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Abstract—Radiation of sound waves by a semi-infinite circular cylindrical pipe with non-uniform lin-
ing is analyzed by using the Jones’ method in conjunction with the mode matching technique. This
mixed method of formulation gives rise to a scalar Wiener–Hopf equation. The inner surface of the
duct is coated by acoustically absorbing different linings. In the present study, different linings with
partial rigidity make the problem more interesting when it is compared with the uniform lining. The
solution of the considered problem involves three infinite sets of coefficients satisfying three infinite
systems of linear algebraic equations. Numerical solutions of these systems are obtained for various
values of the parameters of the problem and their effects on the radiation phenomenon are shown
graphically. The solution is compared graphically with a similar study existing in the literature. A per-
fect agreement is observed between the both results.

Keywords: Wiener–Hopf technique, mode matching method, Fourier transform, saddle point tech-
nique
DOI: 10.1134/S0965542521310031

1. INTRODUCTION
Analysis of sound wave propagation in waveguides with discontinuities has received wide attention due

to its importance in acoustics. Up until now, numerous analytical and numerical studies have been derived
[1–6]. One method of reducing noise is to introduce linings to absorb the noise as it travels along the pipe.
The use of perforated screen in the semi infinite pipe is another method that has proved useful in reducing
unwanted noise. The radiation of sound waves from a semi-infinite rigid pipe has been first considered by
Levine and Schwinger [7] by using the Wiener–Hopf technique [8]. Wiener–Hopf technique has been
used in acoustic problems extensively [9–12].

Rawlins proved that acoustically absorbing lining is an efficient method to reduce the irritated sound
[13]. He analyzed the radiation of sound from an unflanged rigid cylindrical duct with an acoustically
absorbing internal surface. Then, Demir and Buyukaksoy treated a similar problem with partial lining
[14]. In their work, an alternative formulation based on the Mode Matching method in conjunction with
the Fourier transforms technique was adopted. Recently, the acoustic radiation problem by a semi-infinite
duct with perforated screen is analyzed rigorously by Tiryakioglu [15, 16]. In addition to all these studies,
the absorbing lining has been investigated extensively with and without f low in the literature [17–20].

Keeping in view the aforementioned studies, the current study is designed to analyze the effects of dif-
ferent lining with partial rigidity. The geometry of the current problem under consideration is sketched in
Fig. 1. The different linings with partial rigidity make the problem interesting when considering with uni-
form lining. Hence, here we incorporate the Wiener–Hopf and the mode matching method together to
solve this theoretical model. By using the Fourier transform, the related boundary value problem is solved
analytically with the help of sophisticated and suitable method known as Wiener–Hopf technique. The
Wiener–Hopf technique is a mathematical method that could yield closed form analytic solutions for
radiation/diffraction problems. The problem is then reduced directly into a Wiener–Hopf equation whose
solution involves a set of infinitely many unknown expansion coefficients satisfying an infinite system of
linear algebraic equations. The infinite systems of equations are solved by applying MATLAB program-
ming. The linear system of equations converges rapidly, so we can truncate systems of equations in our cal-
culation and estimate the solution. The introduction of different linings with partial rigidity, which is the
main difference from previous studies, changes the continuity at the related point and the method of solu-
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Fig. 1. Geometry of the problem. 
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tion requires a careful analysis in calculating the sound pressure level. This partial rigidity is very effective
both mathematically and physically. One of our aims in this paper is to find out the influence of different
linings and partial rigidity length on sound radiation.

Verification of the results of the present study is obtained numerically. The results are compared with
the problem [14] where the solution is obtained for partial inner lining. It is found that for various values
of the parameters, the agreement is excellent.

This article is organized as follows. The mathematical model is formulated in Section 2. The Wiener–
Hopf equation and solution, which are obtained using a standard Wiener–Hopf procedure, are obtained
with the help of Fourier transform technique in Section 3. Expansion coefficients and far field are pre-
sented in Sections 4 and 5, respectively. Some numerical illustrations are described in Section 6. To end
with, final remarks are summarized in Section 7.

2. PROBLEM STATEMENT

Consider the radiation of sound waves by a semi-infinite non-uniform lined duct. Duct walls are
assumed to be infinitely thin and they occupy the region  (see Fig. 1). The outer sur-
face of cylinder is assumed to be rigid while the inner surface of cylinder is assumed to be coated with two
different absorbing lining. The liner impedance are characterized by   and  
respectively. From the symmetry of the geometry of the problem and of the incident field, the total field
will be independent of azimuth  everywhere in circular cylindrical coordinate system . Therefore,
a scalar potential  which defines the acoustic pressure and velocity by  and ,
respectively, is introduced. Here  is the density of the undisturbed medium. Time dependence is
assumed to be  and suppressed throughout this paper, where  is the angular frequency. The incident
sound wave which is propagating the positive  direction is taken to be

(1a)

where  is the root of the equation

(1b)

and  stands for

(1c)

. Here  denotes the wave number of the medium and  is the speed of sound.  stands
for the amplitude of the incident wave. An expression of the total field will be established as follows
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, , which satisfy the Helmholtz equation

(3)

are to be determined with the aid of the following boundary and continuity relations. The boundary con-
dition on the absorbing surface can be given in terms of the potential funcitons  and 

(4a)

(4b)

The outer surface of the duct is rigid, so that

(4c)

and the inner duct wall is rigid for 

(4d)

Consider now the continuity conditions related to total field at  which are given by

(4e)

(4f)

From the continuity at the point , we get
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Furthermore, to obtain a unique solution the following edge conditions at the mouth   of the
cylinder should be taken into account

(4m)

3. DERIVATION AND SOLUTION OF THE WIENER–HOPF EQUATION

The field ,  satisfy the Helmholtz equation for . The following solution is
obtained when (4c) is applied
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where  is the Hankel function of the first type and  is the square-root function 
which is defined in the complex α-plane [14] and  is the Fourier transform of the field 
defined to be

(6)

where

(7)

Owing to the analyticity of Fourier integrals,  and  are analytic functions of  in the upper
and lower half -planes defined by  and , respectively. By applying the sim-
ilar mathematical procedures in region  , the following equation is obtained [14]
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Here,  and  are the well-known Bessel and Neumann functions of order   is an analytic
function in the upper -plane, defined by
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The regularity of the right hand side of the equation (8) may be violated by the presence of the simple poles
occurring at the zeros of  lying in the upper -half plane, namely at  satisfying
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These poles can be eliminated by imposing that their residues are zero. This gives
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The solution of (14) can easily be obtained through the classical Wiener–Hopf procedure,

(16)

Here,  and  are analytic and free of zeros in the upper and lower half-planes, respectively.
Wiener–Hopf factorization of the function  as [14]

(17)

4. DETERMINATION OF THE COEFFICIENTS
In order to solve the problem by using the mode matching technique, the geometry is divided into three

regions and the eigenfunction expansions and related orthogonality conditions in each waveguide region
are determined. These regions are as follows:
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where  and  are defined in (12a, b). Using the continuity relations at , we obtain
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A similar procedure is adopted to determine  and  which are obtained depending on the  and 
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(33b)

(34a)

(34b)

By substituting  in (16) and using (13) one can obtain

(35)

Expressions given by (30), (31) and (35) are linear systems of algebraic equations which involve the
unknown coefficients ,  and . By solving this system numerically, the unknown coefficients can be
determined.

5. FAR FIELD

The radiated field in the region  can be obtained by taking the inverse Fourier transform of
. From (6) we write
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6. NUMERICAL RESULTS
In this section, sound pressure level (SPL) is calculated numerically for the similar problem parameters

as in the study of [15]. The following expression is used to give graphical plots for the sound pressure level

where  is the amplitude of the acoustic pressure of the sound wave, with the observation angle  changing
from 0 to . The far field values are plotted at a distance 46 m away from the pipe edge [22]. The geometry
parameters which remain unchanged in all examples, are given in Table 1.
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Table 1. Parameter values for figures

Truncation number 10

Density of Un. Med. 1.255 kg/m3

Speed of sound 340.17 m/s

Far radius 46 m

Duct radius 0.10 m

Duct extension 0.10 m

( )N

ρ0( )

( )c

( )r

( )a

2( )l
All the numerical results are derived by truncation of the infinite series and the infinite systems of linear
algebraic equations after the first  terms. It is seen that the amplitude of the sound pressure level
becomes insensitive to the increase at the truncation number after . Figure 2 shows the variation of the
sound pressure level versus observation angle  for different values of  with  m,  Hz and

. It is observed that the sound pressure level decreases with lining   compared to the
rigid case , as expected. In Fig. 3, the sound pressure level also decreases with lining  (duct
extension) like in Fig. 2.

Figure 4 shows the variation of the amplitude of the sound pressure level against the observation angle
for rigid-lined cases. It is observed that the sound pressure level decreases with absorbing lining compared
to the fully rigid case. Notice that an oscillatory behavior is related to increasing value of frequency. An
extra real root of  occurs when the frequency increases. A similar oscillatory effect can be seen with
increasing value of duct radii like the frequency.

N

= 10N

θ 1Z 1 = 0.1l = 4000f

−2 = 1 3Z i 1Z − 1( < )z l

→ ∞1( )Z 2Z

αm
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Fig. 2. Sound pressure level versus the observation angle for different values of  with  m,  Hz and
.
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Fig. 3. Sound pressure level versus the observation angle for different values of  with  m,  Hz and
.
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Fig. 5. Sound pressure level versus the observation angle for different values of  with  Hz,  and
.
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Fig. 6. Comparison of the sound pressure level versus the observation angle with the study of [14] for , ,
 and . 
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Fig. 4. Sound pressure level versus the observation angle for fully hard-lined pipe with  and  Hz.
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Figure 5 depicts the variation of the sound pressure level against the observation angle  for different
values of  with  Hz,  and . The effect of the length of the inner rigid part
provided a few decibel of sound wave variation. It is seen that the sound pressure level increases slightly as
the  is moved further into the duct.
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Figure 6 depicts an excellent agreement for radiated field between the present paper and the previous
study [14]. When the first interior lining  is absent, i.e., , Fig. 6 is obtained. Notice that the
curves corresponding to  coincide exactly with the results obtained in the previous paper by the
authors [14, Fig. 5b]. This comparison is also important for the accuracy of the mathematical results. Note
that  is used to make comparison for Fig. 6.

7. CONCLUSION

Radiation of sound waves comprising of semi-infinite duct with different inner lining is presented. The
part of the inner surface of the duct is assumed to be rigid. Wiener–Hopf technique has been engaged to
obtain sound pressure level. Here, inner partial rigidity makes the problem more complicated. The prob-
lem first reduced Wiener–Hopf equation and solved by using the classical factorization and decomposi-
tion procedures. The solution involves three systems of linear algebraic equations involving three sets of
infinitely many unknown expansion coefficient. Numerical results are obtained graphically for various
values of the problem parameters. At certain angles, it has been observed that the sound pressure level for
the relatively high frequency is less sensitive to the variations of the length of the inner rigid piece.

In the case where the effect of the  is absent , the results obtained in this paper are com-
pared with the results of [14] and the results are found to be in good agreement.
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