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OZET
Istatistigin esas amact, drneklemin sahip oldugu bilgilerden yararlanarak, kitle hakkinda netice gikar-
mak, kitlenin parametrelerini tahmin etmektir. Dikkat etmemiz gereken bir nokta, kitle ortalamasi I
i¢in, student’s t dagilimina dayanan, kiigik drneklem giiven aralig: tesadiifi bir genislige sahiptir (hal-
buki genis-Grneklem giiven aralimin genisligi tesadifi degildir). Bu makalenin amac1 kiigiik émeklem
gdz Oniine alindiginda, aralik genigliginin ortalama deperi, diger bir deyisle beklenen degerini
hesaplayabilecek yontemi ortaya koyabilmektir.

ABSTRACT

The objective of many statistical investigations is to make inferences about population parameters
based on sample data. Often these inferences are in the form of estimates, either point estimates[2] on
interval estimates.

We must note that the small-sample confidence interval for [}, based on student’s t (see section IV),
possesses a random width [in contrast to the large-sample confidence interval (see section III), where
the width is nonrandom]. In this paper our aim is to find the expected value of interval width in the
samll-sample case.
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L Necessary Theorems For This Article

Theorem I: Let ¢ be constant.
Then E(c)=¢

Theorem II[4]: Let g(Y,Y>) be a function of
the random variables Y,,Y, and let c be a .
constant then

Efcg(Y1,Y2)] = cElg(Y1,Y3)]

Theorem II: Let Y, and Y, be random
variables with density function f(y1,y2) and

]et gl(Yl sYZ), gZ(YI’YZ)r- -!gk(Yl 9Y2) be
functions of Y| and Y,. Then

E[gi(Y1,Y2) + g2(Y1,Y2) +.. 42 Y1, Y2)]

= E[gi(Y1,Y2)] +E{gx(Y1,Y2)]
+...+E[gk(Y19Y2)]

Theorem IV: Let Y, and Y; be independent
random variables with joint density fy,,y,).
Let g(Y,) and h(Y;) be functions of Y, and
Y2, respectively.

Then

Efg(Y1) h(Y2)} = E[g(Y1)] E[h(Y>)]

provided the expectations exist.

Theorem V: Let Y, and Y, be random

variables with joint density functions f(y,y,).

Then

Cov(Yy,Y2) =E[(Y:- o) (Y2- m)]
=E(Y1,Y2) - E(Y)) E(Y2)

Theorem VI: If Y, and Y, are independent
variable then,
COV(Y;,Y;) =)

Theorem VII : Let Y,,....Y, and X;,...X,, be
random variables with E(Y) = p;and E(X;) =
£

DefinelU, =Y aY, U,=)bX,
i=1 J=l

for constant a,,...,a, and by,....b,,. Then
(a) EU)) = Zauu.i

i=l

®) YUY =3 " ¥(¥)+23 Y aa,Coxl,.Y,)

= i<f
where the double sum is over all pairs (i,j)
with i<j and ‘

(©)ConU,,U,) = Zzaibjco‘(yi &)
gy
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Theorem VIII : Let Y,...,Y, be independent
normally distributed random with E(Y;) = p;
and

V(Y) =07, i = 1,..,n. Define U by

U= Zn:aiY;

i=1
where 8,....,a, are constants. Then U is a
normally distributed random variable with

EV)=Yau,

i=1
and V(U)= Zafo-f
i=L
Theorem IX: Let Y,,...,Y, be as in Theorem
8, and define Z; by
¥ - H;
o,

I

Z. =

1

i=1,..,n

Then ) Z? has a o distribution with n
i=t

degrees of freedom.

Theorem X : If Y,,...,Y, are independent
normal variables with common mean p and
common variances ¢° . Then

1 =2 (n—DS?
) 'Z:I:(Y,- ) e
has a 3 distribution with (n — 1) degrees of
freedom. Also, ¥ and S? are independent
random Variables.

Theorem XI : Suppose thet X, converges in
probability to u, and Y, converges in

.probability to p, . Then

(a) X, + Y, converges in probability to Bt
(b) X, Y, converges in probability to p,u,

(¢) X/Ya converges in probability to p,/j,
that p, # 0.

(dy 1fX . converges in probability to ./ M
provided that P(X,>0=1)

Theorem XIT : The central limit[10]

theorem: Let X,,..,X, be independent and

identically random variables with E(X;) = p

and V(X;) = ¢* < . Define Y, to be

¥, _In(X-p) where X=-I-ZX,.
o L

Then Y, converges in distribution to

standard normal random variable.

Theorem XII¥ : The sequence of random
variables, X1, ..., Xn is said to converge in



probability to the constant ¢ if for every
positive number ¢.

limP{X, ~c>¢ ]=1

Theorem XIII : Suppose that X, converges
distribution to a random variable X and Y,
converges in probability to unity. Then X,/Ya
converges in distribution to X.

Example 1: Suppose that X1, .., Xn are
independent and identically distributed

random variable with B(X) = i, E(X?) =

e E(XH= s, amd BXH=p,
all assumed finite. Let % denote the sample
variance given by

5* =3 (x, - Xf
i=1

Show that $* converges in probability to
V(X)) for the solution, first note that we can
write

S? lixf-)fz
n

i=i

1$y

i=1

where X

To show that S 2 converges in probability to
V(X;) we will apply both theorems 11 and 13.

Look at the terms in S'. The quantity
| .

—Z X? is the average of n independent and
n

=1
identically distributed variables of the form

X2, withE(X})=p 2and

vixh=u—(f.  Since V(XI) s
assumed to be finite. Theorem 13 tells us

that —I-ZX ,2 converges in probability to
L=

4 5. Now consider the limit of X* as n
approaches infinity. Theorem 13 tells us that
X converges in probability to p, and it
follows from theorem 11 part (b), that
X2 converges in probability to p°

This leads to final step. Having shown that

-I—Z X f and X2 converge in probability to
na

H > and y7i : , respectively, it follows from
theorem 11 that

2 I =
§T=-3Xx}-X?
n ; ! '
converges in probability to

' 2
u2—p =V(X,).
This example shows that, for large samples,

the sample variance should be closed to the
population variance with high probability.

II. Some Common Unbiased Point
Estimators

Some estimators[15] for population
parameters are selected intitively. For

example, it seems natural to use the sample

mean, Y , to estimate the population mean p,
and the sample proportion, p=Y/n,to

Target Sample Point Expected Variance
Parameter  Size(s) Estimator Valueof Of
g é é é
H n Y K o
n
P n . Y P
5-Y ]
n n
H—H, m  and Y -7 = K ol o;
n =t
n m
PP n and p—p, PP D Page
2 m ",
Table 1



estimate a binomial parameter p.[3]

How, then, would you estimate the difference
between corresponding parameters for two
different populations, say the difference in

means, { | - pz ), when the inference is to be
based on random samples of n, and n,
observations selected independently from the
two populations?Again, our intuition suggest
the point estimators, (Y, - 172) the difference
in the means, for estimating ( p; - p; ) and
(P: ~B)), the difference in the sample
proportions, for estimating (r1-p2
) means , for estimating (g, —p,) and
(ﬁl - ﬁ 2 )
proportions , for estimating ( p, — p, ).

. the difference in the sample

P
(Y,-Y,) ,and (p,— p,) are functions of
the random measurements{7] , we could find
their expected values and variances using the
expectation theorems from 1 to 7. Such an
effort would show that all four estimators are
unbiased and that they possess the variances
shown in Table 1 , when random sampling

Since the four estimators, Y

has been employed[2].

Table 1. Expected Values And
Variances Of Some Common Point
Estimators

* Note: o] and & are the variances of
population 1 and 2 respectively.
Using our previous knowledge and theorem 7
, it follows that
E(N -Y,)= E(N)-EY,) = 14— p,
and

o _ — o o?
WY -F)=V(E)+V(E) = 2422
n. R
Not all estimatorss are unbiased. Example 2
shows that the sample variance[11)

>, -1y
S,2= i=1 ,
n

is a biased estimator of o©° and ,
particularly , that this bias can be corrected
by dividing the sum of squares of deviations
of the measurements about ¥ by (n— 1)
rather than »n. Because it is most often used
in practice to estimate o , the unbiased
estimator{9]
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E[iu:— —?)2]

2 -1y

S2= i=]
n-1

is often calles the sample variance

Example2: Let Y;,..., 7, be arandom
sample with E(Y)= ¢ and W¥)= o° ,
show that
1& =
SIZ= __Z(}: _Y)Z
R

is a biased estimator of &

Solution : It can be shown that

n

S -1= Yy -ar’

=1
Hence

E[i(lﬁ- —1"')2] = E[Z Y,-f*]—nE(?’*)

i=1 i=]

=

=Y EW-nBY")
i=l
Now note that E(Y?) is the same for i =1

»2,..., n and use the fact that the variance
of a sample variable is given by
V() =EY*— u’ Then

EYH=wmr+ u? and

=i i=1

2

= n(a'2 +y2)—-n[%+p2

=no’ - o’
=n-1) ol
it follows that
E(S'z) _ f‘_—}_ p

n
and that

§t=

- _W\2
“EZ(Y.- Y)

is an unbiased estimator of o*

=30 +ﬂ2)—n(d—2+ﬂ2]
n

)



Two final comments can be made
concerning the point estimators of Table 1 ,
the expected value and variances shown in
the table are valid regardless of the form of
the population  probability density
functions[6]. Second , all four estimators will
possess probability distributions that are
approximately normal for “large samples”.
The central limit theorem justifies this

statement for ¥ and p while Theorem 8

which aftributes normality to all linear
functions of normally distributed random

variables , justifies the assertion for
(Y,-Y,) and ( Py — p)- How large is
“large”? For most populations , the

probability distributions of ¥  will be
mound-shaped for relatively small samples ,
as low as » =5, and will tend rapidly to
normality as ths sample size approaches n=
30 or larger. However , you will sometimes
need to select larger samples from binomial
populations because the required sample size
depends on p. The binomial probability
distribution is perfectly symmetrical about its
mean when p = % and becomes more and
more asymmetric as p tendsto O or 1. As a
rough rule you can assume that the
distribution of p will be mound-shaped and

approaéhing nomality for sample sizes such
that p+2Jpg/n lies in the interval (0,
1)

Y . b
(Y,-Y,) ,and (p,-p,) are unbiased
with near-normal (at least mound-shaped)
probability distributions for moderate-sized
samples , let us now see how we can use this
information to answer a practical question. If
we uyse an estimator once acquire a single
estimate , how good will this estimate be?
How mush faith can we place in the validity
of our inference?

Since we know that

111 A Large-Sample Confidence Interval

The method for finding confidence
intervals[1] requires that you find a quantity ,
called a pivotal quantity[14] that possesses
two characteristics : (1) is a function of &
and the sample measurements , and (2) it
possesses a probability distribution that is
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independent of @{1]. This , procedure called
the pivotal method is illustrated by the
following example

Example 3 : Let & be a statistic that is
normally distributed with expected value and

variance equal to & and o, respectively.
Find a confidence interval for - &  that

possesses a confidence coefficient equal to
(1-a) '

-0
Oy
Has a standard normmal distribution. Now
select two tail-end values of this distribution

z,,, and -z,,, suchthat

P(-z,, <Z< z,))"1-«a

Solution : The quantity Z =

See Figure 1

Figure 1. Locationof -z,,, and z,,,

From this point on we employ the
following logic. If Y is a randm variable, ¢
is a constant (c>0), andP(a<Z<b)=0,7
Then certainly P(ac <aY <bc)=0,7
Similarly , Pl@a+c<Y+c<b+¢)=07

That is , the probability that a < ¥ < b
is uneffected by a change of a scale or
translation of Y. Now let us apply this
information in our example. Subtituting for Z
in the probability statement

P(-2,,, < <z p)=l-a
T

Multiplying by o,
P(-z,,<0-8<z,)=1-a

and subtracting § from each term of the
inequality



P(-0 -z, .0p<-0 <-0 +2,); - Og)
=1-a

Finally ,

PO -z, .0p<0<8+z,,.0,)
=l-a

Thus , the lower and upper confidence limits
for O are lower confidence limit

LcLy =0 -z, .0,
upper confidence limit
ucL) =4 +Z4;2 - O
Example 3 can be used to find large-sample
confidence intervals for u , P, (y,— pu,)

, and ( p,— p,) , the parameters estimated
under the conditions described in section 1
and hence will satisfy the assumptions of
example 3

IV Small-Small Confidence Intervals For
M and py -4,

The following confidence interval is
based on the assumption that the
experimenter’s sample has been randomly
selected from a normal population{12]. It is
appropriate for samplés of any size and works
satisfactorily even when the population is
nonnormal as long as the departure from
normality is not excessive. That is , we rarely
the form of the population frequency
distribution before we sample. So if a
confidence interval is to be of any value , it
must “work” reasonably well even when the
population is nonnormal. Working “well”
means that the confidence coefficient should
not be affected by modest departures from
normality. Experimental studies indicate that
this particular confidence interval will
maintain a confidence coefficient close to the
experimenter’'s specified value for most
mound-shaped probability distributions

We assume that ¥, , ¥, , ..., ¥,
represents a random sample selected from a

normal population and lkt Y and §
represent the sample mean and variance
respectively. We would like construct a
confidence interval for the population mean
when W(Y) = o? is unknown. A pivotal
statistic for this situation can be formed using
student’s ¢ statistic.
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Recall from theorem on that ¥ and

1 &, >
§'= — > (¥,-1)
n—l,Z:,:(' )

_ 2
and (n-1)S

0_2

(n—1) degrees of freedom. Then

are independent

has a X* distribution with

V4
X2
'

2
i 1 S

T=

olvn

with ¥ = (n — 1) degrees of freedom.
Substituting for Z , X* and ¥V this quanfity
reduces to

aF-ple _Y-pu
J(n—l)(Szlaz) S/n

n—-1

T:

which has a ¢ distribution with (n — 1)
degress of freedom. From tables we can find

t,» and - f_,, sothat
P-t,, S22 t,,)=1-a
The ¢ distribution has a density function

very much like the Standard normal except
that tails are thicker , as illustrated in Figure 2

i
I
;
i
1
1
0

-fx2

Figure 2. Location of #,,, and -7 _,,

The confidence interval for u is

developed just as in Example 3. We thus have
a confidence interval for u of the form

ytt

S
ai2_J—;



which means that ;*-l‘,, /2 -\TS_— is the lower
n

confidence limit and ;+ta ,z—j: is the
n

upper confidence limit .

Note that the values of f,,, depend
on the degrees of freedom (n — 1) as well as
the confidence coefficient (1 - a )

Suppose that we are interested in
comparing means from two normal

populations , one with mean 4 and
variance o and the other with mean /4,
and variance ©,. A confidence interval for
i, — 4, basedona T random variable can
be constructed if we assume that
ol = ol=0

The large-sample confidence interval
for (1, — i,) is developed from the random
variable

7= K -Y)-( —Hy)

2 2
P o 7
G, %
n o m

which has approximately a Standard normal

distribution, ¥, and ¥, are the respective
sample means obtained from random
sampling. Under the assumption le =gl =
o , the above ratio becomes

g G-T) (1)

1 1
o ’——4——
nom

Now we need an estimator of the
common variance , O 2 in order to construct
a ¢ statistic.

Let Yu, ¥z, ..
random sample o size m

.s ¥,, denote the
from the first

population and Y3 , Y22, . . ., Yz,,2 the
random sample from the second.
Then
— 1 — 1
Yy=—21 and ¥, =--i¥2,.
P imt n, =

The usual unbiased estimator of the
common variance , ¢° . is obtained by
pooling the sample data
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2 i(&—ﬁhiu’zf A%
-

i=1

where S? is the sample variance from the
ith sample , i =1, 2 . Note that

S, - S, -ny

o =l

+

(m+m-2)8" 5
o’ S o’

is the sum of two independent X* random
variables with (m— 1) and (m — 1) degrees
of freedom , respectively. Thus (m + n; ~ 2)
degrees of freedom (See Theorems 9 and 10).

- We now utilize this X* variable and the Z

defined in the previous paragraph to form a
pivotal T statistic. That is '
Z

X2
VT
_G-T) = () 1
2
GJL"LL (n2,+n2-2)s
_ G- (- )
S’Jl+l
" m
has a ¢t distribution with (m + nm2 — 2)

degrees of freedom. The confidence interval
for (44 — #4,) then has the form

— - '1 1
1= y2)E S |—+—
L)

where t_,, comes from the ¢ distribution
with (n, + ny — 2) degrees of freedom.

As the sample size , n , gets large , the
T random variable converges in distribution
to the Standard normal (See example 4). Thus
the small-sample confidence intervals of this
section for large n (or large m and ny). The
intervals are nearly equivalent when
(m+m—-2) 230

Example 4 : Suppose that Xi,...,X, are
independent and identically distributed
random variables



EX)= u and V(X)= o°. Define S'* as
=-—Z(X -X)’

1-]

Show that
Xt
s
converges in distribution to a Standard
normal random variable

Solution : In Example 1 , we showed that

§'* converges in probability to & . Hence
it follows from Theorem 12 that

Jn =

converges in distribution to a Standard
normal random variable. Therefore

X - X - ’
Jn XA X s / s
hY o o
converges in distribution to a Standard
normal random variable by theorem 14

V Find The Expected Value Of The

Interval Width In The Small-Sample Case

This is the aim of this paper , for this
purpose the reader should review all previous
sections. Note that the small-sample
confidence interval for x  based on
Student’s ¢ (Section IV) , possesses a random
width [in contrast to the larger-sample
confidence interval (Section 3) , where the
width is nonrandom]. Now we can begin to
find the expected value of the interval width
in the small sample case.

The width of the
confidence interval is

S
2tal' 2 7_;
and has expected value
E(S)
2ta127—n—
It is necessary then to find E(S) , for this
purpose

small sample

e
Let x- DS ey
o
1,
2 L Xi2
fx)= d d for n>0
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The density function for
y-gt =%

n-1
is obtained by the transformation method

T

n-1

Ll I o
l_.(n IJZZ
2

Now E(S)=E(NY )= [y"g(»)dy
L]

(m-1)y
e 207

. —(n-)y

n 1

my”z[——n:]}yﬁ_e 2"
; r(n }Jz"zl

' Lin

n-1\2 (n

1 i 20,2::/2 n (D)

L) e e

I(E—l] )2 0 20'2 "

2

dy

i

Hence
n
[ s ]“ 23’2ta,20'1"[—£)
al2 | _
Vn \/n(n—l)l"(n 1)
Conclusions

the objective of many statistical
investigations is to make inferences about
population parameters|3} based on a simple
data. Often these inferences are in the form of
estimates , either point estimates or interval
estimates[13)

In this paper we have discussed the fact
that we like to have unbiased estimator with



small variance. The goodness of an estimator
d can be measured by o, because the
error of estimation will generally be smaller
than 20, withhigh probability

Interval estimates of many parameters ,
such as u and p can be derived from the

normal central limit theorem[8]. But if
sample sizes are small , the normality of the
population must be assumed and t
distribution[5] is used in deriving confidence
intervals

If sample measurements have been
selected from a normal distribution , a
confidence interval for o? can be
developed through the use of the X°
distribution

An the expected value of the interval
width in the small sample case is calculated
successfully for the first time as far as the

-author of this paper knows
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