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Abstract: Let R be a commutative ring with nonzero identity and n be a positive integer. In this paper, we study
the concepts of n-absorbing §-primary ideals and weakly m-absorbing §-primary ideals, which are the generalizations
of d-primary ideals and weakly &-primary ideals, respectively. We introduce the concepts of n-absorbing J-primary
ideals and weakly mn-absorbing §-primary ideals. Moreover, we give many properties of these new types of ideals and

investigate the relations between these structures.
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1. Introduction

Throughout this paper, we assume that all rings are commutative with nonzero identity. Let R be a commutative
ring and I be an ideal of R. An ideal I is called proper if I # R. Recall that a proper ideal I is called a
2-absorbing (primary) ideal if zyzox3 € I for some z1 x93 € R; then z1zo € I or zoxz € I or z123 € I
(x1x9 € T or mox3 € VT or 23 € VI ). These concepts were introduced by Badawi, Yetkin, and Tekir in [3]
and [6]. Later, many authors studied on this issue. (see [11] and [1]). A proper ideal I of R is said to be weakly
2-absorbing (primary) ideal if 0 # x12923 € I for some x1 29 x3 € R; then x129 € I or zox3 € I or zz3 € [
(x129 € I or xox3 € VT or T1T3 € VI ). These notions were introduced as generalizations of weakly prime
ideals and weakly primary ideals in [4] and [7], respectively. In the same manner, the concepts of n-absorbing
(primary) ideals were introduced as other generalizations of prime (primary) ideals in [2]. Afterwards, Darani
et al. studied the concept of weakly n-absorbing ideals in [10].

Let Z(R) be the set of all ideals of R and § : Z(R) — Z(R) be a function of Z(R). Then ¢ is called
an expansion function of Z(R) if it satisfies the following two conditions: 1. I C §(I), 2. If I C J, then
0(I) C 6(J) for any ideals I,J of R. In [8], Zhao introduced a new concept called J§-primary ideals in
commutative rings. This concept is considered to unify prime and primary ideals. Many results of prime and
primary ideals are extended to these structures. Recall that a proper ideal I is called a §-primary ideal if xy € I
for some z,y € R implies that © € I or y € 6 (I). Then Zhao and Fahid introduced the concept of 2-absorbing
d-primary ideal, which is a generalization of §-primary ideal, that is, the concept of d-primary ideal has been
extended to 2-absorbing d-primary ideal [9]. Recall that a proper ideal I is called a 2-absorbing §-primary ideal
if xyz € I for some xz,y,z € R implies that xy € I or yz € § (I) or xz € § (I). Afterwards, Badawi and Fahid
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studied weakly 2-absorbing J-primary ideals of commutative rings in [5]. Firstly, they introduced the concept
of a weakly d-primary ideal and then gave the concept of a weakly 2-absorbing J§-primary ideal. Additionally,
they investigated many properties of these concepts and studied the relations between a é-primary ideal and a
2-absorbing §-primary ideal. A proper ideal I is said to be a weakly d-primary ideal if 0 # xzy € I for some
x,y € R implies that x € I or y € § (I). A proper ideal T is called a weakly 2-absorbing §-primary ideal if
0 # xyz € I for some x,y,z € R implies xy € T or yz €6 () or xz €6 (I).

In this paper, our aim is to introduce the concepts of m-absorbing J-primary ideals and weakly n-
absorbing J-primary ideals. These types are two generalizations of the concepts of n-absorbing (primary)
ideals and weakly n-absorbing (primary) ideals, respectively. We say a proper ideal I of R is (weakly) n-
absorbing d-primary ideal if whenever (0 # z1...xp41 € I) Z1..241 € I for some z1,...,2,41 € R implies
x1...Tx, € I or there exists 1 < k < n such that x;...7%...zp11 € § (I), where z7...Tg...x, 11 denotes the product
of 1. Tk 12Tk41. - Tpt1-

In this paper, we give many specific examples and results of these concepts. Let § and + be expansion
functions of Z(R). One of the significant results in this paper is that if §(I) C v(I) and I is an (weakly)
n-absorbing J§-primary ideal, then I is an (weakly) n-absorbing ~-primary ideal. Then we show that every
(weakly) n-absorbing d-primary ideal is an (weakly) m-absorbing §-primary ideal for positive integers m,n
with m > n. It is given that if T is an (weakly) n-absorbing d-primary ideal with J C K C I and §(I) = 6(J)
for some ideals J, K of R, then K is (weakly) m-absorbing §-primary ideal for positive integers m > n. We
also show that if I is a weakly n-absorbing d-primary ideal of R but is not an n-absorbing §-primary ideal,
then I"*1 = (0). Let S be a multiplicatively closed subset of R and dg be an expansion function of Z(Rg)
such that ds(Is) = (6(I))s, where Rg is the quotient ring of R. Let SN Z(R) = 0, where Z(R) is the set of
all zero divisor elements of R. It is also given that if I is an (weakly) n-absorbing d-primary ideal of R with
INS =0, then Is is an (weakly) n-absorbing §g-primary ideal of Rg.

Let R =Ry X ... X R,, where R; is a commutative ring with nonzero identity and J; be an expansion
function of Z(R,;) for each i € {1,2,...,n}. Let dx be a function of Z(R), which is defined by 6y (I; x I x
e X 1) = 61(1h) x 62(I2) X ... X 6,(I,) for each ideal I; of R;. Then dy is an expansion function of Z(R).
Finally, from Theorem 10 to Theorem 13, we characterize all (weakly) n-absorbing dy -primary ideals of direct

product of rings.

2. n-Absorbing J-primary and weakly n-absorbing J-primary ideals

Throughout this section, R denotes a commutative ring with nonzero identity, unless otherwise stated.

Definition 1 Let Z(R) be the set of all ideals of R and § : Z(R) — Z(R) be a function of ideals of R. Recall
from [8], 0 is called an expansion function of Z(R) if it satisfies the following two conditions: (1) I C 6(I),
(2) If 1 CJ, then §(I) C6(J) for any ideals I,J of R.

Note that there are explanatory examples of expansion functions included in [8, 1.2 Example] and [5,

Example 1].

Definition 2 A proper ideal I of a commutative ring R is called an (weakly) n-absorbing 0 -primary ideal
if whenever (0 # x1..xp41 € I) x1..xpp1 € I for some x1,...,xp41 € R, then x1..x, € I or there exists

1<k <n such that x1..Tg..xny1 € 6 (I), where z1...Tg...xyy1 denotes the product of T1..Tk_1Tp41--Tpt1-
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It is clear that any n-absorbing d-primary ideal is weakly m-absorbing §-primary. The following example

not only shows that the converse is not true but also gives many illustration of n-absorbing J§-primary ideals.

Example 1 Let § be an expansion function of Z(R).

(i) If 6;(I) = I, i.e. §&; is an identity function, then n-absorbing ideals are equivalent n-absorbing
d; -primary ideals.

(i) If 6,(I) = /I, then I is an n-absorbing 6, -primary ideal iff I is an n-absorbing primary ideal.

(iti) Every (weakly) 2-absorbing d -primary ideal is an (weakly) n-absorbing 0 -primary ideal.

(iv) Every n-absorbing ideal is an n-absorbing ¢ -primary ideal, but the converse is not necessarily true.
Consider the ring of integers Z and the expansion function 8§, of Z. Let I = (p3p3p3...p7), where p;’s are
distinct prime numbers. Then I is an n-absorbing 0, -primary ideal of Z but not an n-absorbing ideal of Z.

(v) Now consider the ring Z.,, where m = p1pa...ppt1 for some distinct prime numbers p1, ..., pn+1. Then
I =(0), the zero ideal, is clearly a weakly n-absorbing o, -primary ideal of Zy,. Since p1ps...pnt1 € I, p1pa...pn ¢
I and for each 1 < k < n, none of the product of p1...pg...on+1 is in 6,(I) = I. Thus I is not an n-absorbing
Or -primary ideal of Zy,.

An n-absorbing primary ideal may or may not be an n-absorbing J-primary ideal as in Example 1 (i).
Additionally, an m-absorbing §-primary ideal is not necessarily an n-absorbing primary ideal. Consider the
ring of formal power series R = F|[[X1, X2, ..., Xnt1]], where F' is a field. Let us define ¢ : Z(R) — Z(R) as
0(I) = I+ M for each ideal I of R, where M is the unique maximal ideal (X7, X5,..., X, 4+1). Then § is an
expansion function of Z(R). Take an ideal I = (X;X5...X,,11). Then /I = I and I is not an n-absorbing
ideal and so it is not an n-absorbing primary ideal. Let pi,pe, ..., pn+1 € R such that pips...pn+1 € I. Assume
that for some 1 < k < n such that py...pg..pn+1 € 6 (I) = M. Then p;...pk...pn+1 is a unit of R. Since
P1P2--Pnt1 = (P1.--Pk--Dnt1)Px € I, we have p, € I and so p1ps...p, € I. Thus I is an n-absorbing §-primary
ideal of R.

Theorem 1 (i) Let 6 and 7y be expansion functions of Z(R) with 6(I) C ~v(I). If I is an (weakly) n-absorbing
0 -primary ideal of R, then I is an (weakly) n-absorbing ~y-primary ideal of R.

(ii) Let v be an expansion function of Z(R) and I be an n-absorbing primary ideal of R. If v(I) is a
radical ideal, i.e. \/v(I)=~(I), then I is an n-absorbing ~-primary ideal of R.

Proof (i) It is explicit.
(ii) Tt can be easily seen that VI C /y(I) = v(I). Then, by (i), I is an n-absorbing ~y-primary ideal of
R if I is an n-absorbing primary ideal of R. O

Proposition 1 Let § be an expansion function of Z(R). If 6(I) is an (n — 1)-absorbing ideal of R, then I is

an n-absorbing 6 -primary ideal of R.

Proof Let z7..xp41 € I and zy...x, ¢ I for some z1,...,2,41 € R. Now we have two cases. In the first
case, assume that xj...x, ¢ § (I). Since 6(I) is an (n — 1)-absorbing ideal and (x122)x3...xn 41 € 6(I), we get
(x122).. 7. xpp1 € 6(I) for some 1 < k < n. In the second case, assume that zi...xz, € 6 (I). This implies
that z125...x,-1 € 6 (I) or x1...T%...7,, € § (I) for some 1 < k <n—1. Thus, we have z;1...7,...x,+1 € 6 (I) or

T1..-TpeTps1 € 6 (I) for some 1 <k <n — 1, which completes the proof. O

1835



ULUCAK et al./Turk J Math

Theorem 2 Let 6 be an expansion function of Z(R). Every (weakly) n-absorbing ¢ -primary ideal of R is an

(weakly) m-absorbing 0 -primary ideal of R for positive integers m,n with m > n.

Proof Let I be an n-absorbing §-primary ideal of R. We will show that I is an (n+1)-absorbing d-primary
ideal. Let z123...xp42 € I for some z1 x2,...,Zn42 € R. Now take z129 = 2’. Then z'..x,42 € I implies
'y €1 or &/ .Tg...Tyyo isin 6(I) for x; = 2’ or some 3 < k < n+ 1. Hence, I is an m-absorbing
d-primary ideal of R for m > mn. Similarly, it can be verified that a weakly n-absorbing J-primary ideal is a
weakly m-absorbing §-primary ideal. O

Definition 3 Let § be an expansion function of Z(R). It satisfies the finite intersection property if § (I; N...NI,) =
0 ()N ...nd(I,) for some ideals I,...,I, of R.

Note that the radical operation on ideals of a commutative ring is an example of an expansion function

satisfying the finite intersection property.

Proposition 2 Let 6 be an expansion function of Z(R) satisfying the finite intersection property and I, ..., L,
be proper ideals of R. If I; is an nj-absorbing &-primary ideal and P = 6 (I;) for all j € {1,...,m}, then

ILn..N1I, is an n-absorbing 0 -primary with n1 + ... + n, = n.

Proof Assume that zi..2,41 € [ N...N L, and zy..x, ¢ I1 N...N I, for some z1,...,2,41 € R. Then
x1..2n ¢ Ij for some 1 < k < m. Since I; is an ng-absorbing J-primary ideal, then Ij is an n-absorbing
0-primary ideal by Theorem 2 and so z...Z;...Zp41 € 0(Ix) = P for some 1 < ¢t < n. Also note that
0(Lhn..NIy,) =d6d[1)N...Nd,) = P since 6(I;) = P for all 1 < j < m and ¢ satisfies the finite
intersection property. Thus I3 N...N I, is n-absorbing J-primary. O

Theorem 3 Let 0 be an expansion function of Z(R) and I, J, and K be proper ideals of R with J C K C I and
0(I) =6(J). If I is (weakly) an n-absorbing & -primary ideal, then K is an (weakly) m-absorbing 0 -primary

ideal for positive integers m > n.

Proof We will show that if I is an n-absorbing §-primary ideal of R, K is an (n 4 1)-absorbing d-primary
ideal of R. Assume that n = 1. Let zj2023 € K and 129 ¢ K. In the first case, suppose that zyze € I.
Then 1 € I or zo € §(I). Thus z123 € I or zoxz € §(K) since §(I) = 6(J) C §(K). This implies that
123 € 0(K) or xexs € 0(K). In the second case, let x1xo ¢ I. Then x3 € 6(I) and hence z1z3 € §(K) and
xox3 € 0(K). Consequently, K is a 2-absorbing §-primary ideal of R. Assume that if I is a k-absorbing
0-primary ideal, K is a (k+ 1)-absorbing J-primary ideal for some positive integer k. Now we show that K
is a (k + 2)-absorbing d-primary ideal when I is a (k+ 1)-absorbing d-primary ideal for some positive integer
k. Let I be a (k+ 1)-absorbing §-primary ideal of R. Let xj..zp13 € K and zj..x512 ¢ K. In the first
case, let x1.. 2512 € I. Then z;...x541 € I or there exists 1 <t < k+ 1 such that zy...%%...x542 is in 6(1).
This yields that z;...7p 2...0%43 is in 6(K) or xy...Ty...x543 for some 1 <t < k + 1. In the second case, let
x1..Tk42 ¢ 1. Since I is a (k4 1)-absorbing §-primary ideal, we get x;...Z;...x543 is in 6(I) = 6(K) for some
1 <t < k+2. Consequently, K isa (k + 2)-absorbing d-primary ideal. Similarly, it can be verified for a weakly

n-absorbing J-primary ideal. O
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Corollary 1 Let § be an expansion function of Z(R) and I, J be proper ideals of R with J C I and
0(I) = 6(J). Then J is an (weakly) m-absorbing §-primary ideal in the case I is an (weakly) n-absorbing

& -primary ideal for some positive integers m > n.

Definition 4 Let § be an expansion function of Z(R), I be a weakly n-absorbing § -primary ideal of R, and
X1y ey Tng1 € R We say that (z1,...,xn41) @5 a 0-(n+ 1) -tuple-zero of I if x1..2xp41 =0, 21..2,, ¢ I and

foreach 1 <k <n, x1..Tk...Tpy1 15 not in §(I).

Note that if I is a weakly n-absorbing §-primary ideal of R that is not an n-absorbing J-primary ideal,

then I has a d-(n + 1)-tuple-zero (x1,...,Zn41) for some z1. ...,2,41 € R.

Theorem 4 Let § be an expansion function of Z(R) and I be a weakly n-absorbing J-primary ideal of R.
Assume that (x1,...,xn41) 18 a §-(n+ 1) -tuple-zero of I for some x1,...,xn11 € R. Then

—~ —_— m
fﬂl...fﬂill‘h...xim_ll‘im...$n+1I = (O)

for each 1 <iy,...,ipy <n+1,1<m<n.

Proof Let m =1. Assume that z1...%;,...xp411 # (0). Then x1...7;, ...xp41y # 0 for some y € I. This yields
that 1.7, ...Tnt1 (T4, +y) # 0. Since (x1,...,Tpt+1) is a §-(n + 1)-tuple-zero and I is a weakly n-absorbing
d-primary ideal of R, we conclude that x1...Z;,...2;...2n11 (25, +y) € 0 (I) for some 1 < j <n+1 and j # ;.
Thus z1...%;...2n41 € 6 (I), yielding a contradiction. Therefore, it must be z1...2;, ...2n411 = (0).

Assume that the claim holds for all positive integers less than m > 1. Let z1...75, i, ...Z7,, T4, ---Tnp1 1™ #
(0). Then there are elements y, ..., Y, of I such that z1...7;,Ty,...2Z;,, _, Ti.. - Tnir1Y1---Ym 7 0. By hypothesis,

we have
xlfz\lfz\sz{;znﬂ(%l + 1) (xiy +y2) . (T, + Ym)

=T1---Lj—1---Li4+m+1---Tn+1Y1---Ym 7& 0.

Since I is a weakly n-absorbing J-primary ideal, without loss of generality, we may assume that

—

T T Ty Ty T a1 (T4, + Y1) (s, + Ye) o (T4, + Ym) € 6(I)

for some 1 <t < m. Since y1, ..., ym of I, we get x1...75,...xn41 € 6(I) , which is a contradiction. Consequently,
it must be

—~ —_— m
xl---xhxiz--~xim71xim---mn+11 = (O) .

In the following theorem, Nakayama’s lemma is considered for weakly n-absorbing é-primary ideals.

Theorem 5 Let § be an expansion function of Z(R) and I be a weakly n-absorbing & -primary ideal of R but

it is not an m-absorbing §-primary ideal. Then I™T! = (0).
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Proof By our assumption, I has a 0-(n + 1)-tuple-zero (z1,...,2,41) for some zi ..,2,41 € R. Let
0 # y1...Yn+1 for some y; ..., ynt1 € I. By Theorem 4, we have (z1 + y1)...(Tpt1 + Yn+1) = Y1---Yn+1 7 0 and
(x14+y1)...(Tnt1 +Ynt1) € I. Thus we conclude that (z1+y1)...(zn +yn) € I or (x1+y1)...(Tk + Y)-- - (Tpg1 +
Yn+1) € 6 (I) for some k € {1,...,n}. Therefore, we have xi...z, € I or x1..Tk...xp11 € § (I), a contradiction.
Consequently, I"*! = (0). O

We give the next theorem as a result of Theorem 5.

Theorem 6 Let § be an expansion function of Z(R) and I be a weakly n-absorbing & -primary ideal of R but

it is not an n-absorbing § -primary ideal. Thus,
1. Rad(I) = Nil(R).
2. If M is a finitely generated R-module with IM = M, then M = (0).

Proof The proof is clear from Theorem 5. O

In Theorem 5, the condition 1! = (0) does not assure that I is a weakly n-absorbing §-primary ideal.

We give an example for this case:

Example 2 Let R = Zyn+2 for some prime number p and nonnegative integer n. Consider the expansion
function §;, which is defined in FExample 1. Then I = (p"“‘l) is a proper ideal of R and I"*! = (0), but I is

not weakly n-absorbing & -primary since p" Tt € I and p" ¢ 6; (I).

Corollary 2 Let ¢ be an expansion function of Z(R).

(i) If T is a proper ideal of R with 6(6(I)) = 6(I), then §(I) is an n-absorbing ideal of R if and only
if 6(I) is an n-absorbing 0 -primary ideal of R.

(i) Suppose that 6(0) is an n-absorbing §-primary ideal of R with 6(5(0)) = 6(0). Then §(0) is an
n-absorbing ideal of R.

Proof (i) The necessary part is clear. For the sufficient part, assume that z;...x,41 € §(I) and z;...z, ¢ 06(1)
for some x1,...,z,41 € R. Since §(I) is an n-absorbing §-primary ideal, then we have z1..7Tg...x,41 €
0(6(I)) = 6(I) for some 1 < k < n. Hence § (I) is an n-absorbing ideal.

(ii) Follows similar to (i). O

Definition 5 Let f : R — S be a ring homomorphism and 8§,y expansion functions of Z(R) and IZ(S),
respectively. Then f is called a 6y -homomorphism if §(f=1(J)) = f~Y(v(J)) for all ideals J of S.

If we consider that -, is a radical operation on S and §, is a radical operation on R, then any
homomorphsim from R to S is an example of §,7,-homomorphism. Also note that if f is a §y-epimorphism
and I is an ideal of R containing ker(f), then ~v(f(I)) = f(5(I)).

Theorem 7 Let f: R — S be a §y-homomorphism, where & is an expansion function of Z(R) and v is an
expansion function of Z(S). Then the following are satisfied:

(i) If J is an n-absorbing y-primary ideal of S, then f=1(J) is an n-absorbing &-primary ideal of R.
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(ii) Suppose that f is an epimorphism and I is a proper ideal of R with ker(f) C I. Then I is an
n-absorbing 0 -primary ideal of R if and only if f(I) is an n-absorbing ~-primary ideal of S.

Proof (i) Let zy..w,41 € f71(J) for some x1,...,241 € R. Then f(z1..2p41) = f(x1)...f (Tni1) € J. By

our assumption, we have f(x1)...f (z,) € J or there exists 1 < k < n such that f(xl)%?)f (Tp41) is in
Y(J). Thus z1..2, € f71(J) or &1..T5...xnq1 isin 71 (y(J)). Since 6 (f71(J)) = f~1 (v (J)), we get either
T1..2n € f71(J) Or T1..T5...Tpyy isin & (f_1 (J)) . Therefore, f=1(J) is an m-absorbing §-primary ideal of
R.

(ii) Let f(I) be an m-absorbing ~-primary ideal of S. Since I = f~!(f(I)), we conclude that I is
an m-absorbing §-primary ideal of R by (i). Assume that I is an n-absorbing d-primary ideal of R and
Y1Y2..-Ynt1 € f(I) for some y1,y2,...,Ynt1 € S. Since f is epimorphism, we have f(x;) = y; for each
1 < i < n+ 1. This implies that f(z1)f(z2)...f(zn+1) € f(I) and so x1...x41 € I since ker(f) C I. As
I is an m-absorbing J-primary ideal, we conclude either x;...x, € I or there exists 1 < k < n such that

1.7k Tpt1 € 6(I). Then we have yy...y, € f(I) or y1...0k...yn+1 € Y(f(I)), which completes the proof. O

Let ¢ be an expansion function of Z(R) and I an ideal of R. Then the function §, : R/I — R/I,
defined by 0,(J/I) = §(J)/I for all ideals I C J, becomes an expansion function of R/I.

Theorem 8 Let § be an expansion function of Z(R) and I,J be proper ideals of R with I C J. Then the
following hold:

(1) J is an n-absorbing § -primary ideal of R if and only if J/I is an n-absorbing d§,-primary ideal of
R/I.

(it) If J is a weakly n-absorbing &-primary ideal of R, then J/I is a weakly n-absorbing 64-primary
ideal of R/I.

(tit) Let S be a multiplicatively closed subset of R and dg an expansion function of T(Rg) such that
0s(Is) = (6(I))s. If T is an m-absorbing &-primary ideal of R with I NS = (), then Is is an n-absorbing
ds -primary ideal of Rg. Moreover, if I is a weakly n-absorbing &-primary ideal of R, then Igs is a weakly
n-absorbing dg-primary ideal of Rg.

Proof (i) It is a result of Theorem 7.

(ii) Let Or, 1 # ZT1..Tpnt1 € J/I for some Z1,..7Tn11 € R/I. Then zi..x,41 € R — I and also
0 # xy..xp41 € J. Since J is weakly m-absorbing §-primary, we conclude either z...z, € J or there exists
1 < k < n such that @1..75...%n41 is in 6(J). Hence Z1.. %, € J/I or T1..Tp.. T, is in 6(J) /I = d4(J/I), that
is, J/I is a weakly n-absorbing J,-primary ideal of R/I.

(iii) Let %% € Is and ..5» ¢ Ig for some 21,...,2p41 € R and s1,..., 8,41 € S. Then there
exists @ € S such that azy..xp41 = (ax1)..xpy1 € I. Since I is an n-absorbing J-primary, we obtain

either (az1)...z,, € I or (az1)..Tg...Tpt1 € 6(I) for some zp = azy or 2 < k < n. If (az1)...x,, € I, then

L1 ZTp . GT1..Tp ; 1 Tp Tng1r  _ (am1).Tp..Tpia _
st = o € Ig. Otherwise, we would have £..5E..Tnmt = “rose—nil € (0(I))g = 0s(Is) for

some k. Therefore, Ig is n-absorbing dg-primary. In a similar way, it is easily shown that Ig is weakly
n-absorbing dg-primary. O

In Theorem 8, the converse of (ii) holds if I is a weakly n-absorbing §-primary ideal of R. The following
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theorem explains this situation.

Theorem 9 Let § be an expansion function of Z(R), and J be a proper ideal of R containing a weakly
n-absorbing 0 -primary ideal I of R. Then J /I is a weakly n-absorbing o4 -primary ideal of R,/I if and only
if J is a weakly n-absorbing & -primary ideal of R.

Proof <«: It is clear from Theorem 8 (ii).

=-: It can be easily seen since I is weakly n-absorbing J-primary. O

3. n-Absorbing J-primary and weakly n-absorbing §-primary ideals in direct product of rings

Theorem 10 Let R = Ry X ... X Ry, be a decomposable ring and
IT=1 x.. . xIo—1 X Roy XInj41 %o X In,—1 X Reypy X Inpp1 X oo X I,

be a proper ideal of R for 1 < aj,aq, ..., < m. Then the following are equivalent:
(i) I is an n-absorbing 6« -primary ideal of R.
(i) I is a weakly n-absorbing dx -primary ideal of R.
(iii) I' =Ty X . X Tny—1 X Tayp1 X oo X Iny1 X Iy 41 X oo X Iy 08 an n-absorbing 0x -primary ideal of

R' =Ry X ... X Roy—1 X Ray41 X oo. X Rop—1 X Ropq1 X oo X Ry

Proof (i) & (i) : Since I"™! = (0g), then I is an n-absorbing dy -primary of R by Theorem 5.
(7) = (i19) : Let I be an n-absorbing 0, -primary ideal of R.

(1) (1) (1) (1) (1) (1)
Let (z s Tl —1) Tar+1)7 0 Flag—1)> Lo £1)7 > Lo ).

(xgnﬂ), vy EZE)W:EEZ:PI),...,xEZ:i)l),ng:ﬂ), ...,xﬁl}*”) € I’ for every xgj) eER;for1<i<m, 1<j<n+l.
Note that
(xgl), - a:g;)l_l), T x&)ﬁl), - a:&)k_l), lr., mgi)k_H), e mg))
(@, gl e g at e e T
Then (x§1)7 ...,x&)ﬁl), 1Ra1’x&)1+1)’ ...,x&)rl), 1Rak7x&)k+l)7 7355711))
(acgn), - xgz)l_l), 1R, xgg)ﬁ_l), - xEZl—l)v 1Rak’m81+1)’ ...,mﬁ,’f)) el
or there exists 1 < k < n such that
(xgl), "'7335(11)171)7 1Ra1’mga)1+1)’ ceny mgi)kily 1Rak7x§l11)k+1)7 ,x%))
N PO U BN P . SO )
(xgnﬂ), "TEZE)I)’ lRal,xEZji)l), ,xEZ:i)l), 13%,;552:31), ...,xS,?H)) € dx(I).
Thus (xgl), "'733&)1—1)’x§<1)4)1+1)’ ...,x&)k_l),x&)k_i_l), ,xE}L))
(acg"), ...,xgz)lfl),xgz)lﬂ), ""xEZifl)’ZEZlH)’ ...,xg,?)) el
or for some 1 < k <n,
(x§1)7 ...,xgi)l_l),x&)l+l), ”"xgi()k—l)7l‘gi)k+1)7 ,x%))
@, a® T e
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(n+1) (n+1) (n+1) (n+1) (n+1) (n+1)\ . .
(3 s Ty -1) Llar+1) 0 Tan—1)> Llap1)7 = Lm ) isin §x (I').

(#91) = (4) : Assume that I’ is an n-absorbing dy -primary ideal of R’. In a similar way, it can be seen
that I is n-absorbing J, -primary. O
Let 0 be an expansion function of Z(R). Then we say that § satisfies (*) property if §(I) = R implies
I =R, ie 6(I)# R for all proper ideals I of R. Note that 4, and ¢;, defined in Example 1, are examples
of expansion functions satisfying (*) property. Moreover, if R = R; X ... X R,, is a decomposable ring and 0;’s
are expansion functions of Z(R;) with (*) property, then 6, is an expansion function of Z(R) satisfying (*)

property.

Theorem 11 Let R = Ry X ... X R, be a decomposable ring and I = I, X ... X I, be an ideal of R such that
I #0 and 6;(I;) # R; for each 1 < i < n— 1. Suppose that for some 2 < k < n, Iy is a nonzero ideal of
Ry, and 0;’s are expansion functions of I(R,;) satisfying (*) property for each i € {1,...,n}. Then the following
are equivalent:

(i) I is a weakly n-absorbing §x -primary ideal of R.

(i) I, = Rp, and I' = I x ... x I,_1 is an n-absorbing 0x -primary ideal of R' = Ry X ... X R,y or I;
is a 0;-primary ideal of R; for each i € {1,..n}.

(iti) I =11 X ... x I, is an n-absorbing dx -primary ideal of R.

Proof (i) = (i) : Let I, = R,. Then I’ = I x ... x I,,_1 is an n-absorbing &y -primary ideal of
R’ = Ry X ... x Ry—1 by Theorem 10. Assume that I; # R; for every i € {1,...n}. To prove that I; is a
d;-primary ideal of R;, take a;b; € I; for some a;,b; € R;. Then
Or # (a1,1R,, -, 1R, ) ARy, s LRy 15 iy 1R,y - 1R),)
(1r,,0,1Rs, 1R, )(1Rys 1Ry, O0R4, 1Rys - LR, )
(Irys - 0m,_ s 1Ry - 1R, ) (LRy s -ony 1Rr:s0R, 115 1Ry gy s 1g,)-.
(1Rla---,1Rn,170Rn)(1R17~-~71Ri,17bi71Ri+17~-~71Rn)
= (a1,0R,,---,OR,_,,ib;,0p,,,,...,0R,) € I.
Since §; satisfies (*) property, 6;(I;) # R; for every i € {1,2,...,n} and so we conclude either
(a1,1Rys s 1R, )Ry s 1R,y @i 1Ry s LR, ) (AR5 0, 1Ry s s 1R))
(1ry, 1Ry, 0Rs, 1R,y -y IR, )e-(ARys -, ORy 15 1Ry - LR,))

(1R1a "‘1Ri’ORi+17 1Ri+2’ sy 1Rn)"'(1R17"'7 1R7L71’0Rn) el
or

(a1,1Ryy s 1R, )(1R,,0,1Rs, s 1R, )(1R,, 1Ry, Oy, LRy s -y 1R,
(g, 0m, s 1R,y oy 1Rn)(1R17"'1Ri70R¢+171R1+2) vy 1R, )ee

(Arys 1R 15 0R, ) IRy - 1Ry bis IRy s oy LR,,) € 0(T).

Hence a; € I; or b; € §;(I;). Therefore, I; is a ;-primary ideal of R;. Furthermore, it can be similarly
shown that I is a §;-primary ideal since I # 0 for some 2 < k < n.

(i1) = (dii) : Let I, = R, and I’ = I X ... x I,_1 be an m-absorbing d4-primary ideal of R’ =
Ry X..XxRyp_1. Then I =1, x ... x I, is an n-absorbing . -primary ideal of R by Theorem 10. Assume that
I; is a 0;-primary ideal of R; for every i € {1,...n}. Let (acgl), ...,xﬁ,l))...(xg"“), ...,az%"“)) el=10x..x1I,
for every 2 € R for 1 <i<mn, 1<j<n+1 At least one of the xgj) is in I; or §;(I;) for any

i
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ie{l,...,n}, j€{l,....,n+1}. Thus we can see that I = I; x ... X I, is an n-absorbing Jy -primary ideal of
R.
(#4i) = (i) : is clear. O

Theorem 12 Let R = Ry X ... X R, be a decomposable ring and I = I; x ... x I, be an ideal of R such that
Iy #0 and 6;,(I;) # R; for each 2 < i < n. Assume that &; ’s are expansion function of Z(R;) satisfying (*)
property for each © € {1,...,n}. Then the following are equivalent:

(i) I = I x...x I, is a weakly n-absorbing dx -primary ideal of R that is not an n-absorbing 0 -primary
ideal of R.

(i) I is a weakly 01-primary ideal of Ry that is not a 01 -primary ideal and I; = (0) is a &;-primary
ideal of R; for each i € {2,...,n}.

Proof (i) = (it) : Suppose that I = I x ... x I, is a weakly n-absorbing 4 -primary ideal of R that is
not n-absorbing d, -primary. Let I; # (0) for some i € {2,...,n}. Then I = I} X ... X I, is an n-absorbing
0x -primary ideal of R by Theorem 11, yielding a contradiction. It must be I; = (0) for every ¢ € {2,....,n}. It
is clear that I; = (0) is a d;-primary ideal. Now we assume that 0 # xy € I; for some z,y € R;. Then

Or # (,1R,, -, 1R, ) (1R, ORys LRy ooy LR)

(1rys1Ry,0Rs, 1R,y s LR, ) -(LRys s LRy 15 OR, ) (U, LRy s -os LR,

= (2y,0R,,...,0R, ) € I1 x 0 x ... x 0.

We obtain that @ € I1 or y € 61(I1) since I X 0 x ... X 0 is a weakly n-absorbing §y -primary ideal of R.
Consequently, I is weakly d1-primary. If I; is a é;-primary ideal of Ry, then I; is a §;-primary ideal of R; for
every i € {1,...,n}. Hence, it is easily seen that I is an n-absorbing Jy -primary ideal of R, a contradiction.

(#4) = (i) : Assume that I; is a weakly d; -primary ideal of Ry that is not a d; -primary ideal and I; = (0)
is a d;-primary ideal of R; for every i € {2,...,n}. Let Op # (xgl), ...,x%l))...(xgnﬂ), ...,w%m_l)) €1 x0x..x0
for every xl(»j) €ER; for 1 <i<mn, 1<j<n+1. Then at least one of the xgj) isin I orin d;(l1) and for any
i€{2,..,n},j € {1,....,n + 1}, at least one of the scgj) =0 or is in §;(0). Thus we have that Iy x 0 x ... x 0
is a weakly n-absorbing &y -primary ideal of R. Since I is not a J;-primary ideal, there are =,y € R; with
2y =0 but x ¢ I and y ¢ 6;(I1). Then we get

(,1Ry, s 1R, )(1R,,0R,, 1Ry, .., IR,)

(1rys1R,,0Rs, 1R,y s LR, ) -(1Rys s LRy 15 OR, ) (U LRy s -y LR,

= (Ogr,,0R,, -.-,0g, ). However, products of n elements of
(2, 1Ry s 1R,), (LRy, ORys LRgs s 1R, ), (1Rys 1Ry s ORsy ooy IR, ),

(1rys 1Ry, 0R4, 1R, s 1R, )y ooy (LRy s s LRy 15 OR, ), (Wy LRy, ooy LR, ) are meither in I3 X 0 X ... x 0 nor in

O0x(I1 X 0% ...x0). Thus I; x 0 x ... x 0 is not an n-absorbing 0 -primary ideal of R. O

Theorem 13 Let R = Ry X ... X Ry41 be a decomposable ring and I = Iy X ... X I,41 be a nonzero proper ideal
of R such that 6;(1;) # R; for each 1 <1i < n+1. Assume that 0; ’s are expansion functions of Z(R,;) satisfying
(*) property for each i € {1,...,n+ 1}. Then the following are equivalent:

(i) I is a weakly n-absorbing dx -primary ideal of R.

(it) I is an n-absorbing dx -primary ideal of R.
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(11t) Iy = Ry, for some 1 <k <n+1 and I; is a 6; -primary ideal of R; for each j € {1,...,n+1} —{k}
or I =11 X ... X In -1 X Roy X Injp1 X o X Iy o1 X Ry X Toy41 X oo X Iy, where I' = 11 X oo X Iy o1 X
Toy41 X oo X I o1 X I 1 X oo X Inp1 is an n-absorbing 0x -primary ideal of R’ = Ry X ... X Rgy—1 X Ray 41 X

e X Ropm1 X Rapy1 X oo X Rpyy for some 1 < oy, 09,...,a <n+ 1.

Proof (i) = (it) : Take (0,...,0) # (a1, ...,an+1) € I. Then
(0,...,0) # (a1,...;ang1) = (a1,1ry, -, 1R, 1 )--(1Ry, s LR, @ny1) € 1. Since I is weakly n-absorbing d-
primary, then

(a1,1Ry, - 1Ry 1 )--(1Rys oy Gns LR, ) € I or there exists 1 < k < n such that

(a1, 1Ry, s 1y )Ry s ooos s s 1p )Ly s LR, g is in 6(I). Then I, = R; or &;(I;) =
R; for some 1 < i,j < n+ 1. Since J; satisfies (*) property, we get I; = R; for some 1 < ¢ < n+ 1. Thus
It £ 0. By Theorem 5, I is n-absorbing Jy -primary.

(#4) = (it3) : Let I be an n-absorbing dy-primary ideal. Then I; = R; for some 1 < ¢ < n+1 by
the previous proof. Assume that I = I; X ... X R; X ... X I41 for some ¢ € {1,...,n + 1} and I; is a proper
ideal of R; for every j € {1,...,n} — {i}. Now we show that I; is a J;-primary ideal of R;. Let x;y; € I; for
x5,y € R;. Then

(LRys oo LR, 10 @5 TRy ers oo LR a ) (05 LRy ooy LRy ooy LRy s TRy )

(125 ORas Litgs oo LRy ooy Lty ooy Ly )

(Les s ORy 15 Lrys Ty s oo Lon ) (Lias ooos TRy OB, ays LRy sms ooos LRy iy )ooe

(Lrss oo Loy 0m s ) (LRes oo Ly 10 Ugs Liyars oo L)
= (0,...,0,1g,,0,...,0,2;9;,0,...,0) € I for some j # 4. Since I is an n-absorbing J -primary ideal, we have
either z; € I; or y; € §; (I;). Therefore, I; is a §;-primary ideal of R;.

Let I =11 X...xIn, 1 X Roy XIn 41X .. X o1 X Ry XX p1 X ... X Ipq for some 1 < g, v, ..., o < n+-1.
Then I' = Iy X ... X In;—1 X Tog41 X oo X I, —1 X In, 41 X oo X Inyq is an m-absorbing d, -primary ideal of
R =Ry X ... X Ry,—1 X Roy41 X oc. X Ryy—1 X Rpt1 X ... X Rpq1 by Theorem 10.

(#i1) = (i) : It is easily seen that I is a weakly n-absorbing . -primary ideal of R. O
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