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Abstract
The paper aims to investigate the general properties of pseudo Z -symmetric Lorentzian
manifolds with semi-symmetric metric ρ-connection ∇̄ and examine compatibility
conditions. Moreover, such a manifold is applied to general relativity and its physical
consequences are given.
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1 Introduction

An n-dimensional Lorentzian manifold M , a smooth connected paracompact Haus-
dorff manifold with a Lorentzian metric g, is a special case of the semi-Riemannian
manifold. The signature of Lorentzian metric g is (1, n − 1). A tangent vector
Wp ∈ TpM is called time-like if g(Wp,Wp) < 0, space-like if g(Wp,Wp) > 0
or Wp = 0 and light-like if g(Wp,Wp) = 0, Wp �= 0. If Wp is either time-like or
light-like, then it is said to be causal. A Lorentzian manifold may not generally have
a globally time-like vector field. If it admits a globally time-like vector field, such a
manifold is said to be a time-orientable Lorentzian manifold, known as a space-time,
which is the stage of the present modeling of the physical world. One of the most
essential and basic concepts in physical theories is causality, particularly in all rela-
tivistic theories based on a Lorentzianmanifold. Thus, a Lorentzianmanifold becomes
a convenient choice for the study of general relativity.
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[17], a new generalized tensor (0, 2) symmetric tensor was introduced by Mantica
and Molinari; the new tensor was defined as:

Z(X ,Y ) = S(X ,Y ) + φg(X ,Y ), (1)

where S and φ are the Ricci tensor of the manifold and an arbitrary scalar function,
respectively and said to be generalized Z tensor. The classical Z tensor is defined as

Z(X ,Y ) = S(X ,Y ) − r

n
g(X ,Y ), (2)

where r is the scalar curvature of the manifold. Hereafter, we refer to the generalized
Z tensor shortly as the Z tensor. It is notice that the Z tensor is a general notion of the
Einstein gravitational tensor in general relativity.

Mantica and Suh [19] introduced a kind of Riemannian manifold whose non-null
Z tensor satisfies the condition

(∇X Z) (Y ,U ) = 2π(X)Z(Y ,U ) + π(Y )Z(X ,U ) + π(U )Z(Y , X), (3)

where π is a non-zero 1-form, a vector field ρ is called the basic vector field of the
manifold corresponding to the associated 1-form π and is defined by

π(X) = g(X , ρ). (4)

This manifold that generalizes the notion of both pseudo-Ricci symmetric manifold
and pseudo-projective Ricci symmetricmanifold is called a pseudo Z -symmetric man-
ifold and denoted by (PZS)n . The authors investigated various properties of such a
manifold, especially considering the caseswith harmonic curvature tensors under some
conditions. Moreover, in 2014, they studied the fundamental properties of (PZS)4
space-times [20].

In 1991, the quasi-Einstein manifold, which arises during the study of exact solu-
tions of the Einstein fields equations, and also during considerations of quasi-umbilical
hypersurfaces of semi-Euclidean spaces, is firstly defined by Defever and Deszcz [7],
(see also, [3, 8, 9] ) as; a semi-Riemannianmanifold is called a quasi-Einsteinmanifold
if its Ricci tensor is not identically zero and satisfies the following condition

S(X ,Y ) = ag(X ,Y ) + bπ(X)π(Y ), (5)

where a, b are scalars and π is a non-zero 1-form. A Lorentzian quasi-Einstein man-
ifold whose Ricci tensor satisfies (5) and a 1-form π is a unit time-like vector field, is
called a perfect fluid space-time.

The concept of semi-symmetric linear connection on a differantiable manifold
was introduced by Friedman and Schouten [11]. The idea of metric connection with
torsion on a Riemannian manifold was introduced by Hayden [15]. Yano systemati-
cally studied a semi-symmetric metric connection on a Riemannian manifold [29].
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Various physical problems can be expressed using a semi-symmetric metric con-
nection, and it plays an important role in physics, especially general relativity, (see
[5, 6, 10, 24],... ).

On an n-dimensional semi-Riemannian manifold, the Weyl conformal curvature
tensor field C of type (1, 3) is defined by

C(X ,Y )U = R(X ,Y )U − 1

n − 2
{S(Y ,U )X − S(X ,U )Y

+g(Y ,U )LX − g(X ,U )LY }
+ r

(n − 1)(n − 2)
{g(Y ,U )X − g(X ,U )Y } ,

(6)

for all vector fields X ,Y ,U on themanifold, respectively,where L is theRicci operator,
(see, [26, 31]).

2 Lorentzianmanifolds with semi symmetric metric �-connection

Let ∇̄ be a linear connection on an n-dimensional Lorentzian manifold M . It is called
semi-symmetric if the torsion tensor T̄ of the connection ∇̄ satisfies

T̄ (X ,Y ) = π(Y )X − π(X)Y , (7)

for ∀X ,Y ∈ χ(M). Moreover, if

∇̄g = 0, (8)

then it is called semi symmetric metric connection, and the relation between the semi-
symmetric metric connection ∇̄ and the Levi-Civita connection ∇ of M is given by
the following equation, [29],

∇̄XY = ∇XY + π(Y )X − g(X ,Y )ρ. (9)

Let the vector field ρ corresponding to the 1-form π be a unit time-like vector field,

π(ρ) = g(ρ, ρ) = −1, (10)

and parallel with respect to the connection ∇̄,

∇̄Xρ = 0. (11)

Then such a connection is called a semi symmetric metric ρ-connection, [6]. Using
(4), (8), (9) and (10), we achieve

(∇̄Xπ
)
Y = (∇Xπ) Y − π(Y )π(X) − g(X ,Y ). (12)
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Moreover, considering
(∇̄Xπ

)
Y = 0 and the last equation, we obtain

(∇Xπ) Y = π(Y )π(X) + g(X ,Y ). (13)

By considering the above equation, we can say that the 1-form π is closed.
From (9), (10) and (11), it follows that

∇Xρ = π(X)ρ + X , (14)

which means that ρ is a torse-forming vector field. The torse-forming vector fields
were introduced by Yano [30]. Based on [28], since 1-form π in (13) is closed, ρ

is a concircular vector field. Such a vector field has a significant role in the theory
of projective and conformal transformations and interesting applications in general
relativity, such as trajectories of time-like concircular vector fields in the de Sitter
model determine the world lines receding or colliding galaxies satisfying the Weyl
hypothesis, [27]. Moreover, a specially concircular vector field � is defined by

∇X� = �X , (15)

where � is some function on the manifold, [28]. It is noticed that since after a suitable
normalization, a concircular vector field ρ can be written in the form a specially
concircular vector field. According to Chen [4], a Lorentzian n-manifold with n ≥ 3 is
a generalized Robertson–Walker (GRW) space-time if and only if it admits a time-like
concircular vector field in the form (15).

By using the argument given above, we can state the following theorem.

Theorem 1 An n-dimensional Lorentzian manifold with semi-symmetric metric ρ-
connection, n ≥ 3, is a GRW space-time.

The above theorem is also shown differently in [6].
Let R̄ and R denote the curvature tensors of the manifold with respect to the

connections ∇̄ and∇. Then, the relation between the curvature tensors of the manifold
M is given by, [6],

R̄(X ,Y )U = R(X ,Y )U − α(Y ,U ) + α(X ,U )Y − g(Y ,U )AX

+g(X ,U )AY , (16)

for ∀X ,Y ,U ∈ χ(M), where α is a tensor of type (0,2), defined as follows;

α(X ,Y ) = g(AX ,Y ) = 1

2
g(X ,Y ), (17)

i.e.

AX = 1

2
X . (18)
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Substituting (17) and (18) in (16), we obtain

R̄(X , Y )U = R(X ,Y )U − {g(Y ,U )X − g(X ,U )Y } . (19)

By using the above equation, we have the following relation of the covariant curvature
tensors of type (0,4)

R̄(X ,Y ,U , V ) = R(X ,Y ,U , V ) − {g(Y ,U )g(X , V ) − g(X ,U )g(Y , V )} , (20)

where R̄(X ,Y ,U , V ) = g(R̄(X ,Y )U , V ) and R(X ,Y ,U , V ) = g(R(X ,Y )U , V ).

Contracting (20) with respect to X and V , we obtain

S̄(Y ,U ) = S(Y ,U ) − (n − 1)g(Y ,U ), (21)

where S̄ and S denote the Ricci tensors of the manifold with respect to the connections
∇̄ and ∇, respectively.

Contracting (21) with respect to Y and U gives

r̄ = r − n(n − 1), (22)

where r̄ and r denote the scalar curvatures of the manifold with respect to the
connections ∇̄ and ∇, respectively.

By using (8), (9), (11), (12), from R̄(X ,Y )U = ∇̄X ∇̄YU − ∇̄Y ∇̄XU − ∇̄[X ,Y ]U ,
we achieve

R̄(X ,Y )ρ = R̄(ρ,Y )U = 0, R̄(X ,Y ,U , ρ) = 0, S̄(ρ,Y ) = 0. (23)

From (19), (20), (21) and (23), we obtain the following equations:

S(ρ,Y ) = (n − 1)π(Y ), (24)

R(X ,Y )ρ = π(Y )X − π(X)Y , (25)

R(ρ,Y )U = g(Y ,U )ρ − π(U )Y , (26)

π(R(X ,Y )U ) = g(Y ,U )π(X) − g(X ,U )π(Y ). (27)

3 Pseudo Z-symmetric Lorentzianmanifold with semi-symmetric
metric �-connection and compatibility conditions

In this section we investigate general properties of pseudo Z -symmetric Lorentzian
manifolds with semi-symmetric metric ρ-connection ∇̄ and examine compatibility
conditions on these manifolds

Let us denote with (PZSL)n an n-dimensional pseudo Z -symmetric Lorentzian
manifold. The Z̄ tensor with respect to connection ∇̄ can be expressed as

Z̄(X ,Y ) = S̄(X ,Y ) + φ̄g(X ,Y ), (28)
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where φ̄ is an arbitrary scalar function.
We will denote the (PZSL)n manifold admitting the connection ∇̄ shortly as

−
(PZSL)n .

Proposition 2 For
−

(PZSL)n manifolds, we have

1. (n − 1 + φ) is an eigenvalue of the Z tensor corresponding to the eigenvector ρ.
2. The scalar function φ satisfies the following equation

(∇Xφ) = 4 (n − 1 + φ) π(X). (29)

3. The expression of the Z tensor on such a manifold is

Z(X ,U ) = (1 − n − φ) {2π(X)π(U ) + g(X ,U )} . (30)

4. The expression of the Z̄ tensor on such a manifold is

Z̄(X ,U ) = 2 (1 − n − φ) π(X)π(U ) + {
φ̄ + 2 (1 − n − φ)

}
g(X ,U ). (31)

5. φ̄ is an eigenvalue of the Z̄ tensor corresponding to the eigenvector ρ.

Proof 1. Substituting (1) and (21) into (28) provides

Z̄(X ,Y ) = Z(X ,Y ) + (
φ̄ − φ − (n − 1)

)
g(X ,Y ). (32)

Let us now substitute ρ for Y in (3) and use (10). Then, we have

(∇X Z) (ρ,U ) = 2π(X)Z(ρ,U ) − Z(X ,U ) + π(U )Z(ρ, X). (33)

Now using (1) and (24), we achieve

Z(ρ,U ) = (n − 1 + φ)π(U ), (34)

which implies that (n − 1 + φ) is an eigenvalue of the Z tensor corresponding to the
eigenvector ρ.

2. Considering (13), if (34) is substituted in (33), one can easily obtain

Z(X ,U ) = − (∇Xφ) π(U ) + (n − 1 + φ) {2π(X)π(U ) − g(X ,U )} . (35)

When ρ is written instead of U in the last result, the following holds:

(∇Xφ) = 4 (n − 1 + φ) π(X).

3. From (29) and (35), it follows immediately that,

Z(X ,U ) = (1 − n − φ) {2π(X)π(U ) + g(X ,U )} .
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4. Considering (32) and (30), we obtain

Z̄(X ,U ) = 2 (1 − n − φ) π(X)π(U ) + {
φ̄ + 2 (1 − n − φ)

}
g(X ,U ).

5.By substituting X = ρ in the previous equation, the following relation is obtained

Z̄(ρ,U ) = φ̄π(U ). (36)

Hence, we obtain that φ̄ is an eigenvalue of the Z̄ tensor corresponding to the
eigenvector ρ. ��

Remark 1 If φ is constant, from (29), we obtain that it must be φ = 1 − n because
of π �= 0. Then, from (30), it follows that Z = 0. Therefore, in this study, we will
consider in case where the scalar function φ is not constant.

Theorem 3 For
−

(PZSL)n manifolds, we have

1. Such a manifold is a Lorentzian quasi-Einstein manifold, i.e., a perfect fluid space-
time.

2. The expressions of the scalar curvatures r and r̄ of such a manifold are in the
following forms, respectively,

r = (1 − n) (n − 2 + 2φ) , (37)

r̄ = 2(n − 1) (1 − n − φ) . (38)

Proof 1. Inserting (1) in (30), one straightforwardly obtains

S(X ,U ) = (1 − n − 2φ) g(X ,U ) + 2 (1 − n − φ) π(X)π(U ), (39)

which implies that such a manifold is a Lorentzian quasi-Einstein manifold.
2. Contracting of (39), we achieve

r = (1 − n) (n − 2 + 2φ) .

Similarly, inserting (28) in (31), one easily obtains

S̄(X ,U ) = 2 (1 − n − φ) {g(X ,U ) + π(X)π(U )} . (40)

Contracting of (40), we achieve

r̄ = 2(n − 1) (1 − n − φ) .

��
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In 1994, Gebarovski (see, [12, 13]) showed that for a GRW space-time which is
the warped product −I × f 2M∗, the fibres are Einstein if and only if ∇mCm

jkl = 0. In
1999, Sánchez [23] proved that a GRW space-time is a perfect fluid if and only if M∗
is an Einstein manifold. Based on these studies, we can say that a GRW space-time is
a perfect fluid if and only if ∇mCm

jkl = 0. Moreover, we know that an n-dimensional
Lorentzian manifold with semi-symmetric metric ρ-connection, n ≥ 3, is a GRW
space-time.

By using the argument given above and Theorem 3, we can state the following
theorem.

Lemma 4 A
−

(PZSL)n manifold has the property div C = 0.

Theorem 5 For the
−

(PZSL)n manifold, the Ricci tensor S is R-compatible.

Proof It is well known that in local coordinates, the divergence of theWeyl conformal
tensor satisfies the relation;

∇mC
m
jkl = n − 3

n − 2

[
∇m Rm

jkl + 1

2(n − 1)

{
(∇ j r)gkl − (∇kr)g jl

}
]

. (41)

Since div C = 0 according to Lemma 4, one easily obtains

∇m Rm
jkl = ∇ j Skl − ∇k S jl = 1

2(n − 1)

{
(∇kr)g jl − (∇ j r)gkl

}
. (42)

By using (29) and (37) after a straightforward calculation, one obtains the following
result:

∇m Rm
jkl = 4(1 − n + φ)

[
π j gkl − πkg jl

]
. (43)

By performing the covariant derivative of (43) and using (13) and (29), one easily
obtains

∇i∇m Rm
jkl = 4(1 − n + φ)πi

[
π j gkl − πkg jl

]

+ 4(1 − n + φ)
[
πiπ j gkl + gi j gkl − πiπkg jl − gikg jl

]
.

Now a cyclic permutation of the indices i, j, k is performed and the resulting three
equations are added to obtain

∇i∇m Rm
jkl + ∇ j∇m Rm

kil + ∇k∇m Rm
i jl = 0, (44)

which means that according to [16], the Ricci tensor S is R-compatible (Riemann
compatible). ��

In [16], Mantica and Molinari showed that

∇i∇m Rm
jkl + ∇ j∇m Rm

kil + ∇k∇m Rm
i jl = −Sim Rm

jkl − S jm Rm
kil − Skm Rm

i jl . (45)
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Since the Ricci tensor S is R-compatible in
−

(PZSL)n according to Theorem 5, by
considering (44) and (45), we can write easily

Sim Rm
jkl + S jm Rm

kil + Skm Rm
i jl = 0. (46)

By putting (19) and (21) in (46) and considering the first Bianchi identity, we get

S̄im R̄m
jkl + S̄ jm R̄m

kil + S̄km R̄m
i jl = 0. (47)

The last equation means that the Ricci tensor S̄ with respect to the connection ∇̄ is

R̄-compatible in
−

(PZSL)n .
Conversely, let the Ricci tensor S̄ with respect to the connection ∇̄ be R̄-compatible

in
−

(PZSL)n . Then, substituting (19) and (21) in (47) and considering the first Bianchi
identity, we obtain (46). This implies that the Ricci tensor S is R-compatible in

−
(PZSL)n .

Thus, considering Theorem 5 as well as the above discussion, we deduce the
following corollary:

Corollary 1 For the
−

(PZSL)n manifold, the following are equivalent:

1. The Ricci tensor S is R-compatible.
2. The Ricci tensor S̄ with respect to the connection ∇̄ is R̄-compatible.

Theorem 6 For
−

(PZSL)n manifold, π(X) is R-compatible.

Proof In local coordinates, the integrability conditions of (13) are

πm Rm
jkl = π j gkl − πkg jl . (48)

After a straightforward calculation, we achieve

πiπm Rm
jkl + π jπm Rm

kil + πkπm Rm
i jl = 0. (49)

Based on [16], the above result means that π(X) is R-compatible. ��
According to [16], a vector field u is Riemannian compatible if and only if it isWeyl

compatible and u[a Rm
b]um = 0. Henceπ(X) is alsoW -compatible (Weyl compatible).

Moreover, based on [6], letM be an n-dimensional Lorentzianmanifold endowedwith
a semi-symmetric metric ρ connection ∇̄, then the Weyl conformal curvature tensors
C̄ and C with respec to ∇̄ and ∇, respectively, coincide on M . Therefore, we obtain
the following corollary:

Corollary 2 π(X) is W-compatible ( W̄ -compatible).

Theorem 7 For the
−

(PZSL)n manifold, π(X) is R̄-compatible.
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Proof Let us now consider (19) in local coordinates. Thus, we can write

R̄m
jkl = Rm

jkl −
{
gklδ

m
j − g jlδ

m
k

}
.

The last equation is then transvected with πm so that the following holds:

πm R̄m
jkl = πm Rm

jkl − {
gklπ j − g jlπk

}
. (50)

Now (48) is substituted in (50) to give

πm R̄m
jkl = 0. (51)

Therefore, we achieve

πiπm R̄m
jkl + π jπm R̄m

kil + πkπm R̄m
i jl = 0. (52)

Thus we conclude that π(X) is R̄-compatible. ��
When it is considered the above operations, we obtain the following corollary:

Corollary 3 For the
−

(PZSL)n manifold, π(X) is R-compatible if and only if π(X) is
R̄-compatible.

Theorem 8 For the
−

(PZSL)n manifold, φ �= 1 − n, the Z tensor is R-compatible.

Proof In local coordinates, let us rewrite (30). Then, we achieve

Zim = (1 − n − φ) {2πiπm + gim} .

Hence, since φ is not constant, φ �= 1 − n,

πiπm = 1

2(1 − n − φ)
Zim + 1

2
gim . (53)

Considering that g is R-compatible because of the first Bianchi identity and using (53)
in (49), we achieve

Zim Rm
jkl + Z jm Rm

kil + Zkm Rm
i jl = 0. (54)

This means that the Z tensor is R-compatible. ��

Theorem 9 For the
−

(PZSL)n manifold, φ �= 1 − n, the Z̄ tensor is R̄-compatible.
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Proof Let us consider (31) in local coordinates and use the same procedure as the
above proof. Thus, we obtain, φ �= 1 − n,

πiπm = 1

2(1 − n − φ)
Z̄im −

{
φ̄

2(1 − n − φ)
+ 1

}
gim . (55)

Now (55) is substituted in (52) to give

Z̄im R̄m
jkl + Z̄ jm R̄m

kil + Z̄km R̄m
i jl = 0, (56)

in which we use that g is R-compatible. ��
Based on [18], a symmetric tensor is R-compatible if and only if it isW -compatible

and it commutes with the Ricci tensor. Thus, we can express the following conclusion
by considering that C and C̄ coincide and taking into account the last two theorems.

Corollary 4 The Z tensor and the Z̄ tensor are W-compatible (W̄ -compatible).

4 Application to general relativity

In general relativity, it is described thematter content of space-time and is specified the
physical aspects of space-time by the energy-momentum tensor T . The substance con-
tent is supposed to be a liquid with density and pressure, with dynamic and kinematic
quantities.

The geometry of space-time is controlled by the Ricci tensor S for the reason that
the Ricci tensor S and the energy-momentum tensor T are related to each other by the
Einstein equations without the cosmological constant

S(X ,Y ) = r

2
g(X ,Y ) + kT (X ,Y ), (57)

where k is non-zero gravitational constant (see, [21, 22]).

Now, let us consider a
−

(PZSL)n space-time obeying Einstein’s field equation with-
out the cosmological constant. By using Theorem 5, (37), (57) and the first Bianchi
identity one gets

Tim Rm
jkl + Tjm Rm

kil + Tkm Rm
i jl = 0. (58)

Thus, we can state the following

Theorem 10 For the
−

(PZSL)n space-time, the energy-momentum tensor T is R-
compatible.

Based on [18] and the above theorem, we can express that in the
−

(PZSL)n manifold,
the energy-momentum tensor T is W -compatible.
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According to [1] and [25], for a 4-dimensional space-time, given a time-like velocity
field ui with uiui = −1, the electric and magnetic parts of Weyl tensors are as

Ekl = u jumC jklm,

Hkl = 1

2
ε jkrsu

j umCrs
lm,

where Crs
lm is the component of type (2, 2) of the Weyl tensor, ε jkrs is a completely

skew-symmetric Levi-Civita tensor.
In [25], it is expressed that on a 4-dimensional space-time a time-like vector field

is Weyl-compatible if and only if the magnetic part of the Weyl tensor vanishes. Thus,
considering Corollary 2, we can state that the magnetic component of the Weyl tensor
is equal to zero. Hence, such a space-time is called purely electric space-time. We can
express the above discussion as follows:

Theorem 11 The
−

(PZSL)4 space-time is purely electric space-time.

In [25], it is shown that a 4-dimensional space-time with a Weyl-compatible time-
like vector is type I, D or O. Thus, taking into account of Corollary 2, we conclude
that

Theorem 12 A
−

(PZSL)4 space-time is of Petrov types I, D or O.

In [2], Capozziello et al obtain that a 4-dimensional generalized Robertson–Walker
space-time is a perfect fluid space-time if and only if it is a Robertson–Walker space-
time. Thus, taking into account that an n-dimensional Lorentzian manifold with semi-
symmetric metric ρ-connection, n ≥ 3, is a GRW space-time and Theorem 3, we
deduce that:

Theorem 13 A
−

(PZSL)4 space-time is a Robertson-Walker space-time.

Guilfoyle and Nolan [14] showed that a 4-dimensional perfect fluid space-time
(M, g)withσ+p �= 0 is aYang pure space if and only if (M, g) is aRobertson–Walker
space-time. Thus, considering the above theorem, we conclude that the following
theorem.

Theorem 14 A
−

(PZSL)4 space-time is a Yang pure space.

The energy momentum tensor T of type (0, 2), in a perfect fluid space-time, is
given by [21]:

T (X ,Y ) = pg(X ,Y ) + (σ + p)π(X)π(Y ), (59)

where p and σ are the isotropic pressure and the energy density, respectively. Putting
Y = ρ in (39) and (57), we achieve

{ r
2

− σk − 3
}

π(X) = 0. (60)
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From the above equation, one immediently obtains

σ = 1

k

{ r
2

− 3
}

. (61)

Now, contracting over (59), we achieve

T = −σ + 3p. (62)

Contracting (57) and using (62) gives

p = 1

3k
{kσ − r} . (63)

(61) is substituted in the last result to give

p = 1

3k

{
− r

2
− 3

}
. (64)

The last equation and (61) lead to

3p + σ = −6

k
. (65)

Hence we deduce that:

Theorem 15 A
−

(PZSL)4 space-time satisfies the state equation p = − 1
3 (σ + 6

k ).
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