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1 | INTRODUCTION, DEFINITIONS, AND PRELIMINARIES

Special functions and integral transfoms are frequently used in many mathematics, physics, and engineering applications.
Generally, integral transforms, which are one of the solution methods and special functions that are the solution of certain
types of differential equations, are studied in many disciplines today. Bernoulli gave series solutions of Bessel differential
equations in 1703. These solutions are called Bessel functions. Bessel functions were seen in many studies like astronomy,
mechanics, and physics in the 18th century.* In the literature, integral transforms whose kernel involving the Bessel
functions are called the Hankel transform, the Bessel transform, and the Y and I transforms. There are also integral
transforms such as Laplace and Mellin transforms, which are frequently seen in the literature. In 1933, E. M. Wright
introduced Wright function and investigated its asymptotic behavior,! and a generalization of the Wright function, known
as the Bessel-Maitland function, was defined in Marichev and Rusev et al.*> In 2011, Singh®’ defined a generalized
Bessel-Maitland function as follows:

o (2"
175% _ pn
Jup @ = Zn!r(/m+ v+ 1)

n=0

-1 (r.p)

= L 11 (1 - %p) Z
r (}/) 12 (0’ 1) > (_V’ //I) ’

where Hi; is the Fox H—function defined in Fox,® u,v,y € C; Re(u) > 0, Re(v) > —1,Re(y) > 0,p € (0,1) U N and

@o=1@)pn = %. Also, Singh®: Fa(329). P130 proved that the generalized Bessel-Maitland function (1) has following
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integral representation:
I'(s)I D
.7V’fl’,y )= 1 1 /M ~Sds,

e | Taro—u© @ (med <), ¥

where u,v,y € C; Re (u) >0, Re (v) > —1, Re (y) > 0, and p € (0,1)UN. The contour of integration L lies from s = —ico to
s=+ioo and separates poles of integrand at s = —n (n € Ny) to the left and at s = &nP (n € Np) to the right. He examined
certain properties of this function, which got a number of results including differentiation and integration formulas.®’

The aim of this paper is to first find some new features of the generalized Bessel-Maitland function and then to examine
the properties of the integral transform, whose kernel involving the Generalized Bessel-Maitland function, so-called the
Generalized Bessel-Maitland integral transform.

Now, let us start with basic definitions and properties of special functions and integral transforms to be used in the rest
of the article. The Gamma function is defined by

') = / £ le™'dt, Re(z) > 0. 3)

The basic properties of the Gamma function were given in Erdélyi et al.?-P-3
Pochammer symbol is defined by the following relation:

(@), =

a@+1)...(¢+n-1), n=1,2,3 ...
{ . L8 @

where a € R.
The relationship between the Pochammer symbol and the Gamma function is given by

(@F%, a#0,1,2, ... . (5)

The Beta function is defined by the following formula®:

B(z,v) = (1+t)v+zdt / 11 - pv e, (6)

where for Re (z) > 0,Re (v) > 0.
The relationship between the Beta function and the Gamma function is given by

_T@Ir'W
B(z,v) = Tarn @)

The generalized hypergeometric series is defined by Erdélyi et al®

) ()p(a2)y, ... (ar)nz_n
2 BB o 1

®)

F a1, 02, ... , U
s ﬁl’ﬁ2v . ﬂS

wherer,s € Z* U {0} anda;,f; #0,-1,-2, ... A <i<r,1<j<s).
The Fox-Wright function is a generalization of the hypergeometric function and defined as'®

(a1, @), (@2, @), ... , (ap, ap)

(b1, p1) ., (b2, B2), ... . (bg. By)

p¥q = 2 R 9

ST (b1 + )T (by + Bon) ... T (bg + fgn) 1!

] T (a+am)T (@ + azn) ... T (ap + apn) gn

where p,q € Z* U {0},a;,b; e Cand o, f; e R(1<i<p,1<j<Q).
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The Bessel-Maitland function, which is also known as Wright function, is defined as the following series form*>:

s

H _ (_Z)n _ - _
I, (Z)_Zn!r(/m+v+1)_o\PI[(V+1,M)‘ z], (10)

n=0

where (¥, is the Fox-Wright function. If we set 4 =1 and z = %2 in the Bessel-Maitland function and multiply with

2v
<§> , we obtain the first kind of Bessel functions as follows:

I @)= ii(z)nm. (11)

~I'(n+v+1)n!\2

The Hankel transform whose kernel involving Bessel functions is defined as follows!? P

H, {f():y) = / 02T, () f (D dt, 12)
0
where Rey > 0.
The Laplace transform is defined by Erdélyi et al'?-P127
L{f(@);s} = /e‘“f (tH)dt, Res> 0. (13)

0

2 | IDENTITIES FOR THE SPECIAL CASES OF BESSEL-MAITLAND
FUNCTION

In this section, we will consider some new conclusions and their special cases for the generalized Bessel-Maitland
function (1). The special cases of the generalized Bessel-Maitland function (1) are given by

0,1 1
Jor @ =7 +z’ (14)
T @) =e*, 1)
zJ% (2%) =singz, 16)
2Jp; (-2%) =sinhz, a7
T (@) = cose )
Joi (~2?) = coshz, 19
2\ (22 2
<2> J\/,O <4>_J\/(Z)7 (20)
1 é v Ly Z_Z B E —v 1y Z_Z 3
sin (zv) [(2) I3 ( 4 ) cos (xv) <2> Il ( 4 )] =X @, (1)

where J, is the first kind!3-Ea(33.6.1).p-537 gnd Y, is the second kind of Bessel function.!3- Ea(54.3-1). p-568

Lemma 1. The following identity holds true:

(}')pﬂzj wre ) 22)

1
Ky — Hy
JV,P (Z) - ;Jv—l,p (Z) + v V+u.p

foru,v,y € C;Re(u) >0,Re(v) > —1,Re(y) >0,andp € (0,1)uUN,m e N.
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Proof. 'We have the following identities, Fa(5-2:1.1-2) p127
dm Hy m Hy+pm
dz—mjv,p @) =(-1) (J’)pmj‘,ﬂ,mp @), (23)

Tl @ =+ DI, @+ we T, @) 24)

If we put m=1 in (23) and make a simple change of variables from v to v — 1, where v=v —1 in (24), we arrive at
the relation (22). O

v—1
Remark 1. Substituting =1, p=0, z=2?/4 in (22), multiplying by ( and using the special case (20), we obtain
2

%Jv @D =T @+ To1 @), (25)

which was obtained earlier in Erdélyi et al'4- B4(56). p12

Theorem 1. The following identity holds true:

d™ [, u — v—m H,
g (2730 @) =2 " T, @) (26)

foru,v,y € C; Re(u) >0,Re(v) > —1,Re(y) >0,p€ (0,1)UNand m € N.
Proof. Using the series representation (1), we find

o D gm

B @Il @) = Y (i)
dzm vP ~ !l (un + v +1) dzm

_ i (—1)"(7)1)11 ghmrvm

pl(un+v—-—m+1)

— zv—mg\/ﬂ_v};n,p (ZH) .

O
Theorem 2. The function Jv’f}’,y (2) has the following integral representations:
1
1 _ _
Iy @)= ——— / Q-T2 @t @7)
r (l + v) 0
2
/2
. _ 2 . 2 , 2
Tl @) = — / sin ”63_"1;2’1) (zcos*0) de, (28)
r <— + v)
2 0
where u,v,y € C; Re(u) >0, Re(v) > —-1/2,Re(y) >0andp € (0,1) UN.
Proof. Using the series representation (1), the relation (7), and the definition of Beta function (6), we get
o (2"
T @) = —— = B(l +v, 1 +/m)
F(%+v)n=on!l‘<%+un> 2 2
1 V2| & (02" (y)
1-6" )
_ 1 / 1-1 pn (29)

1/2
F(§+v) 0 t n=0n!l“(§+/m>
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Now, using the series representation (1), we obtain integral representation (27). Making the change of variable
1 —t = sin®6 in (27), we arrive at (28). O

Remark 2. Substituting =1, p=0, z=2%/4 into (27), multiplying by (%)v and making the change of variable ¢ = u?

we get
1

v 2 2,2
Z 1, Z _ v— 1/2 uz
<5> Jv,oy <Z> = ( / l—u _1/20 (—4 )du.
0

Using the relation (20) and the known formula J_; (z) cos (z),'4 Ea(50). P12 we find the known formula of

1/2 1/2
Bessel function!?- Ea(53.3.2). p-555 g follows:

1

7.@=(%) 2" cos (uz) du, (30)

EeniA

where Re(v) > -—1/2. Applying similar calculations in (28), we find the known formula of Bessel func-
tion!3- EA(53:3:3). .55 g5 follows:

/2

v 2 .
J@=(% —/sm2V9 cos (zcos 6) dé, (31
(2> \/;F <v + %) 0

where Re (v) > —1/2.

3 | GENERALIZED BESSEL-MAITLAND INTEGRAL TRANSFORM

In this section, generalized Bessel-Maitland integral transform will be introduced, and some basic properties of it will be
given.

Definition 1. The ,H}’ g—transform is defined as follows:

HYY (038} = / (sO)*J)y (st) f (1) dt, (32)

where «, pt,v,7,s € C; Re(a) > 0, Re (u) > 0, Re(y) > 0, Re(v) > —1, Re(s) > 0,and p € (0,1) UN.

Lemma 2. The following identities,

My {f ()38} = s"L(1°F (1)35) (33)
t2
2 4 { } S\/—

hold true, provided that the integrals involved converge absolutely, where L is the Laplace transform'* P17 and M, is the
Hankel transform.!!- P

Proof. Setting v=0,y =1 into the definition of the generalized Bessel-Maitland function (1) and using the definition
of Laplace transform and (32), we obtain (33). Secondly, making the change of variable t = u?/4 on the right hand side

of (32), we have
w 2\ gur (2 (w2 u
MU F (1)) = /<s4> Tl <S4)f<4> Sdu. (35)
0

Making the change of variables s=s* , a = ; % into (35) and using the special case of the generalized
Bessel-Maitland function (20), we obtain (34). O
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Lemma 3. The following identities,

UGS O +8 O st = G {f (O);s)+ oHp (8Os}, (36)

G @ish = g {F0: 2], (37)
hold true, provided that the integrals involved converge absolutely.
Proof. Using the Definition 1 of the generalized Bessel-Maitland integral transform and the linearity of the integral,
we obtain (36). Making the change of variable at =u in relation (32), we arrive at (37). O

Lemma 4. The following equations hold true:
TP f @5} =57 gl £ (035}, (38)

us~(y)
HG P f W55} = MHV Lo U @38+ ——wpn LT f (035}, (39)

where a, B, u, v,y,s € C; Re(a + ) > 1, Re(u) > 0,Re(y) >0, Re (v) > —1,Re(s) > 0andp € (0,1) UN, provided
that the integrals involved converge absolutely.

Proof. We obtain (38) easily using the Definition 1. Similarly, using the relation (22) of Lemma 1 and the linearity of
the integral, we arrive at (39). O

Remark 3. Setting g = —%, f@ =7 (2\/2) in (39), and using the relation (34), we obtain the known following
relation:

HV{M ®, }—sHV LU (0:8) + $5Huar ()35 (40)

where H, is the Hankel transform.% Ed(5). p-5

Theorem 3. The following identities for the generalized Bessel-Maitland integral transform,
HUGS s} = <— —a> wtHUG Lf (038} = —a A @©)3s) (1)
H

()pua
H S O s}—s<< Vo +”> A VICIOE C PRV AR TGO (42)

hold true, provided that the integrals involved converge absolutely, where a, 8, u,v,y,s € C;Re(u) > 0,Re(y) >
0,Re(v) > —1,Re(s) >0andp € (0,1) UN.

Proof. Using the definition (32), integration by parts and the relation (23) for m = 1,%Fa5:21D.P127 we arrive at (41).
Substituting (21) into (41), we obtain (42). O

Remark 4. Changing the variable from ¢ to 2\/2 and setting p =0, u = 1, and s = s? in (42), we find

el D o) i [ o)) - () o (o)),

On the other hand, setting f (1) = f <2\/;> ,f=-1/2,p=0, u=1,and s=s? in (38), we get

|

B =saptlp {1 (2V) 82} (44)
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Using (43) and (44) together, we have

i O o) (s () )~ () ot (s )]

Setting « = % + i in (45) and using the relation (34), we obtain the known following relation,

H{2vf @38} =5 (v=3 ) Mo (F @35) =5 (v 3 ) Hoea {£ @351, (46)

where H, is the Hankel transform.!!- Ea(10). p.6

Theorem 4. The following identities for the , ', —transform,

"p
di( MU f();s)) = = H’”{f(t) s} — aHHc‘J,:;,’{f(t);s}, (47)
j (aHUy {f@:5}) = aua MU {LF 05} = ()paHiTE (L (0); 5}, (48)

hold true, provided that the integrals involved converge absolutely, where a, f, u, v,y,s € C; Re(u) > 0, Re(y) >
0,Re(v) > —1,Re(s) > 0,andp € (0,1) UN.

Proof. Using the definition of (32), changing the order of integration and derivation and making use of the rela-
tion (22), we obtain (47). Setting # = 1 in (38) and using the relation (47), we arrive at (48). O

Corollary 1. The following identity holds true for the ;H ' g—transform:

m k
dm m (_1) (Y)pkr(a + 1) +pk
H{f(t ark P F(0);8) 49
T (U ) = ;)(k)r(a-(m-k_l)) WH(£(0):5) (49)
Proof. Using the definition of (32) and the Leibniz derivative formula,'® E4:10:8).p8 we obtain (49). O

4 | ILLUSTRATIVE EXAMPLES

In this section, we will give some illustrative examples of the generalized Bessel-Maitland integral transform. The
results of the examples in this section are obtained using the integral representation of the generalized Bessel-Maitland
function (2) and different advanced methods such as residue calculus.

Example 5. We show that

1 ma*ls" (r,2p),(1,1)
HLY { 's} = % 2 Ay - a’s?
a”*v,p )
a2+ 2cos( )F() A +v.2p),(1,2)
Lz | +p2p). LD | o
2sin (za2)T (y) A+v+pu.21),(2,2)
_ s (y_pa+p72p)’(1’1) 22
S T () [ A+v—pa+p2p),2-a2)| " ¢° ] ’ (50)

where Rea >0 and ,¥, is the Fox-Wright function (9).
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Proof. Setting f () = pewve (Rea > 0) in (32) and using the definition of generalized Bessel-Maitland transform (32)
and integral representatlon of generalized Bessel-Maitland function (2), we obtain

ico oo

sy @I (y — pu)s™™ / e
oHup (J(0:8) = /F(y)F(1+v—;4u) a2+t2dt du. 1

Zioo 0

Using the formula of Mellin transform,'> F411). 309 and the known property of Gamma function,” ¥4 P3 we have

ico

H) { ) i ok } /g(u) du = ZRes (g(u), uy), (52)

—ioo

where

MW —pusa™l g x
80 = o Ta v = Esec<_(“ ”))

which has poles at u; = —n and u, = @ — 1 — 2n (n € N). The residues of g(u) at u; = —n(n € N) are

_ (=D"T(y + pn)a™" s 5 T
Res{g(w),u;} = T A+vtamnl 2 sec( (ax + n)) , (53)
where we have for k € N,
(-DFsec(Z2), n=2k
sec(z(a+n)>= B <2> :
2 (=11 cs (%),n=2k+1
The residues of g(u) at u, = « — 1 — 2n(n € N) are
(=1)"T (y — pa + p + 2pn) a*"s>"*+!
R == . 54
sl 1} = G T T2 —a+ 20T+ v — pa+ 4+ 2am) 4
Substituting (53) and (54) into (52) and using the definition of the Fox—Wright function (9), we obtain (50). O
g g
Example 6. We show that
QHM{ 1 }z_ O
a+ at)ﬂ LA (y)sin(x (B — a))
(r.p),(a+1,1) s
Xﬂ&[a+uuxe—ﬂ+aJ>a]
N a sz
I (r)sin(x (f — a))
X O+v—uﬁﬂ+a+Dme—aJ)ay 9

where 0 <Res <Ref, |arga| < x, and ,%¥, is the Fox-Wright function (9).

Proof. Setting f () = Ty in (32) and using the definitions (2) and (6) and property of beta function (7), we have

(1+at
ico

M {; } 211/g(u)du = ZRes(g(u) up), (56)

(1+at)f’
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where
Ty —pwl (e —u+1)s*4gltu—e .

T A+v— )T C-f+a—-wsin(x(f—a+u—1))
which has polesat u; =—nand u, = —f + a + 1 — n(n € N). The residues of g(u) at u; = —n(n € N) are

gw) =

' (y +pn)T(@+n+1)mesc(n(f—a—1))

R = . 57
esl8 ). ) = T T T Aty T G —fratmnl 7)
The residues of g(u) atu, = —f+a+1—n((n € N) are
ST (y —p(—f+a+1)+pn)T (B +n)mcsc(n(f— a))
Res{g(w),u,} = yrem— . (58)
AT (TN B —a+mT A +v—pu(=f+a+1)+ un)
Setting (57) and (58) in (56) and using the definition (9), we arrive at (55). O
Example 7. We show that
HY —at. — Sa (Y7p)7(a+15 1) lg

Mg o8} = a**1' (y) h [ A+v, ) a ] ’ &9

where Rea >0 and ,¥; is the Fox-Wright function (9).

Proof. Setting f (t) = e~ in (32) and using the definitions (2) and (3) and property of Gamma function,® P46 P-3 we
have

ico

N | _
T {7 s} = %/g(u) du = zi:Res(g(u), u), (60)
where
FrWwlr'y—-pwl'(@a—u+1) sru

r(yHrad+v-—puw qe—u+l’
which has poles at u = —n (n € N). The residues of g(u) atu = —n(n € N) are

gu) =

D' T +pn)T(e+n+1) gotn

Restg )4} = — T+ v pmnl gt (61)
Substituting (61) into (60), we arrive at (59). O
Example 8. We show that
g e - e ST (i)
and -
oMy {sin(@):s) = aa+f; @) ;F(ynTFP(Z)I (Va++“r;;r : (‘%)n sin (5 (n-+a+1), ©

where Rea > 0.

Proof. Changing the parameters in (59) from a to ia, where a — ia and separating the relation into real and imaginary
parts, we obtain (62) and (63), respectively. O
Example 9. We show that

sin(z (/2= ) o, [ ¢.p),(@+1%6/2,1)
) (L+v, )

5] , (64)

wy R
MG Ty @vss) = 2

where a > 0,—Re () < Re(s) < 3/2 and ;¥ is the Fox-Wright function (9).
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Proof. Setting f (1) = J; (2 \/E) in (32) and using the definition (2), we get

ico o0

w V. 1 [T pus™ /
M { 7y (2var) s = 2ﬂi/F(y)F(1+v—;4u) e gy (2v/at) dt | du (65)
i 0

—loo

Using the relations of Erdélyi et al,'> B4, 326, Eq(5), p207 whyich are given for the Mellin integral transform, we have

r(s+2
M {Jﬂ (2var) ;s} - g (66)
a’T” <§ -5+ 1)
where —Re (f) < Re (2s) < 3/2. Using the relations (66) and (65) together, we obtain
1
My {Jﬂ (2Var) ;s} = / gwdu = ZRBS (8w, uy), (67)
where @ — /2 ¢ N and
. sin(z(B/2—a—u)T (@ —pwl(@—u+1+p/2TA—B/2+a—u) seu
gr= sin (1) TA-—wWI ()T A+v— ) qa-utl’
which has the pole at u = —n (n € N). The residues of g(u) atu = —n (n € N) are
Resi{g (1), 1} = sin(z(B/2—-a)T(y+pn)T(a+n+1+4/2)TQ1—-/2+a+n) sotn ' (68)
T ri+nm)r(y))TA+v-— un) qetntl
Putting (68) into (67), we obtain (64). O
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APPENDIX A

Using the definition of generalized Bessel-Maitland transform (32) and integral representation of generalized
Bessel-Maitland function (2) and the residue theorem, we obtain (Al) and (A3). Using Equation (38)
in (A1), (59), (62), (63), and (64), respectively, we arrive at (A2) and (A4)-(A7).
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sl 1 (as)" (.p)
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APPENDIX B

Using the identity (33) for @ = 0 in (A1), we get (B1).!>Fd1.P133 Using the identity (33) @ = 0 in (A2),
we have (B2).!2Fa1.p137 Using the identity (34) for § = —1/4 and f = f/4, respectively, we obtain (B3)
and (B4).!1 Ba®). p.72and Eq(7), p-22 Using the identity (33) in (A3), we get (B5).1> B4 137 Using the identity (34) for a = a?/4
in (A3), we obtain (B6).! B4, 4=3/2,4=0,p24 Using the identity (33) in (50) for a =1, we have (B7).1>F®).P138 Taking
a = a*/4 in (50) and using the identity (34), we arrive at (B8).>P43° Using the identity (33) in (55) for a=1/a,a=v -1,
p=v—1/2anda=1/a,a=v—1, f =v+1/2, respectively, we have (B9) and (B10).'% E420-21).p-139 Using the identity (34)
in (55) fora=4/a?, f = f + 1, we get (B11).11- Fa@D, 4=3/2,p.24 Firgtly, using the identity (33) in (59), we get (B12),1> Fa®), p-144
then taking @ = 0 and a = 1, respectively, we obtain (B13) and (B14).!% Ea(1). p-143 and Eq(2) p144 {Jging the identity (34) in (A4)
for a=4a, f=u/2—1/4, we have (B15).11-F4G0. P30 Using the identity (33) for « =0 in (62) and (63), respectively, we
obtain (B16) and (B17).1% Fa(3)p-154and Eq(1), p150 {Jging the identity (33) in (62) and (63), respectively, we obtain (B18)
and (B19).1% Fa(58),p.157and Eq(15), p145 {Jsing the identity (34) in (A5) and (A6), respectively, for a=4a, f=—1/4, f=1/4
and f = v/2 — 1/4, respectively, we obtain (B20)—~(B25).11 E4(38)-(40), p38 and Eq(13)}-(15), p34 Jsing the identity (33) in (64) for
a=pu—1,=2v, we get (B26); for a = u —1/2, =2v, we have (B27); for « =v/2 + n,f = v, we obtain (B28); fora =v/2 -1,
p=2v, we arrive at (B29); for a =—-v/2,f=v, we get (B30); for a =v/2,f=v, we have (B31); for a=-1/2, f=v, we
obtain (B32); for a = 1/2, = 1, we get (B33); for a =0, = v, we get (B34).12 Ea(26)}35), p185-186 {Jging the identity (34) in (A7),
we obtain (B35).
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