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RECONSTRUCTION OF MaxEnt IMAGES FROM PET CAMERA
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Abstract. We study here one of the imaging techniques, used in nuclear medicine, called a Positron Emission
Tomographic (PET) imaging that provides information about many biological processes that are essential to the
Jfunctioning of the organ that is being visualized. Our emphasis is given to applications of the maximum entropy
image reconstruction method called “Cambridge MaxEnt Package” (CMEP) for recovering images of the human brain
from data obtained by PET camera. Computer simulations demonstrate its usefulness.
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1. INTRODUCTION

In the last few decades of the century, there have
been significant advances in nuclear medicine. In
particularly, when Allen Cormack [1] and Godfrey
Hounsfield [2] introduced X-ray computer tomography
(CT) independently in the early 1970s based on the
mathematical foundation by Radon [3] for
reconstructing images of an object from its projections,
the field of nuclear medicine was revolutionized. The
breakthrough development of X-ray CT was made
possible by continuing advances in instrumentation
and computer technologies, which also accelerated the
development of the multi-dimensional imaging
modalities that carry a great potential for providing, in
addition to morphologic, dynamic and functional
information on biochemical and pathophysiological
processes or organs of the human body. Recent
advances in basic molecular and cell biology have also
made us change in our understanding of diseases
which can be defined as alternations in cellular
behaviour that reflect functional changes instead of
defining it as structural changes. Actually, it is evident
that pathological conditions are easily visible in either
a conventional CT or the latest scanners; the
underlying biochemical abnormality is usually well
advanced. This is because X-ray CT imaging is mainly
concerned with anatomical structures of body,
distinguishing between different components that have
different absorbing power of X-rays. Nevertheless, the
latest scanners can provide radically improved
qualitative diagnostic information relevant to a wide
range of human diseases but give limited information
about the functional or physiological state of the
internal organs of the human body. In medicine, it is
known that human diseases often occur with no
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specific anatomical changes and those seen may be
later effects of early biochemical process, which remain
undetected until advanced symptoms appear in the
patient. Therefore, the goal of the radiology specialty of
nuclear medicine is to provide information on the
distribution of a chosen molecule in space inside the
human body, so that an image of its distribution within
the body or a specific organ provides information on
the functioning of the body or organ that is valuable for
medical diagnosis. For this purpose, PET imaging
techniques [4, 5, 6, 7] for measuring concentrations of
positron-emitting radioisotope within the tissue of
living subjects have been developed by researchers
from diverse disciplines for the last decade. Since the
first introduction of PET to medical imaging
applications in the late 1960’s, it has already grown
into a well-researched, highly evolved field [8, 9, 10].

Most of the current approaches to tackle the
problem of the reconstruction of isotope concentration
distribution can be classified into two general
categories, namely the analytical methods [11, 12],
which rely on the inversion of Radon transform, and
the iterative approaches [13, 14, 15, 16], which are
mainly based on a statistical description of the physical
problem. Because of the random nature of radioactive
disintegration, the tomographic data are noisy and
therefore it is logical to regard PET reconstruction as a
statistical estimation problem. Such approaches, when
reconstructing PET images, require us to introduce
modelling of the data statistics and to include a-priori
constraints such as no negativity and smoothness. In
this paper, we therefore focus on the image
reconstruction method that is based on the Bayesian
approach [17], because it permits the use of prior
knowledge concerning the situation under study so that
the incorporation of PET system model and



measurement statistical uncertainties provide more
robust and accurate PET images.

2. PET MEASUREMENT MODELLING

In PET measurement, initially, when a positron-
emitting nuclide decays in a body, the nucleus rids
itself of excess positive charge by emitting a positron,
which almost immediately loses its energy by colliding
with surrounding tissues, then it combines with an
electron, and annihilates itself. Two back-to-back
gamma rays with equal energy are then generated. Two
opposite detectors can coincidently detect these photon
pairs, C; andC,, externally, forming an annihilation

coincidence event detection shown in Figure 1.
However, in reality, the coincidence events may also
include those when two gamma rays originating from
two unrelated positron annihilations are detected
within the coincidence timing window ¢ and those
when the annihilation photons lose their direction and
energy before they arrive to the detector system.
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Figure 1. Basic principles of annihilation coincidence
detection

Actually, the raw data recorded by a PET camera

consist of 10° random coincidence events, which are
represented by a pair of coordinate values — one from
each detector. Thus, image reconstruction may then
proceed in two stages:

The first stage is to back-project the raw data. Then
the second stage is to deconvolve the back-projected
data with the point-spread function, shown in Figure 2
(b). It is a “spread” out version of the point source
placed in the PET system and looks like a Gaussian
shaped function with very long tails. To form a back-
projection, the image volume (typically a cube

(600x300x124mm’ ) is divided into K equally spaced
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planes, each of which consists of (256" 128) squared

elements (pixels). Then, simple back-projected data is
obtained by a computer program which forms a line of
response between a pair of coordinate values recorded
as raw data and increments the count in the pixel
where this line passes in each back-projection plane.

Figure 2. Point-spread function experimentally obtained

3. MATHEMATICAL PROBLEM IN PET

In PET, let the back-projected image
D ={d;}(i =1,...,M ) be relevant to a given plan which

consists of M pixels, and the density of these pixels is
a set of positive numbers {f;}(j=1..M). If {R,}

represents the physical connection between the density
in a plane and the mock data it would produce, the
image formation equation can be implemented in the
form:

M
di:ZRijfj,( i=1,2,3,.,N). @
Jj=1

The point-spread function R, obtained

experimentally and shown in Figure 2 is proportional
to the probability that a photon pair emitted from the
Jj th pixel is detected by thei th tube. It is assumed to

be modelled correctly, e.g., sampling effects and
scattering contributions are properly incorporated.
Given the back-projected data D and the knowledge
of R, the mathematical problem of PET imaging is to
estimate f . Mathematically, such an inverse problem is
an ill-posed one, making the solution non-trivial and
ambiguous. This is because very small variations in the
experimental data D lead to very large variations in the
solution f . Therefore, it generally requires some kind
of regularization in order to generate physically
plausible reconstructions. This can be done in a variety
of ways [18, 19], but a commonly used idea to realize
regularization techniques with statistical motivation is
the Bayesian approach that is based on the probability
theory, which makes it possible to rank a continuum of
possibilities on the basis of their relative likelihood

p(D|f ) or preference and to conduct inference p(f)in
a logically consistent way. From Bayes’ formula, we



obtain the posterior probability density function
(PDF) p(f |D) in the following form:

_ p(D|f)p(f)
p(fD) = D (2)

where p(D)may be considered necessary only for
normalization purposes. Thus, additional prior
information on f via the a-priori PDF p(f) is put into
the reconstruction process. According to Skilling [21],
the prior PDF p(f) for a positive additive image f is
proportional to exp (a s(f,m)), where the entropy

S(f,m) of the required imagef , relative to an initial
model m is defined by

S(f,m) = if, -m; ~ f; log(g). 3

Here « is a regularization parameter, which is initially
undetermined but its value is estimated along the
iteration process. For a Poisson—distributed event
counting experiment, the conditional probability of the
whole data set given is

4

p(Dlr)- -£0)

1
exp
TE

where »°(f) is usually used as a measure of the misfit:

s Mo N 2
v4 (f)ZZ;[di _ZRijfjJ : (5)
i=1 O;

Jj=1

Here o, is the standard deviation of the noise in the

ith pixel. Then, the posterior PDF in Equation (2)
turns into the following form:

p(fD)~ exp(aS(f,m) —% 7 (f)j . (6)

The computationally interesting Bayesian approach
called the maximum a-posteriori probability (MAP)
estimation consists of computing an estimate f of the
unknown object by maximizing the a-posteriori PDF

p( |D) given in Equation (6). Various numerical

algorithms for solving this non-linear optimization
problem have been suggested by various researchers
[17, 18, 19]. However, we shall only consider here a
complicate but highly successful scheme developed by
Skilling and collaborators [20], wherein a maximum is
repeatedly sought not along a single search direction
but in a small dimensional subspace, spanned by
vectors that are calculated at each landing point. The
subspace’s basis vectors are chosen in such a way as to
avoid directions leading to negative values. One of the
most successful choices is the three-dimensional
subspace spanned by the following vectors with
components given by

e =f(VS)

e =f(Vy) @

e, =S| (V2 2 )8(VS)-|[vZ| 1(V 2 )t(V)

The entropy metric (- NN.S) is used here to define
the following lengths:

1 1
as Y o’ Y F
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With these three search directions, quadratic models
for S(f,m) and y°(f) are constructed in the subspace
given in Equation (7) and then the algorithm proceeds
by maximizing the entropy prior S(f,m) subject to the
constraint ;(2 (f) £ N by implicitly adjusting @ . More
precisely, in each iteration, the entropy S(f,m) and the
misfit °(f) are projected onto a three-dimensional
subspace where S(f,m)attains its maximum while
77 (f) < N is satisfied so that the iteration is repeated
until the following criterion is satisfied:

2

1|VS Vi°

TEST = —| =2~ ~4
2(vs| v

<e, (9)

where ¢ is a preassigned value specified by a user.

4. COMPUTER SIMULATIONS

(b)

Figure 3. (a) The back-projected data; (b) the reconstructed
image formed by the CMEP
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The concentration of a chemical compound,
labelled gallium isotope (°8Ga) with the half-life of 68
minutes, was measured in the brain by using the PET
camera and was provided by the positron emission
group at the School of Physics and Space Research at
the University of Birmingham. What the PET camera
records is a pair of coordinate values— one from each
detector represents each annihilation event. By using
that recorded pair of coordinate values, the back-
projected images of the brain shown in Figures 3(a)
and 4(a) were constructed.

(®)

Figure 4. (a) the back-projected data; (b) the image
reconstructed by the CMEP

Imaging or data analysis problems of PET camera
are only considered here, but it is known that such
studies provide quantitative functional information,
which helps to quantify normal human brain
physiology and highlights the changes in metabolism
and function caused by cerebral disease.

The images shown in Figures 3(a) and 4(a) are the
sectional images of the brain that are the colour-coded
to show differences in the level of activity from point to
point. The number of random coincidence events
collected by the PET camera distinguishes these two
sets of data, taken from the central plane. This back-
projected data in Figure 4(a) was therefore obtained by
discarding 10% of information from the back-projected
data given in Figure 3(a). It is expected that the more
counts collected, the better the image quality that
results. The CMEP requires a specification of a model
image and the variance of the noise in the data. The
model image m represents our prior state of
knowledge or ignorance about the original image. It is
usually taken to be uniform but the use of a non-
uniform model image allows us to introduce partial
correlations across the image we want to infer.

Therefore, at the kth iteration, we estimated the

model m* in the form:
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m* = Bf*, (10)

where B is a blurring matrix, which averages the
densities over neighboring pixels (3><3). The

uncertainty in the data associated with each pixel
varies from pixel to pixel according to the number of
photons counted. Therefore, the variance of the noise

2 . .
G,” was estimated in the form:

, [d ifd =0
1 ifd =0

= i=1..M. (11)

i

A fictional photon is added here to avoid the
discontinuity in the region whered, =0. The CMEP

was run on an IBM3090 computer and computer
simulations are tabulated in Table 1. The colour-coded
images of the reconstructed densities are shown in
Figures 3(b) and 4(b). The red areas in the pictures
indicate high levels of activity; dark blue or white areas
indicate little or no activity in those brain structures. It
is also observed that they have almost similar brain
structures even though the data shown in Figure 4(a)
contain less information than the one in Figure 3(a). It
is seen that the quality of reconstruction is better when
the statistics is good in data. As expected, CMEP
requires a large consumption of CPU time on the
computer because it is non-linear and iterative.

Table 1. Computer Simulations of CMEM

Figure k S TEST CPU
1 50 -31670.0 0.0002 7 (h)
2 30 -26160.6 0.0009 5(h)

5. CONCLUSIONS

In this work, CMEM is used to reconstruct PET
images with Poisson noise model including partial
correlations. It is mainly based on a subspace of several
search directions instead of a line search. The noise
level that constrains over the likelihood function is
controlled so that the positivity during each subspace
search is directly enforced to the reconstructions.
These features make the algorithm attractive for
solving high-dimensional nonlinear problems. Overall,
PET reconstructions indicate that the application of the
maximum entropy method leads to considerably
improved reconstruction, especially in the case where
the data are very noisy and the sampling incomplete.
Along with improving the reconstruction methods for
solving the basic PET reconstruction problem, there
are many novel challenges facing this field and new
advances in PET instrumentation require hybrid
reconstruction algorithms to reach their potential
improvements in signal-to-noise ratio. Clinical
importance of PET imaging will continue to increase.
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