
without dissipation. Exact solutions to the QGPV equation without the dissipative term are constructed
corresponding to Baroclinic Rossby waves in [15-17] and to Barotropic Rossby waves in [4,16]. The
problems of baroclinic and barotropic instability is investigated in [13,18,19]; see [20-22] for the study of
viscous instability associated with the QGPV equation. For the nonlinear stability of the QGPV equation,
Majda and Wang in [1] constructed a family of exact solutions, including time-independent solutions such
as simple shear flow, swirling eddies and Taylor vortices, and more general time-dependent solutions in
presence of general Kolmogorov forcing and topography. The nonlinear stability of these exact solutions
and the effect of rotation, topography and dissipation on the stability is also studied. Although both
the atmospheric and oceanic flows are confined in a thin layer, the flows are still 3-dimensional, and
baroclinic. It is natural then to study the similar problem for the simplest 3D baroclinic model, namely
the 3D-QGPV model (1), and to generalize the nonlinear stability results of the 2d-case (S=0) to the
more general case with constant S > 0.

Another aspect of the long-time nonlinear dynamics of the 3D-QGPV equation that we address in this
article is the long-time selective decay property for the free flow. It is well known that the energy and
enstrophy of 2D-Navier-Stokes equations decrease exponentially. In [23], Foias and Saut showed that
the ratio of the enstrophy to energy also decreases in time with a non-zero asymptotical value which is
one of eigenvalues of the Stokes operator. Numerical simulation of the evolution of coherent structures
for freely decaying two dimensional Navier-Stokes flows also indicates that the enstrophy decays much
more rapidly than the energy [24,25]. These results lead physicists to hypothesize that there exists an
intermediate time scale over which the state of Navier-Stokes equations minimizes the enstrophy with
constant energy—termed as Physicist’s Selective Decay Principle. For 2D Navier-stokes equations the
selective decay state is the steady-state generalized Taylor vortices [23]. Subsequently in [5], Majda-
Shim-Wang generalize these results to the 2D-geophysical flow case governed by the QGPV equation
without stratification, i.e. S = 0. It is found that the selective decay states for 2D-QGPV equation
with the beta-effect are the superposition of generalized 2D-Taylor vortices and those 2D-Rossby waves.
The case of continuously stratified 3D-QGPV equation is also investigated in [5] albeit with the classical
viscous dissipation, i.e., D(A)y = éAg (02 + Oy + %F282zw) with Re the Reynolds number, Pr
the Prandtl number, Az the 3D Laplacian and F the ratio of Froude number over Rossby number, cf. [5]
for details. They establish that the Selective Decay Principle only holds in the case of isotropic viscosity
(Pr = F = 1), while they construct a counterexample when the viscosity is anisotropic.

In this article, we borrow and generalize the techniques from [5] to study the nonlinear stability and
the Selective Decay Principle of solutions to the QGPV equation with the general dissipation operator
(2) that includes the Ekman drag, the Newtonian viscosity and the hyper-viscosity. Specifically we show
that there exist a family of exact solutions which represent the 3D dissipative Rossby waves, and are
nonlinear stable if the L? norm of the Kolmogorov forcing does not grow exponentially in time, i.e.,

1P|l < ce™,
for some 0 < o < D(—A;) where
1 1 S22
— A2 i
A1—47T mln{[/:%7lé} F

Furthermore, it is shown that there exists a weak selective decay state which is an eigenvector of A, in the
absence of external forcing and pg < 0. These selective states are the superposition of generalized 3D-
Taylor vortices and 3D-Rossby waves, but traveling horizontally. In particular, when D(A)y = ps A4,
the corresponding 3D dissipative Rossby waves of form

i2mky Bt

> a0 EiE

[k|>=Ak,

are the strong selective decay states [5] describing the large scale coherent structure observed in the
atmosphere.

Finally, we investigate the geometrical foundations of the 3D-QG equations. In particular, we exhibit
the Hamiltonian character of the model by presenting the dynamical equations in terms of a metriplectic
bracket and a Hamiltonian function.
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The rest of this paper is organized as follows. Some exact solutions to the 3D-QGPV equations are
constructed, and some useful lemmas are proved in Section 2. In Section 3, we show the nonlinear
stability of the exact solutions. The existence of selective decay states of the 3D-QGPV equations are
proved in Section 4. The geometric foundations of the model is presented in Section 5.

2. THE BASIC DEFINITIONS

In this section, we present the notation and the basic definitions that will be used throughout the

paper.
Letting
Z= {k: (kw7ky’k‘z) € Z37 ki_‘_k.z # 07 kz > 1}7
we define , . 2
21k 27k 7Sk
k 2 — z Y z k Z
K <Lm)+<Ly)+<H), .
and
1/2
2 2mi(why / Lotyky/Ly) o k.mz
(if Y,z ) <|Q|) e v) gin 7 , (7)
with
| = L,L,H.

Then ek are the eigenfunctions of —A with the given boundary conditions, i.e.
—Aey = |k|%ex.
Let us define the functional spaces of real valued functions,
X = {¢ € L*(Q, R) : ¢ satisfies (6) and the first three conditions in (5)},
X, = X NH*(Q,R)
Then the family {ek}ke - forms an orthonormal basis for the space X. That is we can expand 9 (t) € X

(E y Y, 2, t Z 1/Jk ek €, Y,z )7 ’ij(t) = 'l[)k* (t), k* = (_k:m_kyakz)a

kez

(®)

and have the orthogonality relation

/ ek(xa Y, Z)eik (1’, Y, Z)dQ = 5k,l> (9)
Q

Let us denote the eigenvalues of —A by Ay, k € N counting multiplicity and sorted so that A; < A;
if ¢ < j. That is for k € N, there exists k € Z s.t.

Ay = |k|?.
In particular, we note that
. 1 1 S272
A1_47T2m1n{l,27_[,2}+ H2 . (10)
z My
We also remark that for sufficiently smooth 1 € X, we have
(=AY = Z [k |** Ycex, 520 (11)
kez
JACS RTINS B Tl (12)
Q keZ
I = [ o = St
kezZ
(=29 =Y Ik[*[l?,  s=>0. (13)
kez
For ¢ € X7, the relative vorticity is defined as,
w=AY=Y d(te, = —|k[*Vr. (14)
kez

A forcing F(t) € X is called (generalized) p-Kolmogorov forcing if it is of the form

F(z,y,z,t) = Z Fyx(t)ex(z,y, 2). (15)
k2=
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for some p > 1, that is if F' is an eigenmode of the Laplacian, —AF = A,F. When p =1 in (15), F'is
called a Kolmogorov forcing.

3. NON-LINEAR STABILITY OF THE EXACT SOLUTION

For a given generalized Kolmogorov forcing on the A, energy shell, the equation (1) admits an exact
solution of the type

27k, f3

'¢exact (CE, Y, z, t) - Z 'Jjexact,k(t)eiw(k)tek(xv Y, Z)v w(k) - m’
T

[k|?=Ap

(16)

whose coefficients can be determined from the following ODE obtained by plugging the ansatz (16) into
(1)
dz/’exact,k“) D(_AP)

o 1 - .
— . I 7t —iw(k)t 1
dt Ap 1pex&ct,k(l‘:) Ap k(t)e ) ( 7)

which can be solved exactly. In general, for each initial condition TZchacc,k(O), a different exact solution will
be obtained. But as (17) is linearly dissipated, the effect of the initial condition will vanish exponentially
and the @exact,k(t) will be determined solely by the forcing as can be seen later in (31).

The solution (16) represents a dispersive wave known as a Rossby wave which travels horizontally at
the speed of w(k).

The following theorem shows that when the system is damped and driven at large scales, a large
coherent structure emerges. In particular, in the case of a Kolmogorov forcing, the exact solution on
the first energy shell is nonlinearly stable if the energy of the forcing grows at most sub-exponentially in
time with growth rate not exceeding a constant depending on the dissipation of the system.

Theorem 1. Assume that the dissipation operator (2) satisfies po > 0 and p; > 0 for some 1 < j <N
so that

N
D(=A1) =) At >0
j=1

Assume there is a Kolmogorov forcing, —AF = A1 F so that there is an exact solution (16) of the main
equation (1) with boundary conditions (5) on the first energy shell p = 1. Also assume that the energy
of the forcing satisfies
|E@)]| <ce*,  Vt>0, (18)
for some 0 < a < D(—Ay) and for some ¢ > 0. Then for any solution w = A of the IVP, there exists
c1 > 0, Co > 0,
lw®t) — Wezact(t)|| < cre™c2t, vt >0,

where Wegaet = DAWegact, that is the exact solution is globally exponentially stable.

Before proving Theorem 1, we first need to give some basic results that will be used throughout the
proof. For sufficiently smooth ¢ € X, we define the energy,

1 1 1 ~ 1 _9A
B) = SIVIP = SIVel? = 5 SR = 5 STkl (19)
kez keZ
the enstrophy,
1 1 1 “ 1 .
E(W) = 5llwll* = S1Av|* = 5 D k] = 3 > el (20)
kez kezZ
the functional
1 .
Wp(¥) = E(¥) = M E(W) = 5 D 1Pk = Ay), (21)
[k|?>Aq

and the small-scale enstrophy
1 o
&) =E((1 - P)w) = 3 Z (RIS
[k[2=A

where P; is the projection operator onto the first energy shell A;. When v(¢) is fixed, we will denote
E(t) = E(p(t)), £(t) = E(Y(1)), ete.
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Lemma 1. For any ¢ € X, we have

(1 - ‘/A‘l> E() <Wi(t) < &(),  Vt>0. (22)

2

As a consequence W1 is positive definite and the small scale enstrophy Eo stays uniformly bounded for
allt > 0.

Proof. By definition W7 (t) < &(t) for all ¢ > 0 and since

Wi=5 > PPk - A,

[k|?>A2

(22) is a consequence of the fact that |k|? — Ay > |k|? (1 - %) whenever |k|? > A,.
Let ¢ = ( - —) then by (22) we have

ng(t) S Wl (t) = W1 (0) S 52(0) S C_1W1 (0)
= c’lWl(t) S 07152(0.
or in other words
6252(0) < &y (t) < E5(0),
which proves that £(t) stays uniformly bounded in time. O
Lemma 2. Assume a generalized Kolmogorov forcing on the p-th shell, i.e., —AF = A F. Then for a
solution ¥(t) € X1 of 3D-QGPYV, the following statements hold true.
(1) Without dissipation (u; =0,Vj=0,...,N), W, is conserved, i.e., Wy(t) = W,(0) for all t > 0.
(2) If the lowest order term of the dissipation operator (2) satisfies
po =0,  forp=>2,
or
po = 0, forp=1

then we have

N
d”;(t) < “2D(~A)W,(t),  D(-A,) = Z_:uj/\ffl > 0. (23)

Proof. Since fQ B = fQ J(,w)p =0 for ¢ = 1) or ¢ = w, the B term and the nonlinear term do not
contribute to the rate of change of energy and enstrophy. Thanks to (12) and the definition (2) of the
dissipation operator, we have

/ $D(AY) = Zug / AN o PN (24)

keZ j=0
and
N .
/ AYD(A / A=AV A2 = = 33 kP2 2.
keZ j=0

By taking the inner product of the main equation (1) by ¢ and A, using the above results, and noting
that the integral with £ term cancels out,

dE  1d
=3IVl == [ D@y - [ Fo—- S kP - | Fo,
kez j=1 (25)
€ 1d, . .., o
o~ sl = [ avp(a W/FM__IE;)MI{' i+ [ P,

Now using the fact,

Ap/QFz/z—s—/QFAw:Q

This article is protected by copyright. All rights reserved.
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we obtain the rate of change of W), given by

aw,
7= [ oD@+ [ avDa)s

N
== D> il (K — Ayl

kez j=1

(26)

From (26), we also have

N

aw, . ,

= ke g = AV = [V
=0

where V = AY2, For 7>1,

hy =0, V) (n (V4 4,971 g2

(U, A, VIl — A§|vj—1w2)

= Al VIl2 = [ (V7! + A,V 7T )
= 28, [ VIl + ASIVI T 2

< Aphjq
where we omit || (Vj A,V ’1) ]|? term in the last inequality. Hence by induction,
i—1
hj < A7 hy.
We also have by definition that
hy = —2W,,.

Also note that if p =1, then hg = A1 [|¢||? — |[V¢||* < 0 by Poincaré inequality. Hence under the given
assumptions on pyg,

from which the result follows.
O

Remark. The biggest hurdle for proving the nonlinear stability in the case of a generalized Kolmogorov
forcing is that W, is in general not positive definite for p > 1.

The following lemma will play a crucial role in the proof of nonlinear stability result.

Lemma 3. Assume a Kolmogorov forcing and a genuine dissipation D(—A1) > 0 and puo > 0. Then for
any solution (t) € X1 of the 3D-QGPV, the small scale enstrophy decays exponentially in time, i.e.

1 ) MY h
L) =5 D I’ < <1_A1> e2PAE 0), (27)
K[> Ao 2
Proof. By (23), we have
W < ap-amie)

Using the fact that Wi(¢t) > 0 by Lemma 1, the Gronwall’s inequality, and (22),

A ) i
(1 - Al) E(t) < Wi(t) < e 2P (0) < e 2P (),
2

and the result follows. O
Lemma 4. Assume F is a generalized p-Kolmogorov forcing which satisfies,
IF@)] < e, Wt>0 (28)

for some ¢ > 0, a > 0 and assume also that D(—A,) > 0. Then for the exact solution (16) on the pth
shell, there exists cy > 0 such that

|wezact(t)]] < coe™, vt > 0. (29)

This article is protected by copyright. All rights reserved.
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Proof. The linear PDE satisfied by the exact solution is
D(=Ay)

OrWexact + Bawwexact = - A
4

Wexact + F(t7 x, ya Z)a (30)

since the nonlinearity vanishes

J(qz[}exacta wexact) = *ApJ(djexactv wexact) =0.
Taking the inner product of (30) with Wexact = —ApPexact, We find that

1 d||wexact |I? D(—-A
gl <« DO P+ P e
D(=A,) A
<_7p exac 2 —r F 2
<~ oDl + g I,
which implies by the Gronwall’s inequality that
_D(-Ap), A t DCAp) 5y 9
lwexact |I* < llwexace (0)[[2e™ % +7p/ e v [1E(s)[["ds. (31)
D(=Ap) Jo
Now (29) is a consequence of the above estimate. O

Note that the effect of the initial condition decays exponentially (when D(—A,) > 0) for the exact
solution on the pth shell and the growth rate of this exact solution is bounded by the growth rate of the
forcing.

Now we are ready for the proof of Theorem 1.

Proof of Theorem 1. Since

[w(t) = wexcact (B) || < [Prw(t) = wexact ()] + [I(1 = Prw(B)]
and Ey(t)Y/? = ||(I — Pp)w(t)|| decays exponentially by (27), it remains to show that

[ Prw(t) — Wexact () |

also decays exponentially. Using the fact that P, F' = F, the PDE satisfied by the projection P;w becomes

HAPY + Py J (Y, w) + B0 P1tp = D(A)Piy + F(t,x,y, 2). (32)
Let

dw(t) = Piw(t) — Wexact (t)-
Since PiWexact = Wexact, W€ have Pidw = dw and
D(A)oyy = D(—Aq1)09 = —kdw,
where
D(—Ay)

K,:T>0

Hence by (30) and (32), the linear PDE satisfied by dw is
Bu0w + P60 = D(A)S — PrJ (1, w),
Testing the above equation with dw, we get
1d
2 dt
We will prove later that for any v such that,

0<vy<D(=A) —a, (34)

6wl = —&lldw]* = (P1J (¢, w), 6w) - (33)

where a < D(—A;) is as given in the assumptions, we have
1P (1, w)]| < ese™ + cae™ PRI g (35)
In addition to (34), let us also choose v > 0 small enough so that
v < K. (36)
Then using the Cauchy-Schwarz inequality in (33) and (35), we obtain
1d

5 Il < —ll8wl® + cxe ] + eae~ DAV g2
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Since [|dw]| < 1+ ||dw]|?,
d —
mmu? < 2(—k + cze ™ + cae PEADY) |52 + 2e5e .
Now we choose T large enough so that
2(—k +cze "t 4 C4€7D(7A1)t) < -k <0, vt >T.
Hence J
a”éw”2 < —kl|6w]|? 4 2cze, vt >T.
This implies by Gronwall’s inequality that

2
8w (®)]? < e " E|5w(0)]|2 + —2—(1 — " NE=)e=" > s> T
k=7

Since v < k by (36), the above estimate shows that ||Piw(t) — Wexact(t)|| indeed decays exponentially.
The proof is finished.

Proof of the claim (35). Let us denote

P = Z %el, w= Z Wm€m-

[112>Aq |m|2>A,
Then -
%% BN
J(1/J»W) = Z me‘](ela em)a
[1[2>A1,|m[2>Ay
and
P, w) = Z gx(t)ex(x), (37)
[k|2=A1
where
gk = (J(¢Y,w), ex) - (38)
Let us denote
K — (2kx7r’2ky7r’kz57r) 7 k,:(2I<:gg7r72l’<:y7r)7 kJ_:(72l’€y7r72l<:m7r)7
L, L, H L, L, L, " L,
and
/ e1emey = OV 4’/ K/ Cl m. k. » (39)
Q
2v2 i
Clmk = L sinlz sinmz sin kzdz, I>1,m>1,k>1 (40)
TR Q2w Jo
so that
(erem).a) = 110’ [ cxeme, (41)
Q
By (39), (37) and (41),
It -m’ 9
gk = Z T G m e k[® = A, (42)
V'+m’=k’
Let A} be the first eigenvalue of the horizontal Laplacian, i.e.
7282 s . [ 1 1
A=A — e =4r mm{L%’Lg}. (43)
Then by (10) and (43), for k = (2%;”, %;Ly, kzg”), we have
k|*>=A; = k., =1and |K'|*=A]. (44)
By (44), (42) becomes
k=Y dim, k|* = Ay, (45)
I'+m’=k’
where
It -m’
dl,m = lewmclz,mz,b
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Notice that

Z dl,m = Oa

I'+m’=k’

[1|=|m]|
since for |1| = |m|, djm = —dm, because 1+ - m’ = —m* - 1" and ¢;_ 5.1 = ¢m. 1. 1. Hence
2
gk = g dy,m, [k|® = A;. (46)
I'+m’' =K,
[1|#|m]

The sum above can be separated into three parts

= > dmt Y. dmt Y. dm (47)

I'4+m’=k’, I'4+m’'=k’, I'+m’=k’,
12=Ay,[m|>>A, 1[2>A [m|*=A, 12>As,lm[>>As
[1]#|m]

By swapping m and 1 in the second sum, the first two sums in the right hand side of (47) can be combined

as
Z dim + Z dim = Z Ck,1, (48)

I'4+m’'=k, I'4+m’'=K, I'4+m’'=K,
[1°=Aq1,|lm[*>As [12>As,|m[?=A4 [12=Aq,|m[*>A,
where we define
1 1 N
Ca= Y, I (Al - |m|2) Gmem., 1, k2= (17 = A (49)
V'+m’'=K,
|m[?>A,
If we also define
It -m’ 5
Hy = Z lewmclz,mz,la k| = Ay, (50)
U'+m’=K,
[°>Az,|m[*> A2
[1/#|m|
then by (47), (48), (49) and (50) we can write
gk = Hyx + Z Cx 1. (51)
[1]2=A4

We will prove later that for some ¢; > 0 depending on || and ||w(0)]|,
2

Z Z Ck,ld)l S CSE_QD(_Al)t (”5(*””2 + HwexactHQ) B (52)
[k[Z=Ay |[1]2=Aq

and for some cg > 0 also depending on |Q] and ||w(0)|| that
S Hyf? < cge P (53)
[k|>=Aq

By (37) and the orthonormality (9) of the basis vectors ey, we have

1P T, )= > ol (54)
[k[?=Aq
Now by using the elementary inequality (a + b)% < 2a? + 2b?%, (51), (52), (53) and (54),
2
PG <2 S mE+2 Y| Y G
K|2=A, K|2=A4 |[1]2=A, (55)

< 2cpe P 4 2056 72PEADE (15012 + (|wexact [|2) -

By the assumption (18), the estimate (29) on the growth of the L?-norm of the exact solution is valid,
ie. for any 0 < a < D(—A;), there exists ¢y > 0 such that

Hwexact(t)” < COeat, vt > 0. (56)
By (55), (56) and the elementary inequality v/a + b < \/a + v/b for a > 0, b > 0,
1Py (1), w)|| < v2ege 2P AV L Dege PEADY S| + /2esc0e PEAD eyt > 0.
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Thus the claim (35) is proved by choosing ¢35 = max {\/266, \/20560}7 cs =+/2¢c5,and 0 < v < D(—Ay)—
in the above . U

Proof of the Claim (52). First note that, from (40) the following sum can be exactly computed as

-nm) . 2V2 5
};'Cl’"z’l' |Q|1/2 Z' m( m2 RIS (&7)

Next, the condition
V'+m' =k, [K?=A], [?=A;, |m]*>A,,
implies
m'| = K = V| < [K| + V| = 2/Aq,
and
1t m'| < 2A] <244, (58)

since 17| = A/. Recalling the estimate (27) on the decay of the small scale enstrophy, we have for all
t>0,

A2
@ < 8012 < (12 8) T P, 2 s (59)
2
Combining (57), (58) and (59) in (49) yields
1
Ca®< > 1 m| “l@mllerm. ], [k|* = 1] = Ay,
I'4+m'=Kk/,
lm|?>A,
we get
|Ck,]‘2 S 076—2D(—A1)t, |k|2 _ ‘1|2 _ A17
where
~ 800 Ao 5
o= o (25 ) IO
Hence,
D7 1Ckal? < csere2PEAE K2 = A, (60)
[12=Aq
where

Yo 1=#{1P =M}, (61)

[12=Aq

is basically the multiplicity of the first eigenvalue and is finite. By noting that

Z |‘*A11|2 = ||Pl‘*JH2 = [|6w +wexactH2 < 2”(5‘*"”2 + 2||Wexact||2v (62)
n2=A

and using the Cauchy-Schwarz inequality
2

Z Z Cxion| < Z Z |Cye1|? Z ln)? |,

[k[2=A1 |[1]2=A4 [k[2=A1 \|1]2=A1 [1]2=A1

(52) follows by combining (60), (62) and letting c5 = 2c7c2.

(I
Proof of the Claim (53). Since [I+| = || > /A, |k'| = /A, we have
| = [k = 1] < [I] + A} <21,
and
It || jm’|
<2
oS = o)
From (40), we can obtain by direct computation that
Q27 2(1+ (=1)l=+m=),m, 4l,m,
|Clz,mz,1|| | :‘ D) ( 2( ) D) ) 2 ‘ < D) 3 = (64)
2v/2 (2—m2)2—-2(12+m2)+1" — 2124 2m?2
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Using (63) and (64) in (50), we obtain

- m’

< X |

= i
I'+m’=k’,
[17>Az,[m|*>A,

[1]#[m]| (65)
S Y [oilloml

V+m’' =K/,
[1°>Az,m[*>A,
[1]#|ml|

|| @mller m. 1

where
_ 42
- |Q\1/27T'

Using the Cauchy-Schwarz inequality in the last sum in (65) and the estimate (27) for £, we get

Co

1/2

Hl<co | D lowmil® > |oml?
m’| > jm[?> A,

zZ

S Co Z |Ot)m(t)‘2 = ngg(t) S CgCl()e_QD(_Al)t7
|m[2>As

A —1
1o = (1 - A) w(0).

The claim (53) follows from the above estimate by defining

1/2

where

2 2
CG - 88096107

where cg is defined in (61). O

4. EXISTENCE OF SELECTIVE DECAY STATES

In the previous section, we have shown that the exact solution (16) to equation (1) is nonlinearly
stable in the presence of a Kolmogorov external forcing which satisfies the constraint ||F(¢)]| < ce®* for
some 0 < a < D(=A1), ¢ > 0 and for all ¢ > 0. Apparently, if F' = 0 and in the absence of dissipative
term, the exact solution reduces to

. ) 21k,
¢exact = Z wexact,k(t)ek(xvyv Z)ezu)(k)ta w(k) = Lz|k|€7

Ik|2=A,

where R
dwexacmk(t) _ D(_Ap) 3
- wexact,k
dt A,

and the effect of initial condition vanishes exponentially when D(—A,) > 0. Thus there exists infinitely
many exact solutions on each energy shell |k|*> = A,. In the case 8 = 0, these exact solutions are
time-independent generalized Taylor vortices, while for the case 8 # 0, the solutions are Rossby waves.

In this section, following the idea in [5], we show that in this situation the normalized exact solution is
a selective state for very large t. Roughly speaking, a selective state is a solution which is approached by
solutions of the 3D-quasi geostrophic equations after a long time, and the state minimize the enstrophy
for a given energy. For more detail definition of selective state, we refer reader to the reference [5].

The existence of selective state based on the numerical results [24,25] which suggest consistently more
rapid decay of the enstrophy over the energy, this allows us to introduce the quotient of the enstrophy

over energy. That is, we define the functional

E) _ Sealkl'linl?
Et) Vel
where FE and £ are the energy and enstrophy functionals defined by (19) and (20). In what follows, we
will analyze the asymptotical property of the function R by which one can search for the selective state.

R(t) =

This article is protected by copyright. All rights reserved.
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Lemma 5. Assume there is no forcing and the dissipation satisfies p; > 0 for some j > 2 and po < 0.

Then we have
dR(t) i E(t) <0
dt  dt \E(t)) ~

Proof. Recalling that the rate of change of energy and enstrophy is given by (25) and taking F' = 0, we
can easily obtain the rate of change in R with time ¢ as

dR E'ER) — ER)E(t)

dt E(t)?

N
=%Zuolwk|2(lk\2 Elz_:; il [k |2 (k|2 = R(1)) (66)

kecz
=0+ Is.

Note that for any integer i > 2,
|k|2i (‘k|2 _ R(t)) — |k|2i+2 _ 2R|k|2z +R2‘k|2i_2 _ R2|k‘2i_2 + R‘k|21
= (I = Rk + RIKP2 (kP - R) (67)
— |k|2(z—1)(|k‘2 _ R)Z + R|k|2(z—2)(|k‘2 _ R)Z + RQ (|k|2i—2 _ R|k|2i—4)

Hence by induction on (67), for any integer ¢ > 2, we have

1—2
K[> (K[> = R(t)) = R (Ik[* = R[K|*) + > R[K[*0~1) (|k|* — R)’. (68)
s=0
Note also that
> 1dwl? ([k[* = RK|*) = £ — RE =0. (69)

keZ
Plugging (68) into the definition of I given in (66) and using (69) twice

E—ZZMW K[ (k[ — R(t))

1=1keZ
1 1
) Z Z il P[> (K> — R(2))
1=2 keZ
1 N i—2 )
— i 3 Sl (R (1= k) + 3 R (- ) )
i=2 keZ 5=0
S i— S 2
ZZM Y ZR K179 (k[ - R)” <
i=2 keZ
Since pp < 0 and |k|2 > Ay for k € Z, by (69) we have
,uo ,UO
) 2 [l Il — RIK[?) zw (k" = Rlkf*) = 0
keZ keZ
O
Lemma 6. Under the conditions of Lemma 5, the limit
tlginoo R(t) = R*, (70)

must exist. Moreover, R* is an eigenvalue of the operator
A =0pp + Oyy + S0;..

Proof. Lemma 5 shows that R(t) is a monotone non-increasing function which is bounded from below
and the limit (70) must exist. In fact

A < R(t) < R(0), Vit > 0. (71)
Let us define
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To show that R* is an eigenvalue of the Laplacian, it suffices to show that

lim «(t) = 0. (72)

t——+oo

By assumption p; > 0 for some j > 2. From the proof of previous lemma,

oo = T 2IKI20-2(K|2 — R)2
“+00 > R(O) — R* = / f@dt > / ZkEZ M3|wk| | | A(| ‘ )
0 0 > ke zkP[vnl?

dt
which shows that (72) must hold true. O

dt > ujAg';?/ o?(t)dt,
0

Following the same proof as in Section 3.6 of [1], the following theorem can be proved. The theorem
states that the energy-normalized solution of the unforced and dissipated system will come sufficiently
close to an eigenvector of the Laplacian infinitely many times in any LP-norm 1 <p < 6 as t — oc.

Theorem 2. For any initial condition, in the absence of an external forcing and p; > 0 for some 7 > 2
and po < 0, then there exists a eigenvalue value Ay, of the Laplacian such that

)
toboo B(t) ke

Furthermore, for any increasing sequence of times {t; };':Of such that t; — 400, there exists a subsequence
{t;. 3525 and a selective decay state ¢* such that the solution ¢(t,z,y, z) to (1) satisfying

lim [V ((t,, 2,9, 2) /1 E(tj,) = Vo (2,9, 2)|[r = 0

k——+oo

where ¢*(x,y, z) is the corresponding eigenvector of the Laplacian and 1 < p < 6.

We can prove a statement stronger than the previous result on the asymptotic behavior. In fact, the
below theorem shows that any energy-normalized solution of the unforced and dissipated system will
tend in time and in the L? norm to an eigenvector of the Laplace operator with corresponding eigenvalue
given by the limit of the functional R(t).

Theorem 3. For any initial condition, in the absence of an external forcing and under the same condi-
tions as in the preceding theorem, there exists an eigenvalue value Ay, of the Laplacian such that

&)
S By T e

Furthermore, there exists an exact solution ¢y, to (1), whose expression is

i2mkg Bt
b= > A0)e T e,

[k[?=Ag,
such that
Jim [V (6(t 2.y, 2)/VE() - Vél| = 0.
Proof. Let us define
X1 = {v € W>*(Q)|¢ satisfies (5),(6)} . (73)
and the subspace Ej, of X, as

Br,={ > axex(®y,2) | @,y k. (t) = a_p, —k, 0. ()}
[k[2=Ay,

And, let P be the mapping such that
P:X1—>E,€L07 Py =1 — Z Prex = Z Prex

[k|?=Ag, [k[2#Ak,

Then, to show the theorem, at first, we need to show that

Iz <VW> = PVy* = 0in L*(Q),  ast— oo.
E(t)
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For this purpose, let us derive some estimates first. Without loss of generality we assume py > 0 as the
argument below can be extended to the case p; > 0 for some j > 2. Then, from (25), we have

d al . .
f == Z Z il e *

i=1keZ

R INE
S I < ez O

kezZ Zkez|1/’k|2|k|2 kezZ
= —paR(t) Y [t [k|* < —2u2, (1),
kezZ
from which we deduce that
E(t) < E(0)e 2H2Arot, (74)

Note that

which yields by (71) and (74) that
E(t) = R(t)E(t) < R(0)E(t) < R(0)E(0)e F2Mrot = £(0)e=212k0t, (75)
Next, we estimate

‘ / J(, AY)A*p ddydz|.

Because the energy is bounded, E(t) < E(0) < 400, we can easily obtain that

\ [0 80087 dndya| < [Vl (VAU 1A%

< OV || T[VAY| A%y

1 (76)
< OV | [l Aw] 75| A%y
< B2 IA2)2 + CulI vyl vl
where we have used the Agmon’s inequality and interpolation inequality
IVellz < CIVY[F VA,
7
[VAG|T < || A[|7/5(| A7/,
Taking the inner product of equation (1) with A21), we obtain that
Y dt||vm/;||2 / T, A A2 drdyds — / D(A)GAZY dudyz.
Q Q
By using (76), we deduce that
d
%HVAMIQ + 2| A%P)* < CLIVY[IH|AY[™ < C2E(0)%E(0) e oraheot, (77)
In view of
A VAY|? < (A%,
and applying the Gronwall inequality, we arrive at
IVAY|? < e |V AY(0, 2,9, 2)|| + CoB(0)*E(0)Te 2", (78)
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Next, we derive the equation for the ¢* = ¥ (t, z,y,2)/+/E(t). Upon performing the straightforward

calculation, we get
dAy* d Ay
dt  dt \ \/E()

1 dAy Ay dE

B VE dt oF3 dt
1 (dm/) A¢dE>

VE \ dt 2F dt
_ L (g0 2, DY 2
= \/E( Oz J(, A) + p2 A% + ,u /QZJA (U (79)
+ Z 5 (— w+— Z u;/w )
Jj>0,5#2 j>o J#£2
(“)w*

= ~VEJ(*, AY*) + o A%* + pa R(t) Ag*

S
Of: Zu]/w

Jj=20,j#2

from which it deduces that

déf* 81/}* —VEJ(W*, AY*) + pg A%)* + pg R(t) Ay
Ao (80)
N SN S [ vty
Jj>0,5#2 j>0,5#2

Now, we show that

P ((t,2,y,2)/VE®) = P¥* = 0 in L3(©),
by making use of the equation (80). For this purpose, we first estimate
RIS
Q
Upon performing straightforward calculation we arrive at

| /Q T, AY)PY*| = | /Q T, Pyt)AG*|
< [V |2 A

(81)
el w8
< O vyr||z[|Agr|2
= CRi(1).
where we have used the interpolation inequality and identity
IVe s < CIVE | Ag™ 1%, (|Ve| = V2.
By virtue of the decomposition
Py =P+ Pp = Z Yrex + Z Yrex,
|k|2>k, k|2 <ko (82)
Py = Z Urex, Pop = Z Yrex.
[k|2>ko [k[2<k,
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and from (80), it yields that

1d
5 g I VPP + o AP — o RV Py
N
=VE | J*, Ap*)Pap* — | (=AY Pt
/Q (", A*) Py jg;ﬂm/ﬂw( Y Py (83)
VPS * (|2 N )
RSy [ weay, 5=z

720,572

Direct calculation gives

N
oAk PN
Do kP P > kPl P -
20,572 |k|2>k, |k|2<k,

N
S wlkPaCE) | S KPP

720,j#2 |k[?<k, [k[2>k,

N
oSS kP P Pl

520,572 [K|2>k, [K/|2<k,

N
-3 Y Y KPR Pl

720,j#2 k|2 >k, |K/|2<k,

N
= 3 S S il Pl IR (kP ) (KPR (k)
721,572 |k|2>k, [k [2<k,
+ 3> PR Pl P Y Y olk Pl Pl P > 0

[k[2>ko |k/|2<ko |k[2>k, |K/|2<ko

which means that

221'\;0.‘ o i D k|2 >k |k|2j|'l/;k*|2 - .
j>0,5# [k|2>ko > Z ‘k|2|1/)k |2’ Z ‘k|2"l/1k |2:2'

N S
Do i>0 22 i 2opeesa, K7 Uk P ey, K|2>A,
That is,
N N
= >y [weayne + EEEE S5 [rcaper <o
J2>0,5#2 §>0,5#2
Let S,, and Sj; be given by

Sy = Inin{\k|2||k|2 > A}, Su= max{\k|2||k|2 <Ay}, (84)
then, for larger enough ¢, we have
AP || = RIVPY*? > (Sm — R()) [VP** > 0
which implies
1d
2.dt

where the estimation (74) has been used. After applying the Gronwall-inequality, the preceding inequality
implies that for large ¢

IV P |2 + pia (R(t) = Sw) [VP10* |2 < VECR? (t) = Cre#2Akot (85)

||VP11ZJ*||2 < e—uz(Sm—Ako)tvalw*H2 + CeH2(Sm—Akg)t 4 Ce_ﬂzA’“ot, (86)
which implies
P VEEEY 2 ) pgyt 0 L2(Q). (87)
E(t)
Next, we show
t
Py (vW) = P,Vy* — 0 in L2(Q). (88)
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also holds true.
Note that for larger enough t, we have

IAP*|* = RV Py ||* < (Sar = Ax,) [V Poy™ ||,

Similarly, we have

* (|2
Zug/w aypg + VBV S [ vrea

J2>0,5#2 §>0,5#2

by which we arrive at

2 dt
which is equivalent to
d
dt
integrating which from larger time ¢y to time ¢ > tg, we deduce

( 2#2(SJM Ako)tHVP,(/) || ) Z —018#2(23N1_3Ak")t,

Y% > 0.

||VP21/) 1+ p2 (Sar — Ax,) [V P2y |2 > —VECRE (t) = —Cre #2ko!

62;42(SM7A;‘,0)(t7t0)||VP21/}*H2 > ||VP21/}*H2 _ Cleu2(2SMfBAko)t”

The preceding inequality guarantee (88).
Finally, we show that the solution ¥* to the equation

dAY* ov*
4 O = VBT, AY) + A%+ R()AY
'(/}*
+ Z pi (=AY 9" + Z 2y
j>0,j#2 72>0,5#2
converges to a solution ¢* of the equation
d(I — P)A¢ oI —-P)p
dt +5 ox =0

with respect to the norm of H' as time goes to infinity.
By the definition of P, we see that

Y dklt)ex
[k|?>=Ak,
by inserting which into (93) one can find ¢y (t) solving
déx 27k,
— = t).
gy g, o<

from which one can exactly get
i2nkg B

D = Ax(0)e e

It is known that
Y =Pyt (=P, [Vt = V2,
and
IVPy*(t)|| — 0, as t — +oo.
Hence, we only need to show that the solution ¥* to the equation
dA(I — P)y* +58(I — P)y* _

i = —VE(I = P)J(y", Av")

+ M2A2(I — P)Y" + paR(A(I —

+ZH1 IP)w

Jj=>0,5#2

+A Zm/lb

Jj2>0,5#2
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converges to the solution ¢* of the equation
d(I — P)A¢
dt +
Denote (I — P)y* =1} € Ey,. Then, ¢} solving

dy;, B 0w, VE

dt Ay, 8z Ag,

=0. (95)

(I = P)J(", AY™) — polp,br, + paR(E) Yy,

X - Vi, N 4
— 3 AT e+ > > ow QW(—AW*

J20,5#2 J20,57#2

(96)

Let’s denote
VE

fzrko

(I = P)J(¥", Ay")
and let

vio= Y tee, f= Y fulbex,

k|2=Ay, k|2=Ay,
then 45 (t) solves

dyi(t)  2mkyfi
dt LoAn,

Vr(t) = fi(t) — palp, ¥r(t) + p2 R(t) i (t)
N Y - 7
=X wAL e S [y
§>0,j#2 j>04#2 79

Furthermore, integral the preceding equation on both sides and let

t 2rkyBi
F(t)Z/t e Telko (fk(T)—M2Ako¢§(7)+u23(7)¢i(7)

N v X
j — * ko i
= D mAL S D / w*(—A)w*) dr,
§>0,j#2 iz0g#2 9
we then have the exact expression for ¢ (¢), which is

2mky Bi

. _2mkgBiy
wlt(t) = e Lalko F(t) + ’l/)i:(to)e Lalg, .
Using the (74) and (81), one can see that the improper integral
+oo _ 2nkgBi
to

converges. The decreasing of (R(t) — Ay,) with the increasing of ¢ guarantees the convergence of the
improper integral

+oo _2mhkgBi
/ e "t (R(T) — Ag,) dr.
to

Then ||V*| = v/2, (87) and (88) together deduce that
lim Ay, (¢5)* =2.

t—+o00
and for very large ¢ the function
N 1 X
=Y ey S [ vy
§>0,5#2 §>0,j#2 Q

is decreasing and approaching zero. Hence, the improper integral

oo

2k Bi N i—1 Uy, Al j
T E S D uj/w (=AY Y~ | dr
o §>0,5#2 J>0,5#2 @

converges. Therefore,

F(t) — A, ast — +oo.
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Now, let’s denote
2mky Bi

ot)= > (A+up(te) e e

Ik|2=A,

which solves (95), and
lim [[Vy*(t) = Vo) =

t—+o0

5. A NOTE ON THE GEOMETRIC FOUNDATIONS OF THE 3D-QG MODEL

In this section, we introduce a geometric framework for the 3D-QG model (1). In more explicit
terms, we shall write the equations (1) with zero external force as a GENERIC (General Equation for
Non-Equilibrium Reversible-Irreversible Coupling) which is the sum of a Hamiltonian and a gradient
dynamics [26,27]. GENERIC is a geometric framework permits one to determine geometric underlyings
of both reversible and reversible parts of a physical system in a complete picture [28]. In this picture,
reversible part of the dynamics is governed by a Hamiltonian system, [29] whereas irreversible part
is governed by a gradient system. We cite a recent study on the gradient systems and the entropy
maximization [30]. In literature, this coupling is also called as metriplectic [31,32]. We cite [33] for
gradient flows and triple bracket generated metriplectic systems. See also [34] for a discussion on the
potential descending principle and the irreversibility. Let us first recall the basics of the Hamiltonian
and the gradient dynamics then present how these geometric frameworks fit the present discussions done
on 3D-QG model.

A dynamical system is said to be Hamiltonian if the dynamics of an observable F', that is a real valued
function(al) on the space of state variables, can be written in the Hamiltonian form

F,={F H} (98)

where H is being the Hamiltonian function(al) [35,36]. Here, the Poisson bracket {e, e} is a skew-
symmetric bi-linear operation on the space of smooth function(al)s depending on the state variables, and
it satisfies both

e the Leibniz identity {FG,H} = F{G,H} + {F, H}G, and

e the Jacobi identity {F,{G,H}} +{G,{H,F}} + {H,{F,G}} =0,
for any three function(al)s F,G and H. Skew-symmetry of the Poisson bracket manifests that the
Hamiltonian function is a conserved quantity of the dynamics. So that, this framework is proper for the
reversible systems.

To be more concrete on the Hamiltonian systems, let us recall the three dimensional bounded region

Q) presented in (4), and consider the space F(£2) of smooth functions on 2 satisfying the boundary
conditions (5). The periodicity of the functions are important here both for the theoretical and practical
issues. For the practical sense, it permits us to omit total divergence terms in the integrals. Fix the
Euclidean volume form dV = dzdydz, and then identify the linear algebraic dual of F(€) with itself by
the means of the L?-pairing. Introduce now a Poisson bracket of two functionals F' and H defined on
F(Q) as follows

(Fy) = (ot o (5,50 ) ) = o (305 ) av (99)

where J is the two dimensional Jacobian determinant in (3), and §F/dw is the Fréchet derivative of F
with respect to w € F(2). Instead of checking that this bracket satisfies both the Leibniz and the Jacobi
identities, we point that the bracket is in actually a form, so called, the Lie-Poisson bracket [29] which
automatically satisfies these identities. It is immediate to see this by realizing that the Jacobian J is a
Lie algebra bracket on F(£2). The dynamics of the function w is computed by employing the chain rule

OF
Ft: <6w,wt>. (100)

For the right hand side of (99), we employ the by-parts technique in the lights of the periodicity of
functions and their first order partial derivatives. This results with

0F 6H 6F 5H 0F O0H
Lwsmna (50 av = [ SEodlwrspav = (Lol wsm). ao
So that, by assuming the arbitrariness of 6 F/ (5w, we arrive at the following dynamical equation
0H
= J(— . 102
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Take particularly that w is the vorticity of the continuum and v is the stream function satisfying the
relation w = Avy. We further define a Hamiltonian functional

H(w) :-% /Q WV, (103)

which is exactly the kinetic energy E in (19). Notice that dH/dw is —1t, and then, after a direct
calculation, the equation (102) takes the particular form

O AY + J(h, Ap) + fOx1p = 0, (104)

which is the reversible part of the dynamics in (1), namely the Rossby equation. See also [37] for the
Hamiltonian analysis of the Rossby equation.

The skew-symmetry of the Poisson bracket gives that the Hamiltonian function (103) is a conserved
quantity for the reversible dynamics since Hy = {H, H} = 0. Since the bracket is degenerate, there are
more conserved quantities of the system. For an example, consider the potential enstrophy

1
S(w) =3 / (w + By)*av. (105)
Q
Being the Casimir function of the Poisson bracket (99), that is {S, H} = 0, we have that S is constant
along the motion. Here, w + By is called the potential vorticity [1]. We refer [38] for the use of the

Casimirs as the generator of the irreversible part of the dynamics.
For the irreversible part of the dynamics, a gradient dynamics must be coupled to this reversible
Hamiltonian system. In accordance with this, let us now introduce a symmetric bracket
oF _6H oF O0H

FHY;={(— J—\= | —7=—dV 106

(F.H)g <5w’j5w> Q&uj&w (106)
where J is a symmetric differential operator. In order to describe the dissipative part of the 3D-QG
model (1), we choose the symmetric operator J as the differential operator D(A) presented in (2). So
that, we have the following symmetric bracket

SF 5H>

(F,H)p = — < = D(A) =) = _/ O by gy (107)

q fw ow
where the differential operator D(A) is the one given in (2).
The dynamics of the vorticity generated by a functional H with respect to the symmetric bracket
(107) is computed to be
0H

wi = —D(A) 5~ (108)

We recall the Hamiltonian function H in (103) as the generator of the dynamics, then the gradient
dynamics (108) becomes the irreversible part of the 3D-QG model (1) given by

KAY = D(A)Y (109)

with the external force is considered to be zero.
Let us now define a GENERIC bracket as a sum of the Poisson bracket in (99) and the symmetric
bracket in (107) given by

[F,H] ={F,H}+ (F,H)p, (110)
see [39]. In this case the dynamics of an observable is computed to be
F,={F,H}+ (F,H)p (111)

involving both the reversible and irreversible parts altogether. More explicitly, by recalling the Hamil-
tonian function H exhibited in (103), we compute the dynamics of the stream function v as follows

WA + J(1h, Atp) + Byt = D(A). (112)

This is the 3D-QG model (1) with zero external force. Notice that, the Hamiltonian can not be conserved
along the motion due to the computation

H, = [H,H] = {H,H} + (H, H)p = —/QwD(A)de. (113)

We refer [40] for some similar discussions.
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