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ABSTRACT

In this study, we define a new generalization of the Fibonacci sequence that gives the copper ratio, and we will call it the copper Fibonacci
sequence. In addition, inspired by the copper Fibonacci definition, we also define copper Lucas sequences, and then we give the relationships
between the terms of these sequences. We present some properties, such as the Binet formulas, special summation formulas, special generating
functions, etc. We find the relationships between the roots of the characteristic equation of these sequences and the general terms of these
sequences. What is interesting here is that the relationships obtained from that between the roots of the characteristic equation of these new
sequences and the terms of the sequences are satisfied in both roots. In addition, we examine the relationships between these sequences with
the classic Fibonacci and Lucas sequences. Moreover, we calculate some identities of these sequences, such as Cassini and Catalan. Then
Catalan transformation is applied to these sequences, and their terms are found. Furthermore, we apply Hankel transform to the Catalan
transform of these sequences. Besides, we associate the terms of the Hankel transformation of the Catalan copper Fibonacci sequence with the
classical Fibonacci numbers and the terms of the Hankel transformation of the Catalan copper Lucas sequence with the terms of the copper
Lucas sequence. We present the application of copper Fibonacci and copper Lucas sequences to hyperbolic quaternions. Finally, the terms of
the copper Fibonacci and copper Lucas sequences are associated with their hyperbolic quaternion values.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0207147
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I. INTRODUCTION

Metallic ratios appear in many branches of science, especially
chemistry and biology. Some of the most interesting metallic ratios
are given in the Table I (see Refs. 1-3 for details).

Number sequences play a vital role in understanding the com-
plexity of any problem consisting of some patterns. The rabbit
problem in Leonardo Fibonacci’s classic book Liber Abaci can be
given as an example. Inspired by the rabbit problem, the Fibonacci
sequence was developed, and the relationship between the terms of
this sequence is called the golden ratio. In the literature, there are
many metallic ratios, such as the golden ratio, copper ratio, and sil-
ver ratio. The copper ratio, which we frequently encounter especially
in chemistry and biology, is included in many studies and attracts the
attention of scientists. In this article, a new sequence called copper

Fibonacci is defined with the help of the copper ratio. The ratio of
the larger to the smaller of two consecutive terms of this sequence
is the copper ratio. In addition, another feature of this sequence
is that when special transformations are applied to the terms of
the sequence, the results are obtained as single-index terms of the
classical Fibonacci sequence.

In mathematics, sequences that consist of some patterns play a
vital role in understanding the complexities of any given problem.
For example, Fibonacci and Lucas sequences are evaluated in this
context.

The Fibonacci and Lucas sequences are famous sequences of
numbers. These sequences have intrigued scientists for a long time.
Fibonacci sequences have been applied in various fields, such as
cryptology,’ phylotaxis,” biomathematics,’ chemistry,” engineer-
ing,” etc. Many generalizations of the Fibonacci sequence have been
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given. The known examples of such sequences are the Fermat,
Fermat-Lucas, Oresme, Pell, and Jacobsthal sequences (see Refs.
9-12 for details).

For n € N, the Fibonacci numbers F,, and Lucas numbers L, are
defined by the recurrence relations, respectively,

Fui2 = Fyy1 + Fy and Lyyo = Lys1 + Ly,

with the initial conditions Fg = 0, F; =1and Ly =2, L; = 1.
For F, and L,, the Binet formulas are given by the following
relations, respectively,

F.= and L, = " + ",

S

_1+/5 _ 1=
where a = “57 and =

equation ¢* —t— 1= 0. Here, the « number is the known golden
ratio.

Some of the identities between Fibonacci and Lucas sequences
are as follows (for more identities, see pages 69-99 in Ref. 9):

are the roots of the characteristic

iL5F) = Lo — 2(=1)" ii. L) = Ly, +2(—1)";
iii.Ln =I'p+1 + Fn—l iv. F3n = anLn - Fn(—l)n.

The Cassini formula for the Fibonacci sequence is
Fpi1Fpoy — Fo = (-1)".

The interesting feature of the Cassini identity is that it is used
in geometric paradoxes (see page 100-108 in Ref. 9 for details).

For n € N, the bronze Fibonacci numbers BF,, bronze Lucas
numbers BL,, third-order bronze Fibonacci numbers Bf > third-
order bronze Lucas numbers Bl,, and modified third-order bronze
Fibonacci numbers MBf, are defined by the recurrence relations,
respectively,

BF,42 = 3BF41 + BFy, BLy2 = 3BLyy1 + BLy,
Bfn+3 = 3Bfn+2 +Bfn+1 +Bfn)

Bln+3 = 3Bln+2 + Bln+1 + Bln;
and
MBfn+3 = 3MBfn+2 + MBfn+1 + MBfm

with the initial conditions BFy =0, BFy =1, BLy =2, BLg = 3, B]f)
=0, Bf, =1, Bf, =3, Bly =3, Bl; =3, and B, =11 and MBf, =1,
MBf, = 2,and MBf, = 7.

For BF, and BL,, the Binet formulas are given, respectively, by
the following relationships:

n n

pL-
BF, = 3 id and BL, = A" + 1//",
where A = % and y = % are the roots of the characteristic

equation * — 3r — 1 = 0. Here, the A number is the known bronze
ratio.

In Ref. 13, Akbiyik and Jeta defined the third-order bronze
Fibonacci Bf,, bronze Lucas Bl,, and modified bronze Fibonacci

pubs.aip.org/aip/adv

TABLE . Metallic ratios.

..... Ratio Value OEIS
Plastic 1.324717 957 2447... A182097
Gold 1.618033 988 749 895... A001622
Silver 2.414 213562373 095... A014176
Bronze 3.302775637731995... A098316
Copper 4.236 067 977499 79... A098317
Nickel 5.192 582403 567 252... A098318
Aluminum 6.162277 660 168 38... A176398
Iron 7.140 054 944 640 259... A176439
Tin 8.123 105625617 661... A176458
Lead 9.109 772 228 646 444... A176522

MBf, numbers. In addition, they found the following important
features of these sequences:

i Bfn+3 - Bfn+l = MBfn+3 + Bfn+2§ iLMBfVH—l = Bfn+1 - Bfn;
iii. Blyr2 = 2MB 42 — MBfui1 — MBfy;
iv. MBfn+3 = ZBfnJrz + Bfn+1 + Bfn.

With the help of the recurrence relation of the Fibonacci
sequence, k-sequences were introduced, and these sequences had
an important place in number theory.'* In Ref. 15, Catarino and
Ricardo defined the k-bronze Fibonacci numbers. In addition, in this
study, their examination of the relationship of this sequence with
matrices is used. Moreover, they presented on quaternion Gaussian
bronze Fibonacci numbers.'® In Ref. 17, Jeta defined third-order
bronze Fibonacci quaternions and found many properties related
to these quaternions. Karaarslan worked on Gaussian bronze Lucas
numbers.®

Quaternions were first described by Hamilton in 1843. In addi-
tion, quaternions are used to control rotational movements, espe-
cially in kinematics,'” 3D games,”’ mechanics,”’ Eulerian angles,””
and chemistry.”” In Ref. 24, Horadam defined complex Fibonacci
and Fibonacci quaternions, and various features were found.

The algebra of hyperbolic quaternions is an algebra that is not
related to the elements of the form over the real numbers,

q = xi1 + yip + zi3 + tis, X, ¥,2,t € R

The properties of the g components are defined in Table I.

In Ref. 25, Macfarlane performed a lot of research on hyperbolic
quaternions and their properties. An expression of the general form
of hyperbolic quaternions is

h= hlil + hziz + h3i3 + h4i4 = (hl,hz,h3,h4).

Here, #u,fp,h3,and hy are the terms of the sequence, and
i1, 12,13, and i4 are hyperbolic quaternions.

As seen above, many generalizations of Fibonacci and Lucas
sequences have been given so far.

We separate the article into four parts.

In Sec. I, we give a new generalization inspired by the bronze
Fibonacci sequence. We call the sequences the copper Fibonacci
sequences and denote them as CF,, and we define the copper Lucas
sequence as CL,. In addition, we give the generating functions,

AIP Advances 14, 075207 (2024); doi: 10.1063/5.0207147
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FIG. 1. Copper rectangle.

summation formulas, the Binet formulas, and some properties for
these sequences. Then we examine the relationship between cop-
per Fibonacci and copper Lucas sequences. In addition, we obtain
the relationships between these sequences with the classic Fibonacci
and Lucas sequences. Moreover, we calculate some identities of these
sequences.

In Sec. 111, we define the Catalan transformation of the cop-
per Fibonacci and copper Lucas sequences, and some properties are
given. In addition, we obtain the Catalan generating functions of
these sequences. Then Hankel transformations are applied to the
Catalan transformations of these sequences. Finally, we associate the
terms of the Hankel transformation of the Catalan copper Fibonacci
sequence with the classical Fibonacci numbers and the terms of the
Hankel transformation of the Catalan copper Lucas sequence with
the terms of the copper Lucas sequence.

In Sec. IV, we present on the application of copper Fibonacci
and copper Lucas sequences to hyperbolic quaternions. Then we
define hyperbolic copper Fibonacci and copper Lucas quaternions.
For these quaternions, we give many properties, such as Binet
formulas. Finally, the terms of the copper Fibonacci and copper
Lucas sequences are associated with their hyperbolic quaternion
values.

Il. COPPER FIBONACCI AND COPPER LUCAS
SEQUENCES

If one removes four largest possible squares from a rectangle
with the ratio length/width equal to 2 + /5, one gets a rectangle with
the same ratio length/width. Now let us examine Fig. 1.

According to the rectangle, we obtain

4x +
u:§0r4+7:§.
X J Xy

Thus, we find

E:2+\/§.
Y

Another feature of this rectangle that makes it interesting is
this. At the same time, when we remove these squares from Fig. 1
and continue the process indefinitely, we find the same ratio, that
is, the copper ratio. We can say that the series we define shortly
will be used in many areas of mathematics. Applications in groups,
coding theory, and applications in quaternions can be given as
examples.

Definition 2.1. For n € N, the copper Fibonacci sequence CF,
and copper Lucas sequence CL, are defined, respectively, as

CFpi2 = 4CF,41 + CFy, (2.1)

pubs.aip.org/aip/adv

with CFy = 0 and CF; = 1, and
CLy42 =4CLyyq + CLy, (2.2)

with CLy =2 and CL; = 4.

Then let us give some information about the equations of these
sequences.

The characteristic equation of the copper Fibonacci and copper
Lucas sequences is

r—4r-1=0. (2.3)
The roots of the characteristic equation are as follows:

k=2+52423606797749979..., and 0 =2 — /5.

Here, the x number is the known copper ratio.
Next, we give the relationships between these roots below:

k+0=4, k—0=2v5, > +6 =18, and x0 = —1.

The first few values of copper Fibonacci and copper Lucas
sequences are

0,1,4,17,72,305,1292,5473,23 184,98 209, . ..
and
2,4,18,76,322,1364,5778,24 476,103 682, ...,

respectively.

In addition, the terms of the copper Fibonacci and copper Lucas
sequences can be found with the help of the following relations. Let
neNt,

n

%l —-1- i 2 _ _
CF, = Z (n q)4n 1-2q and CLn:Z L(}’l q)4n 24_

S\ =R

In the following theorem, we express the Binet formulas of the
copper Fibonacci sequence CF, and copper Lucas sequence CL,,.

Theorem 2.1. Let n € N. We obtain

i CFy="=% andii.CL, = &"+ 0"

Proof. i. The Binet form of a sequence is as follows:

CE, = S¢" + TO".

The scalars S and T can be obtained by substituting the initial
conditions and solving the given system of equations. For n = 0, CF,
=0, and for n =1, CF; = 1. Hence, S = ﬁ and T = K%le. Thus, we
obtain

AIP Advances 14, 075207 (2024); doi: 10.1063/5.0207147
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The proof of the other may be found similarly. ]

Theorem 2.2. The ratio of the larger to the smaller of two con-
secutive terms of the copper Fibonacci and copper Lucas sequences
converges to the copper ratio. We obtain

lim%:Kand lim%:x.
n—oo CFn n—oo CLn

Proof. If the Binet formula is used, we have

ntl_gntl n+l (9 n+l
lim CFu1 _ K,n(fgn - lim K 1 (K) )
mECR e ()
Thus, we obtain
lim Ch =
n—eco CF,
Similarly, we have
lim LL"H =
n—eco CL,

Next, we examine the relationships between the roots of the
characteristic equation of these sequences. Let us pay attention to the
fact that the relationships obtained from the relationship between
the roots of the characteristic equation of the new sequences and the
terms of the sequences are satisfied in both roots.

Theorem 2.3. Let n € N. We obtain

i. 2n CFZ,, K\/_ CLZ,, L
i. 92" = C’Z’z"(z\/' x)\/'—

i, K = - /5 S

Clon—y
4

pubs.aip.org/aip/adv
* CFy,
v. §7= Sig}ixt - (—l)xic;x‘) ,and
x+1 X
Vi 1+4s+ 2T 2 20 +1)CL2x+1.
Proof. i. For s = , we have
_ -1 _ el
sCFx+CFx_1=K(Kx 6“)+(;€c & )
-0 k—0
K1) -0 (k0 1)
k-0 o
Similarly, when the other root is written, the same equality is
obtained.

The proof of the others may be found similarly.

O

In the following theorems, we give special relations between the
copper Fibonacci CF, and copper Lucas CL, sequences.

Theorem 2.5. Letn € N. The following equation is true:

1 1
—CLp1 — —CL,.
10¢1 5
Proof. The following relation is used for proofs:
CF,=axCLus1 +bxCL,.

For these n values, we obtain

CF, =

CF() = axCL1 + beLo,
CF] = axCLz + beL1.

We find

1 1
a=—and b=—-—.
10 5

. +1 CP, CLyys The proof of the other may be found similarly. O
iv. ! = - /5 gllan P Y Y
_ n
V. ;ﬁ gf:" + gi" B 2'; énand Theorem 2.6. Let m,n €€ Nand n > m. We obtain
Vvi. w— CL, = 20"
i cFrt+m+1 = CFn+1CFm+l + CFV!CFWI)
Proof. i.If the Binet formulas are used, we obtain e CL§+m+11 CLMHCI;?“ + CLnCEn,
iii. CF;, = CLZn il CF"
CFZn 5 CLG P g . CL2=Clay+2 &
5 =2K -
(k- 9)4 4 V. Cly+ Clyyy = CLay + Clays, and
2L g 2n=1 _ gan=1 vi. CF% + CF,,H = CFuuy1.
- 4
K" (K — l) + 92”(_K _ é) Proof. If the Binet formula is used, we obtain
— K
4 n+1 +1 mtl +1
_ en m _ em
=", .CFy11CEpa1 + CFyCFyy = = £
k-0 k-0
The proofs of the others may be found similarly. i K" -0 k" - 0"
k-0 x-0
Theorem 2.4. Lets=xors=0andx,y,zt € N. We obtain K (k- 0) - 07 (k- 6)
= 2
i. §=5sCFy+ CFr_1, (k-6)
ii. CFyy_z = S“CFy +sVCFx g
iii. s%=sCL~ (-1) N k-0
iv. §°=5CFi i1+ 'CFry, = CFrims1s
AIP Advances 14, 075207 (2024); doi: 10.1063/5.0207147 14, 075207-4

© Author(s) 2024

92:11:80 ¥20Z AInf ¥0


https://pubs.aip.org/aip/adv

AIP Advances ARTICLE

K"'-6" k" - 0" CF,
CF_, = =- ==
v k-6 (k- 0)x"0" R Thee
CF_
nan - _ n .
. CF,
Then, we find
A L e Y A 1
CF: = = = —CLy, — —«"0".
k-0 k-0 (k-0)(x-0) 207 10"
Thus, we obtain
CF: = Ler,+ L CEn
20 10 CF_,
The proof of the others may be found similarly. ]

Theorem 2.7. Let k,m,n € N and k > m, n. We obtain

i, 4CFysmin = CLyCLinCEy + CFyCLinCLy + CLyCFCLy,
+ 20CF,CF,,CF, and

ii. 4CLgypsn = CLyCLnCLy + 20CLyCEnCFy, + 20CF;.CLy CF,,
+ 20CFCFCLy.

The proofs of Theorem 2.7 are shown using the Binet formulas
in a similar way to Theorem 2.6.

In the following theorem, we examine the relationships among
copper Fibonacci sequence CF,, copper Lucas sequence CL,,
Fibonacci sequence F,, and Lucas sequence Lj,.

Theorem 2.8. Let n € N. We obtain
i, CF, = CF_( fuulmthin) ),

i, CL, = CL_n(Li;LZ" ) and

iii. CL%—20CF2 = 4(Fu41Foo1 - F2).

Proof. 1f the Binet formula is used, we obtain

K"-6" k' -0" CF,
i CF_, = =— =— Thus, t
BT T g (k- 00" (—1)f o WeES
CFy = —~CF_,(-1)"
_ CF—n F3n - FZnLn
Fy
- CF. (F3n _FZn(Fn+1 +Fn—1))
n Fn >
"+ 0" CL,

iLCL_,=x"+0"= Thus, we have

CL, = CL_n(-1)"

=CL Lfl - L2n
—n 72 >

pubs.aip.org/aip/adv

n _ 1 2
iii. CL2 — 20CF2 = (k" + 6")” - 20( K -0 )

k-0
=i+ 0+ 20" — K - 07 1 260"
= 4K"0"
a1
= 4(Fy1Fuo1 — Fy). O

In the following theorems, we obtain special sum formulas of the
copper Fibonacci sequence CF, and copper Lucas sequence CL,. In
addition, we find binomial sum formulas of these sequences.
Theorem 2.9. Let m,n,p,r € N. We obtain
~CFurirsp + (=1) CFupyp + CF,_p + CF,

r ,ifp<r,
i f: CFynyp = 1+(_’1) ~
m=0 ’ ~Clurirap + (-1) C€"Y+P + Chpr + Chy , otherwise,
1+ (—1) - CLY
and
~CLursrip + (=1)"CLyryp — CL,_p + CL,
+rep + (=1) iy P i p<r,
ioe Chomey = ) 1+(-1)"-CL,
e (=1)"CLyrsp - CLP—; + CLy = Clursrip , otherwise.
1+ (—1) - CLY

Proof. i.If the Binet formulas are used, we get

ZCFmH-p
m=0
n_ o Imrp _ grmtp KW \m ¥ & r\ 1"
=y " =K—BZ(K) _K_gg(e)

y=0 y=0 y=0
& @ gt _q

k-0 K -1 k-0 6 -1
~CFurirsp + (=1)"CFypip + CF,_p + CF,

s ifp<r,
B 1+ (1) - CL, tp<r
- r
—CFnr+r+p + (—1) CFrnr-i»p + CFp_r + CFP i otherwise.
1+(-1)" -CL,
The proof of the other may be found similarly. ]

Corollary 2.1. The sum of the consecutive, odd, and even
indexed terms of the copper Fibonacci and copper Lucas sequences
are as follows:

B

5CF,+CF, ;-1
i > CFp = B E—
m=0
n
i, 3 CLy = 3CatClut?
m=0
n
iii. Z CFZm = CF2n+2_1C6F2n_CF2’
m=0
n
. CLynyr—CLyy+CLy—2
iv. Y Clyy = =m—genaa=s,
m=0
u CPaui3—CFysy =2
v. > CPpms1 = %, and
m=0
u CLangs—CL
vi. Z CLZWH—I - 2n+316 2+l
m=0

Proof. The proofs are found according to the special values of
rand p in Theorem 2.9.

Theorem 2.10. Let n € N. We obtain

AIP Advances 14, 075207 (2024); doi: 10.1063/5.0207147
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i3 (")4’CF] - CFy,
j=0 \J

iy (”)4JCLJ - Clan,
j=0 \J

iy (J)( 1)/CFy; = (~4)"CF,, and
j=0

iv. z (1) 1)/CLy; = (~4)"CLy.

Proof. i. The following equations are obtained with the help of
characteristic equations of the copper Fibonacci and copper Lucas
sequences:

K =4k+1and 6 =40+ 1

n n _g'
4CF; = 4’( )
5 (5Jren -5 (10
1 & (n) i 1 & (n) i,
= i - 46
Zo (-5 ()

[(1+4%)" - (1+40)"]

1
k-0
L1y - ()]

0

= CFa.

The proofs of the others are shown similarly. ]

In the following theorems, we give special generating functions
of the copper Fibonacci CF,, and copper Lucas CL, sequences.

Theorem 2.11. Letr,n,p € Nand p > r; we obtain

CF=x(=1)"CF,.,

oo
. n
L Z CFrn+px = 1-xCL (1)’

n=0
(o]
" n _ CLy—x(~1)'CL,.,
1. nZ::O CLmﬂ)x T 1-xCL+(-1)"x*’
sl Kx_ 0'x
iii. Y “ax" = £ =¢ and
n! x—0
n=0
S CL 0
iv. ¥ Smat=e el
n=0
Proof. 1f the Binet formula is used, we have
oo oo K 6m+p
n n
LS R = Y .
i=0 n=0 k-0

i &
=7Z::(KX) —72(9)
w’ 1 o 1

k-01-Kx x-01-0x
_ CF, - x(-1)'CF,-,
C1-xCL, +(-1)'x®
oo Kfn+6rn

iv. z CLo >

Z (K x)n Z (97

=e +e

and

x)”

pubs.aip.org/aip/adv

The proof of the other may be found similarly. ]

Corollary 2.2. The generating functions of copper Fibonacci
and copper Lucas sequences are as follows:

i f(3)= 3 CEY' = g and

i I(x) = z CLyx" = 2%

1-4x—x*

Proof. The proofs are found according to the special values of
rand p in Theorem 2.11. O

In the following theorems, we calculate some identities of the
copper Fibonacci CF, and copper Lucas CL, sequences.

Theorem 2.12. (Cassini identity). Let n € N. We obtain

i. CFu41CF,—y — CF% = (-1)" and
ii. CLyt1CLyoy — CLE: =20(=1)"""

Proof. If the Binet formulas are used, we obtain

L Wt ol el gl g e g
L ChuiChpmy = CF, = k-6 k-0 k-0 k-0
K — 0T 0 P -2k + 0
) (- 0)° ICEDS
w0 ()

.
(k=0 " (e-0
- (-1

m _ ntlgn-1

Z(K('))"
T -0y

and
(Kﬂ+1 + 9n+l)(Kn—1 + en—l)

— (" +0") (" +0")
+ 9n+1Kn—1 + 92;1 _ KZn

ii. CLys1CLyoy —CLE =

- K2n + Kn+16n—l

_zxnen _ 62n
k 0
= (KG)”(—E - +2)
=20(-1)""L
O

Theorem 2.13. (Catalan identity). Let n,i € N and i < n. We
obtain

i. CFuiCF,_i— CF, = (-1)""*'CF} and
ii. CLytiCLy—i — CL2 = 20(~1)""'CF}.

Theorem 2.14. (D’ocagne identity). Letn,i € Nandi < n. We
obtain

i. CFu.CF; -
ii. CLy41CL; —

= (-1 )MCF,,_I and
= 20(~1)/CFy-..

CF,CFin1
CL,CLit1

Theorem 2.15. (Vajdaidentity). Letn,i, j € Nandi,j < n. We
obtain
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i. CFn+iCFn+j - CFnCFn+i+j = (—l)nCFiCFj and
li. CLu+iCLusj — CLuCLysivj = 20(~1)""' CF;CF;.

Theorem 2.16. (Halton identity). Let #,i, j € N and i,j < n.
We obtain

i CFu4iCFyei — CFyyjCF,_j = £[(~1)"/BLy; — (-1)""'BLa]
and A ‘
ii. BLy4iBLy—j — BLy+jBLaj = (=1)"BLy; — (~1)"/BLy;.

Theorem 2.17. (Padilla identity). Let n € N. We obtain

i. CFy,;+ CF,_| = 3CF4CF,41CFys2 = 55 (CFsni6 —
+ CF34—3 + 3CF2443 — 3CFy42 + 3CFpy1) and

ii. CL),,+CL)_; —3CLyCLy41CLy42 = CL3ys + 3CLys2
+ CL3y—3 +3CL,—1 + 20(—CF3,,+3 —3CF,-1 + 3CF,11
+ 3CF2n+3).

3CF3n43

Theorem 2.18. (Melham identity). Let n € N. We obtain

i, CFut1CFssCFis — CF3 % (CF3n+9 CFsy
- (711)n+1 CFy7 — (71)n+2 CFuys + (71)n CF, - 7(711)“6 CF,-3)
and

ii. CLn+1CLn+2CLn+6 - CL = CL3nt9 — CL3n
+ —w CLiyus7 + 7=z CLlpas — CLy + 5w CLy-3.

( 1)n+ ( 1)n+ ( 1)" ( l)n-v»

Theorem 2.19. (Gelin-Cesaro identity). Let n ¢ N. We
obtain

i. CF,12CFy41CF,_CF,_ — CFj = ;j((JWCLZn-M

%CL6+ iy CLan-2 + CLz

+ ﬁCL2n+2 + (

(

+ 1)"“ CLyy-s + « 1)" —5CLy, — 90) and
ii. CLy42CLp41CLy—1CLy—5 — CL,,
1 1 1

= ——5Clonta + 7 CLlonta + 75,5 CLs

(-n"? (-n" (-~
1 1 1
+WCL2”_2 + (_1)2n—1 18 + (_1)n+2 CLan-4
CLZn -
( 1)n _1\n-2

The proofs of Theorem 2.13-2.19 are shown using the Binet
formulas in a similar way to Theorem 2.12.

CCF, 1 ) CF,
CCF, 1 CF,
2 1
CCF3 = 2 CF3

5 3 1
CCF4 5 CF4

and

pubs.aip.org/aip/adv

lll. CATALAN TRANSFORM OF THE COPPER
FIBONACCI AND COPPER LUCAS SEQUENCES

In this chapter, we apply Catalan transformation to these
sequences, and their terms are found. Then, we find the generat-
ing function of the Catalan transformation of these sequences. In
addition, the Hankel transform is applied to the Catalan transform
of these sequences. Finally, we associate the terms of the Hankel
transformation of the Catalan copper Fibonacci sequence with the
classical Fibonacci numbers and the terms of the Hankel transfor-
mation of the Catalan copper Lucas sequence with the terms of the
copper Lucas sequence.

Definition 3.1. (Catalan number). For n € N*, the nth Catalan
numbers are as follows:

n =

_ C(2n,n)
n+l ’

and the generating function is obtained as

Clx) = Lo V1=4x Vzi‘ g

For some natural numbers n, the Catalan numbers are 1, 2, 5,
14,132, ... (see Ref. 26 for details).

Using the Catalan transform, we define the Catalan transform
of the copper Fibonacci and copper Lucas sequences, respectively,

CCFn=Zn: i (Zn

o 2n—i\n—i

)CFl,n e N" with CCF, =

and

i (2n-
CCL, =
" i; 2n—z(n

)CL,,n e N* with CCLg =

Next, we give the Catalan transformation of the first elements
of the copper Fibonacci and copper Lucas sequences. The CCF,, and
CCL,, values for some 7 natural numbers are given below:

CCFy = 0,CCF;, = 1,CCF, = 5,CCFs = 27,CCF4 = 148,
CCFs = 816,CCFg = 4501, CCF; = 24 843,
and
CCLy =0,CCL; =4,CCL, =22,CCL3 = 120, CCL4 = 660, CCL5 = 3644.

We can write CCF,, and CCL,, as the product of nx1 type CF,
and CL,’s of the lower triangular Catalan matrix C,

CCLl 1 1 CLI

CCLZ 1 5 1 CLZ

CCL; |=| 2 CLs
5 3 1

CCL4 5 CL4
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Hence,

1 1 1 4 1 4
5 11 4 2 || 1! 18
27 |=1221 |l fad]| 120|221 |l 7
48 5531 ... || » 6o Il 5531 .. || 5m

In the following theorem, we find generating functions of the
Catalan transform of the copper Fibonacci and copper Lucas
sequences.

pubs.aip.org/aip/adv

Theorem 3.1. We obtain

. _ 1-v/1-4x
i F(x)= —3+2x+5v/1-4x and
4V 1-4x

i L) = i

Proof. i. Let f(x) and C(x) be generating functions of copper
Fibonacci and Catalan sequences, respectively. CF, (x x C(x)) shows
the generating function of the Catalan copper Fibonacci sequence.
Then, we write the following relations for the generating function of
the Catalan transform of the copper Fibonacci sequence:

F(x) = CCF(x) = CCF, (xxe(x)) = =

Similarly, the generating function of the Catalan copper Lucas
sequence is

L(x) = CCLy(x) = CLy(x% C(x)) = # %. 0

Definition 3.2. Let the terms of a sequence be A
={v1,v2,v3,...}. In Ref. 27, the Hankel transform H, of the
terms of this sequence was defined as follows:

Vi V2 V3 s Vy
Va2 vioi Wn
Hn = det vy ot Vn
Vn
Vp vee e e Van_1

Next, we apply Hankel’s work to the Catalan copper Lucas
sequence CCL, and copper Fibonacci sequence CCF,. We obtain

HCCL, =H; = det [4] =4=CL,,

CCL, CCL, 4 22
HCCL, = H, = det = det =-4=-CL,
CCL, CCL3 22 120

CCL; CCL, CCLs
CCL, CCLs CCL4
CCL; CCLy CCLs

HCCL3 = H3 = det =-176 = 10CL, - CLy,

and
HCCF; = det [CCFl] = det[l] =1,
CCF, CCF, | [1 5
HCCF, = det ! | = det =2,
CCF, CCF; | | 5 27
CCF, CCF, CCF; | [1 5 27
HCCF; = det| CCF, CCF; CCFy |=det| 5 27 148 |=5,
CCF; CCFy CCFs | | 27 148 816
[ CCF, CCF, CCF; CCE4
CCF, CCF; CCE; CCF
HCCF, = det g } ¢ >
CCF; CCF, CCFs CCFs
| CCF, CCFs CCF¢ CCF,
(1 5 27 148
5 27 148 816
= det =13.
27 148 816 4501
| 148 816 4501 24843

In the following theorem, we obtain a very interesting property.

Theorem 3.2. Applying the Hankel transform to the Catalan
transform of the copper Fibonacci sequence, the following equation
can be obtained:

HCCF, = Fap-1.

Here, n € N and F, is the classic Fibonacci sequence.

Proof. HCCF, # 0. Let us write it as HCCF,, = det A, detB,.
Here, the properties of matrices A, and B, are as follows.

A, is the matrix with the principal diagonal {1,1,1,...}, an
nxn type lower triangular matrix, and a first column contain-
ing {CCF,,CCF,,CCFs,...}. B, is the matrix with the principal
diagonal{1,2,3, 2,32, %} an nxn type upper triangular matri,
and a first row containing { CCF, CCF,, CCFs, . . .}. Hence,

CCF, 0 0 0
CCF, 1 0 0
HCCF, =det| CCF; ... 1 0 0
CCFy ... -1 0
......... 1
[ CCF, CCF, CCF; CCE, ...
0 2
x det| 0 0 g
1
0 0 0 13
5
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TABLE II. Hyperbolic quaternion units.

i iz i3 iq
i i iz i3 ig
is is iy i i»
iy iy is iy i

Thus, we obtain

HCCEF, = detA, detB, = detB, = {b11b22b33b44 L. bnn}
= {1,2, 5,13,34,89,.. }
=Fou1. m]

IV. APPLICATIONS

In this chapter, we present on the application of copper
Fibonacci and copper Lucas sequences to hyperbolic quaternions.
Then we define hyperbolic copper Fibonacci and copper Lucas
quaternions. For these quaternions, we give many properties, such as
Binet formulas. Finally, the terms of the copper Fibonacci and cop-
per Lucas sequences are associated with their hyperbolic quaternion
values.

Definition 4.1. For n €N, the hyperbolic copper Fibonacci
HCF, and hyperbolic copper Lucas HCL, quaternions are defined,
respectively, by

HCF, = CF,i1 + CFys1i2 + CFpy2i3 + CFpi3is
= (CFn, CFl’l+1) CFn+2> CFn+3)

and

HCL, = CLyiy + CLps1iz + CLysa2is + CLys3is
= (CLna CLn+1: CLn+2; CLn+3))

where CF, is the nth copper Fibonacci number, CL, is the nth cop-
per Lucas number, and iy, i, i3, and i4 are the hyperbolic quaternion
units listed in Table II.

Let now give the first four terms of the hyperbolic cop-
per Fibonacci quaternions HCF, and hyperbolic copper Lucas
quaternions HCL,, respectively,

e HCFy = iy + 4i3 + 17is, HCLg = 2i + 4i> + 18i3 + 76is,

(] I:ICFl =11 +4i, + 17i3 + 72i4,HCL1 =44, + 18i, + 76i3
+ 3221y,

° I:ICFZ =4iy + 171 + 72i3 + 305i4,HCL2 = 18i; + 76i;
+322i3 + 13644,

e HCFs = 17i; + 72iy + 305i3 + 1292i4, HCL3 = 76i; + 322i,
+ 1364i3 + 5778is.

Definition 4.2. For n €N, the conjugate of the hyperbolic
copper Fibonacci quaternions HCF, and hyperbolic copper Lucas
quaternions HCL, are defined, respectively, by

pubs.aip.org/aip/adv

I:ICF;: = CFnil - CFn+1i2 - CFn+2i3 - CFn+3i4
= (CFm _CFn+1) _CFn+2; _CFn+3)
and .
HCL}, = CLyiy — CLys1i2 — CLyt2i3 — CLyi3is
= (CLm _CLrH—l > _CLn+2: _CLn+3 )
Definition 4.3. For n € N, the norms of the hyperbolic cop-

per Fibonacci quaternions HCF, and hyperbolic copper Lucas
quaternions HCL, quaternions are defined, respectively, by

|FICE,|| = \/ CF> + CF2,, + CF*,, + CF2,5

and

|ECLy| = \/ CL% + CL2,, + CL%,, + CL2,,.

In the following theorems, we examine the relationships between the
HCF,, HCF,, HCL,, and HCL,, quaternions.

Theorem 4.1. Let n € N. The following equations are true:

i. HCF,4 = 4HCF,4, + HCF,,

ii. HCLyy = 4HCLyyy + HCL,,
iii. HCF},, = 4HCF},, + HCF;, and
iv. HCL},,=4HCL},, + HCL;.

Proof. i.1If the definition is used, we have

4HCF,, + HCF,
= 4(CFy41i1 + CFyi2i2 + CFpy3i3 + CFpy4is)
+ (CFui1 + CFyy1i2 + CFpypi3 + CFpy3iy)
= (4CFp41 + CF,)i1 + (4CFy42 + CFyi1)iz + (4CF,i3 + CFpi2)is
+ (4CFp44 + CFy43)is:

Since BCy+2 = 4CFp41 + CFp, we obtain
HCF,12 = 4HCF,11 + HCF,.
The proofs of the others may be found similarly. ]

Theorem 4.2. We obtain

i. FHCF, + HCF} = 2CFyii,

ii. HCF; = 2CF,HCEF, + (|HCF,’| - 2CF,)i1,
iii. HCL, + HCL} = 2CLyi,, and
iv. FHCLy = 2CL,HCL, + (| HCL,?|| - 2CL},)is.

Proof. ii. If the definition is used, we have

HCF;} = (CFyiy + CFyy1iy + CFy2i3 + CFyy3i3)
x (CFyiy + CFys1iy + CFuyais + CFuy3is)
= (CF} + CFayy + CFiyy + CFays )it + (2CF,CFpi1 )i
+ (2CF,CFpy2)i3 + (2CF,CFp13)i4
= 2CF,(CFyiy + CFys1iy + CFys2i3 + CFpy3is)
+ (=CF: + CFpyy + CFppy + CFpy3)in.
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Thus, we obtain

HCF, = 2CF,HCF, + (|HCE,’| - 2CF})ir.

The proofs of the others may be found similarly. O

Theorem 4.3. We obtain

i. #HCF, - iHCFy41 — i3HCFy42 — isaHCFy43 = (CFoi2
+ 16CFn+1)l'1 and

ii. i{HCLy — i;HCLys1 — i3HCLyys — iaFHHCLy3 = (CLysa
+ 16CLn+1)i1.

Proof. i.If the definition is used, we have

iV\FHCF, — i;HCFy1 — i3HCFy42 — isHCF 13
= (CFy — CFp42 — CFpis + CFui6) i1
+ (CFut1 — CFp41 — CFyis + CFyys)iz
+ (CFpi2 + CFpys — CFpy2 — CFyp4)i3
+ (CFp13 — CFpy3 + CFpy3 — CFyi3)is
= (CFy — CFpy2 — CFpys + CFyi6)ir
= (CFusz + 16CFs1 )ir-

The proof of the other may be found similarly. O

In the following theorem, the Binet formulas of the HCF,,
HCF,,, HCL,, and HCL,, quaternions are expressed.

Theorem 4.4. Let n € N. We obtain
. y _ ®—60"
i I:ICF,, == >
ii. FHCL, = %" + 06",
iii. HCE} = ©+=5"" and
iv. HCL: =%*«"+0%6",

where

_ . . 2, 3, 2 3\ = 2 3
=it +xix+K i3+ ki = (L, kK ), & = (1, K~ —K),

0 =i +0i+ i3+ 6= (1,6,6°,0°) and 6* = (1,-6,-6",-6").

Proof. i. The Binet form of the hyperbolic copper Fibonacci
quaternions is

HCF, = x«" +y9".
With the initial conditions, the following equations are obtained:
HCFy =iy + 4i3 + 17ig = x + y
and
HCF, = iy + 4iy + 17i3 + 72i4 = xx + 0.
Thus, we have

_ HCF, -0HCFy iy +xi+Ki3+K1s %

k-0 B k-0 k-0

_ HCFl - KHCF() _ il + 01‘2 + 92i3 + 93i4 _ -0

-x+0 - —(x-0) k-0
Hence, we obtain
HCE, = € = 00
x—0
The proofs of the others may be found similarly. ]

In the following theorems, we associate the terms of the cop-
per Fibonacci and copper Lucas sequences with their hyperbolic
quaternion values.

Theorem 4.5. Leta,b € N and a < b. We obtain

i. HCFuup = L2HCLayy — Y22 FICF,,

ii. HCLgzp = 2¢/5%2 HCFopy — <21 FICL,,

iii. HCFup = 2 HCF,y, - 9222 (CF,, and

iv. HCLysyp = L2 HCL,y, — S22 FICL,.

Proof. iv. With the Binet formula, we have

CFy + CFy_5 1 - -
42h HCL,H.Z - %HCL“ = Zﬁ(lﬂca*—z + 69a+2)
1 2b-2 _ g2 B
- Z KW(RK(I + 69“)
. RK“+2h(x2 B KLZ) _692a+b(62 B 9%)
- 4(k-0)
Since @ = L, x* = L, and x + 0 = 4, we obtain
K %
y Fyp Fop_s
HCLgy sy = %HCL,M e f;’ 2HICL,.
The proofs of the others may be found similarly. O

Theorem 4.6. Leta,b,c,d € Nand c < a,b. We obtain

i. HCF,,, = CE,HCF,,, + CF,_FHCF,,
ii. HCF,,.p = CLLHCFE,,;, — (-1)°HCF,,
ili. HCFuq= %HCFM - (—1)“%;;HCFd,
iv. (=1)*CF,p_qcHCF; = HCF,ey 4CFoy — HCF 4y gCFue, and
v. HCF,,,HCLayc — HCF,y HCL,,y,
= CF,_(~1)*°(0, 8,26, 86).

Proof. i.If Binet formulas are used, we get

CF,HCF,,, + CF,_ HCF,
- Ka _ ea RKIH—I _§6b+1 . Ku—l _ ea—l EKb _ éeb
"\ k-0 k-0 k—0 k-0
_ 1 — a+b l Apat+b 1
_7(16—9)(16—9)[’“( (K+K)+96 (6+0)].

Since % = -0 and é = —x, we obtain

HCF,,, = CF,HCF,,, + CF,_HCF,.

The proofs of the others may be found similarly. ]
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V. CONCLUSIONS

In this study, we defined a new generalization of Fibonacci
sequences that give the copper ratio, and we called it the copper
Fibonacci sequence. In addition, inspired by the copper Fibonacci
definition, we also defined copper Lucas sequences, and then we
gave the relationships between the terms of these sequences. We
presented some properties, such as the Binet formulas, special sum-
mation formulas, special generating functions, etc. We found the
relationships between the roots of the characteristic equation of
these sequences with these sequences. What is interesting here is that
the relationships obtained from the relationship between the roots of
the characteristic equation of these new sequences and the terms of
the sequences satisfied for both roots. In addition, we examined the
relationships between these sequences with the classic Fibonacci and
Lucas sequences. Moreover, we calculated some identities of these
sequences, such as Cassini and Catalan. Then Catalan transforma-
tion was applied to these sequences, and their terms were found.
Furthermore, we applied the Hankel transform to the Catalan trans-
form of these sequences. We associated the terms of the Hankel
transformation of the Catalan copper Fibonacci sequence with the
classical Fibonacci numbers and the terms of the Hankel transfor-
mation of the Catalan copper Lucas sequence with the terms of
the copper Lucas sequence. Finally, we presented on the applica-
tion of copper Fibonacci and copper Lucas sequences to hyperbolic
quaternions. We defined hyperbolic copper Fibonacci and copper
Lucas quaternions. For these quaternions, we given many properties,
such as Binet formulas. Finally, the terms of the copper Fibonacci
and copper Lucas sequences are associated with their hyperbolic
quaternion values. If this study is examined, such features can be
found in other sequences, such as copper Pell and copper Pell-Lucas
sequences.
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