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Abstract
Let R be a commutative ring with 1 6¼ 0 and M a unital R-module. M is said to satisfy Property (A) if for each finitely

generated ideal J of R contained in ZRðMÞ, there exists 0 6¼ m 2 M such that Jm ¼ ð0Þ: Also M is said to satisfy Property

(T) if for each finitely generated submodule N of M contained in TðMÞ; there exists 0 6¼ a 2 R such that aN ¼ ð0Þ: In this

article, we study certain annihilator conditions on modules such as Property ðAÞ and Property ðTÞ: In addition to give

many properties of modules satisfying Property ðAÞ (Property ðTÞÞ; we characterize these classes of modules in terms of r-

submodules and sr-submodules. Also, we give a method to construct non Noetherian rings in which every ideal satisfies

Property (A).
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1 Introduction

This paper concerns with certain annihilator conditions on

modules as Property (A) and Property (T). Throughout this

paper, we focus only on commutative rings with nonzero

identity and nonzero unital modules. Let R always denote

such a ring and M denote such an R-module. A ring R is

said to satisfy Property ðAÞ if for each finitely generated

ideal I consisting of entirely of zero divisors of R; then

there exists 0 6¼ a 2 R such that aI ¼ ð0Þ (Huckaba

1988).The class of rings satisfying Property ðAÞ is quite

large including Noetherian rings and nontrivial Z-graded

rings (See, [Huckaba (1988), Theorem 2.5] and (Kaplansky

1970, p 63)). Darani, in his paper Darani (2010), initiated

to the study of Property ðAÞ on modules and he used the

name F-McCoy instead of Property (A). Afterwards,

Anderson and Chun introduced another extension of

Property ðAÞ in rings to modules which is called Property

(T). Our aim in this paper is to investigate the further

properties of Property ðAÞ and Property ðTÞ for modules

and to characterize these two conditions in terms of certain

class of submodules such as r-submodules and sr-sub-

modules. For the sake of completeness, now we shall give

some notions and notations which will be frequently used

troughout this paper.

Let M be an R-module. An element a 2 R is said to be a

zero divisor on M if annMðaÞ ¼ fm 2 M : am ¼ 0g 6¼ ð0Þ.
Also, an element m 2 M is called a torsion element if

annRðmÞ ¼ fr 2 R : rm ¼ 0g is not equal to the zero ideal

of R. Here, the set of all zero divisors on M and all torsion

elements of M are denoted in the following:

ZRðMÞ ¼ fr 2 R : annMðrÞ 6¼ 0g
TðMÞ ¼ fm 2 M : annRðmÞ 6¼ 0g:
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suat.koc@medeniyet.edu.tr
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In particular, we denote the set of all zero divisor on R by

zdðRÞ: An R-module M is said to be a torsion-free module

if the torsion subset TðMÞ ¼ 0 (Sharp 2000). For any R-

module M; the annihilator of M is denoted by

annðMÞ ¼ fx 2 R : xM ¼ ð0Þg: Also, M is said to be a

faithful module if annðMÞ ¼ ð0Þ (Sharp 2000).Recall from

Barnard (1981) that an R-module M is said to be a multi-

plication module if its each submodule P of M has the

form IM for some ideal I of R.It is clear that M is a mul-

tiplication module if and only P ¼ ðP : MÞM for each

submodule P of M, where ðP : MÞ is the annihilator of M/

P (El-Bast and Smith 1988).Further information on mul-

tiplication modules, we refer El-Bast and Smith (1988) and

Barnard (1981) to the reader.

Anderson and Chun trasferred the Property ðAÞ in rings

to modules in two different ways. According to their def-

inition, an R-module Mis said to satisfy Property ( AÞ if for
each finitely generated ideal Iof R contained in ZRðMÞ;
there exists 0 6¼ m 2 M such that Im ¼ ð0Þ: Also, M sat-

isfies Property ( TÞ if for each finitely generated submodule

N of Mwith N � TðMÞ; there exists 0 6¼ r 2 R such that

rN ¼ ð0Þ (Anderson and Chun 2017a). The authors in

Anderson and Chun (2017a), gave many properties and

characterizations of Property ðAÞ and Property ðTÞ:
Recently, the notions of Property ðAÞ and Property ðTÞ on
modules have been widely studied in many papers. See, for

example, Bouchiba et al. (2019)– Bouchiba and El-Arabi

(2019). Koc and Tekir in their paper (2018), introduced

two classes of submodules which are called r-submodules

and sr-submodules. Recall from Koc and Tekir (2018), a

proper submodule Pof Mis said to be an r-submodule if

whenever am 2 P for some a 2 R;m 2 M; then either

a 2 ZRðMÞor m 2 P: Also, P is called a special r- sub-

module (briefly, sr-submodule) if am 2 Pfor some a 2
R;m 2 M implies either a 2 ðP : MÞor m 2 TðMÞ: The

authors in Koc and Tekir (2018) investigated the properties

of these two classes of submodules and characterized tor-

sion free modules in terms of sr-submodules. Among other

results in this paper, we give characterization of Prop-

erty ðTÞ and Property ðAÞ on modules in terms of r-sub-

modules and sr-submodules. Also, we provide some

methods to construct non-Noetherian rings in which every

ideal satisfies Property (A). These facts produce many

examples of non-Noetherian rings satisfying Property (A).

2 Modules Satisfying Property
(A) and Property (T)

In this section, R will always denote a commutative ring

with nonzero identity and M will always denote a nonzero

unital module.

Theorem 1 Let M be a multiplication R-module. The fol-

lowing statements are equivalent.

(i) M satisfies Property (A).

(ii) R=annðMÞ satisfies Property (AÞ:

Proof

ðiÞ ) ðiiÞ Suppose that M satisfies Property (A). Let

a1; a2; . . .; an 2 R=annðMÞ for some

ai 2 R and assume that J ¼ ða1; a2; . . .; anÞ �
zdðR=annðMÞÞ: Now, put

I ¼ ða1; a2; . . .; anÞ: Let x 2 I: Then x 2 J �
zdðR=annðMÞÞ and so xy ¼ 0 for some

0 6¼ y 2 R=annðMÞ: This implies that

xyM ¼ 0: As 0 6¼ y; we have y 62 ann ðMÞ and
so there exists m0 2 M such that ym0 6¼ 0: As

xyM ¼ 0; we get xðym0Þ ¼ 0 and so

x 2 ZRðMÞ: Thus we conclude that I ¼
ða1; a2; . . .; anÞ � ZRðMÞ: As M satisfies

Property (AÞ; there exists 0 6¼ m 2 M such

that Im ¼ ð0Þ: Thus we conclude that IðRm :

MÞ � annðMÞ: Since M is multiplication and

m 6¼ 0; there exists b 2 ðRm : MÞ � annðMÞ
and so Ib � annðMÞ: Then we obtain Jb ¼ 0

and b 6¼ 0: Hence, R=annðMÞ satisfies Prop-

erty (AÞ:
ðiiÞ ) ðiÞ Suppose that R=annðMÞ satisfies Property (A).

Let I be a finitely generated ideal contained in

ZRðMÞ: Then we can write

I ¼ Ra1 þ Ra2 þ � � � þ Ran for some ai 2
R: Now, put J ¼ ða1; a2; . . .; anÞ: Take an

element x 2 J ¼ ða1; a2; . . .; anÞ for some

x 2 R. Then there exists y 2 annðMÞ and
r 2 I such that x ¼ r þ y: As r 2 I �
ZRðMÞ; there exists 0 6¼ m 2 M such that

rm ¼ 0 and so xm ¼ ðr þ yÞm ¼ 0: This

yields that xRm ¼ xðRm : MÞM ¼ 0 and

hence xðRm : MÞ � annðMÞ: As M is multi-

plication and m 6¼ 0; there exists b 2 ðRm :

MÞ � annðMÞ and so xb 2 annðMÞ and this

implies that xb ¼ 0 for some b 6¼ 0: Thus we

conclude that J ¼ ða1; a2; . . .; anÞ � zd

ðR=annðMÞÞ: As R=annðMÞ satisfies Property

(AÞ; there exists 0 6¼ c 2 R=annðMÞ such that

J �c ¼ ð0Þ and so aic 2 annðMÞ with
c 62 annðMÞ: Thus we have cm0 6¼ 0 for some

m0 2 M and so aiðcm0Þ ¼ cðaim0Þ ¼ 0: Hence,

we get Iðcm0Þ ¼ 0 and so M satisfies Property

(A).

h
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In Anderson and Chun (2017b), Anderson and Chun

extended the McCoy Theorem and Dedekind-Mertens

Lemma to modules for studying the McCoy Property on

modules. The following remark and theorem are well-

known and found in Anderson and Chun (2017b). Now, we

remind it here to use them in the sequel.

Recall that an R-module M is said to be a dual McCoy if

for each f ðXÞ 2 R½X� such that annM½X�ðf ðXÞÞ 6¼ 0, there

exists 0 6¼ m 2 M such that f ðXÞm ¼ 0. Also, M is called a

McCoy module if for each mðXÞ 2 M½X� such that

annR½X�ðmðXÞÞ 6¼ 0, there exists 0 6¼ r 2 R such that

rmðXÞ ¼ 0 (Anderson and Chun 2017b).

Let f ðXÞ ¼ a0 þ a1X þ � � � þ anX
n 2 R½X� and mðXÞ ¼

m0 þ m1X þ � � � þ mkX
k 2 M½X�. Then the contents of f(X)

and m(X) are denoted by cðf ðXÞÞ ¼ ða0; a1; . . .; anÞ and

cðmðXÞÞ ¼ ðm0;m1; . . .;mkÞ. Here, c(f(X)) is an ideal gen-

erated by the coefficients of f(X) and c(m(X)) is a sub-

module generated by the coefficients of m(X).

Theorem 2 (Anderson and Chun 2017b, Theorem 3.5) For

any commutative ring R; every R-module is dual McCoy.

Theorem 3 (Anderson and Chun 2017b, Theorem 3.4) Let

R be a commutative ring and M be an R-module. Let

f ðXÞ 2 R½X� and mðXÞ 2 M½X�. Suppose that m(X) has nþ
1 nonzero terms. Then cðf ðXÞÞnþ1cðmðXÞÞ ¼ cðf ðXÞÞn
cðf ðXÞmðXÞÞ.

Let M be an R-module and S ¼ R� ZRðMÞ: Then S is a

multiplicatively closed subset of R. Here, we denote the

quotient module S�1M of M by q(M) and we will call it

total quotient module of M:

Theorem 4 Let M be an R-module. The following state-

ments are equivalent.

(i) M satisfies Property (AÞ:
(ii) qðMÞ satisfies Property (A).

(iii) For each f ðXÞ 2 R½X�; annM½X�ðf ðXÞÞ ¼ 0 if and

only if cðf ðXÞÞ*ZRðMÞ:

Proof ðiÞ , ðiiÞ : Follows from (Anderson and Chun

2017a, Theorem 2.1). ðiÞ ) ðiiiÞ : Let f ðXÞ ¼ a0 þ a1Xþ
� � � þ anX

n 2 R½X� such that annM½X�ðf ðXÞÞ ¼ 0: Now, we

will show cðf ðXÞÞ* ZRðMÞ: Suppose to the contrary. Then

cðf ðXÞÞ ¼ ða0; a1; . . .; anÞ � ZRðMÞ: As M satisfies Prop-

erty (A) and cðf ðXÞÞ is a finitely generated ideal contained in
ZRðMÞ; there exists 0 6¼ m 2 M such that

cðf ðXÞÞm ¼ 0 and so f ðXÞm ¼ 0 which is a contradiction.

Thus cðf ðXÞÞ* ZRðMÞ: Conversely, assume that

f ðXÞ ¼ a0 þ a1X þ � � � þ anX
n 2 R½X� such that cðf ðXÞÞ*

ZRðMÞ: Now, we will show that annM½X�ðf ðXÞÞ ¼ 0: Sup-

pose to the contrary. Then annM½X�ðf ðXÞÞ 6¼ 0. AsM is a dual

McCoy module, there exists 0 6¼ m 2 M such that f ðXÞm ¼

0 and so aim ¼ 0 for each i ¼ 0; 1; 2; . . .; n: This implies

that m 2 annMða0; a1; . . .; anÞ: As cðf ðXÞÞ* ZRðMÞ; there
exists a 2 R� ZRðMÞ such that a 2 cðf ðXÞÞ and so

a ¼ r0a0 þ r1a1 þ � � � þ rnan for some ri 2 R: Since

m 2 annMða0; a1; . . .; anÞ; we have am ¼ 0 and so

a 2 ZRðMÞ which is a contradiction. Hence,

annM½X�ðf ðXÞÞ ¼ 0: ðiiiÞ ) ðiÞ : Suppose that I is a finitely

generated ideal contained in ZRðMÞ. Then we can write

I ¼ Rb0 þ Rb1 þ � � � þ Rbn for some bi 2 R: Put

f ðXÞ ¼ b0 þ b1X þ � � � þ bnX
n 2 R½X�: Then

cðf ðXÞÞ ¼ I � ZRðMÞ: By (iii), annM½X�ðf ðXÞÞ 6¼ 0: AsM is

a dual McCoy module, there exists 0 6¼ m 2 M such that

f ðXÞm ¼ 0 and so bim ¼ 0 for each i ¼ 0; 1; 2; . . .; n: This
implies that Im ¼ 0: HenceM satisfies Property (A). h

Recall that a proper submodule N of M is said to be an

r-submodule if for a 2 R and m 2 M, am 2 N with

annMðaÞ ¼ 0 then m 2 N (Koc and Tekir 2018).

Lemma 1 Let M be an R-module and N a submodule of

M: If N½X� is an r-submodule of R[X]-module M½X�; then
N is an r-submodule of M:

Proof It is straightforward. h

Recall from Lu (1984) that a proper submodule P of

M is said to be a prime submodule if am 2 P for some

a 2 R and m 2 M; then a 2 ðP : MÞ or m 2 P: In this case

p ¼ ðP : MÞ is a prime ideal of R: Note that an ideal p of

R is said to be a prime ideal if it is a prime submodule of R-

module R.

Proposition 5 (i) Let M be a finitely generated R-module.

Assume that N is an r-submodule of M if and only if

N½X� is an r-submodule of R[X]-module M½X�: Then
M satisfies Property (A).

(ii) Let M be an R-module satisfying Property (A) and

N be a submodule of M: Then N is an r-submodule of M if

and only if N½X� is an r-submodule of R[X]-module M[X].

Proof (i) : Suppose that N is an r-submodule of M if and

only if N½X� is an r-submodule of R[X]-module M[X] for

each submodule N of M. Now, we will show that M sat-

isfies Property (AÞ: Suppose to the contrary. By Theo-

rem 4, there exists f ðXÞ ¼ a0 þ a1Xþ � � � þ anX
n

2 R½X� such that annM½X�ðf ðXÞÞ ¼ 0 and cðf ðXÞÞ
� ZRðMÞ: Put S ¼ R� ZRðMÞ: Note that S is a multi-

plicatively closed subset and cðf ðXÞÞ \ S ¼ ;: Then there

exists a prime ideal P of R containing cðf ðXÞÞ and disjoint

from S; that is cðf ðXÞÞ � P � ZRðMÞ (Sharp 2000, Theo-

rem 3.44). This implies that cðf ðXÞÞ
� Pþ annðMÞ � ZRðMÞ: Similarly, there exists a prime

ideal P� of R such that cðf ðXÞÞ � Pþ
annðMÞ � P� � ZRðMÞ: As M is a finitely generated

module, by Lu (1984), ðP�M : MÞ ¼ P�: Then by
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(McCasland and Moore 1992, Theorem 3.3), there exists a

prime submodule N of M such that ðN : MÞ ¼ P� and

P�M � N: As ðN : MÞ ¼ P� � ZRðMÞ; by (Koc and Tekir

2018, Proposition 2), N is an r-submodule of M: Since

cðf ðXÞÞ � P� ¼ ðN : MÞ; we have f ðXÞ 2 ðN : MÞ½X� and
so ðf ðXÞÞM½X� � ðN : MÞ½X�M½X� � N½X� and thus f ðXÞ 2
ðN½X� :R½X� M½X�Þ: Since annM½X�ðf ðXÞÞ ¼ 0; we get

ðN½X� :R½X� M½X�Þ* ZRðM½X�Þ and so by (Koc and Tekir

2018, Proposition 2), N½X� is not an r-submodule of R[X]-

module M½X� which contradicts with the assumption.

Hence, M satisfies Property ðAÞ:
(ii) : Suppose that M satisfies Property ðAÞ: Let N be a

submodule of M: If N½X� is an r-submodule of R[X]-

module M½X�; then by Lemma 1, N is an r-submodule of

M. Conversely, assume that N is an r-submodule of M.

Now, we will show that N½X� is an r-submodule of R[X]-

module M½X�: Let f ðXÞmðXÞ 2 N½X� with annM½X�ðf ðXÞÞ ¼
0; where f ðXÞ ¼ a0 þ a1X þ � � � þ anX

n 2 R½X� and
mðXÞ ¼ m0 þ m1X þ � � � þ mkX

k 2 M½X�: Then
cðf ðXÞmðXÞÞ � N: Since M satisfies Property (AÞ; by The-

orem 4, cðf ðXÞÞ* ZRðMÞ so there exists a 2 cðf ðXÞÞ such
that annMðaÞ ¼ 0: First note that annMðakþ1Þ ¼ 0: Also by

Theorem 3,

cðf ðXÞÞkþ1cðmðXÞÞ ¼ cðf ðXÞÞkcðf ðXÞmðXÞÞ � N: Then

ðakþ1ÞcðmðXÞÞ � cðf ðXÞÞkþ1cðmðXÞÞ � N: As N is an r-

submodule, by (Koc and Tekir 2018, Theorem 1),

cðmðXÞÞ � N and thus mðXÞ 2 N½X�: Hence, N½X� is an r-

submodule of R[X]-module M[X]. h

Now, we give a characterization of Property (A) on

modules in terms of r-submodules.

Theorem 6 Let M be a finitely generated R-module. Then

the following statements are equivalent.

(i) M satisfies Property (AÞ:
(ii) N is an r-submodule of M if and only if N½X� is an

r-submodule of R[X]-module M[X] for each sub-

module N of M.

Proof Follows from Proposition 5 (i) and (ii). h

Recall that an ideal I of R is an irreducible ideal if

whenever J \ K ¼ I for some ideals J;K of R; then

J ¼ I or K ¼ I (Sharp 2000). Recall from Anderson and

Chun (2017a) that an R-moduleM satisfies strong Property

(T) if whenever each subset N � TðMÞ with Nj j �m for

some m 2 N; then 0 6¼ a 2 R such that aN ¼ ð0Þ: The
authors in Anderson and Chun (2017a) showed that if the

zero ideal is an irreducible ideal of a ring R; then each R-

module satisfies strong Propert (TÞ: Now, we prove the

converse is also true.

Theorem 7 Let R be a ring. The following statements are

equivalent.

(i) Zero ideal is an irreducible ideal of R.

(ii) Every R-module satisfies strong Property (TÞ:

Proof ðiÞ ) ðiiÞ : Follows from (Anderson and Chun

2017a, Theorem 3.1).

ðiiÞ ) ðiÞ : Suppose that every R-module satisfies Prop-

erty (TÞ: Now, we will show that zero ideal is irreducible.

Let I \ J ¼ 0 for some ideals I and J of R: Assume that

I* J and J* I: Put M ¼ R=I � R=J: Then M is an R-

module. As I* J and J* I; choose a 2 I � J and

b 2 J � I: Consider the subset N ¼ fða; 1Þ; ð1; bÞg: Then
note that bða; 1Þ ¼ 0M and að1; bÞ ¼ 0M and this yields

N � TðMÞ: As M satisfies strong Property (TÞ; there exists
a nonzero element r 2 R such that rN ¼ ð0Þ: This gives

rða; 1Þ ¼ 0M ¼ rð1; bÞ and this yields r 2 I \ J ¼ 0 which

is a contradiction. Hence, we get either I � J or J � I and

so that I ¼ 0 or J ¼ 0: Therefore, zero ideal is

irreducible. h

Theorem 8 Let M be a faithful R-module. The following

statements are equivalent.

(i) M satisfies Property (T) as an R-module.

(ii) q(M) satisfies Property (T) as a q(R)-module.

Proof ðiÞ ) ðiiÞ : Suppose M satisfies Property (T) as an

R -module: Suppose that W ¼ ðm1

s1
; m2

s2
; � � � ; mn

sn
Þ �

TqðRÞðqðMÞÞ for some mi

si
2 qðMÞ: Now, put N ¼ ðm1;m2;

. . .;mnÞ and choose x 2 N: Then there exist

r1; r2; . . .; rn 2 R such that x ¼ r1m1 þ r2m2þ
� � � þ rnmn: Let s ¼ s1s2 � � � sn: Then note that x

s ¼
r1

s2s3���sn
m1

s1
þ r2

s1s3���sn
m2

s2
þ � � � þ rn

s1s2���sn�1

mn

sn
2 W : Then there

exists 0 6¼ a
t 2 qðRÞ such that a

t
x
s ¼ 0: This implies that

uax ¼ 0 for some u 2 R� ZRðMÞ: Thus we have ax ¼ 0,

that is, x 2 TRðMÞ: As M satisfies Property (T) and N � TR
ðMÞ; there exists 0 6¼ y 2 R such that yN ¼ 0 and so
y
1
W ¼ 0: Now, we will show that y

1
6¼ 0: If y

1
¼ 0; then

there exists ty ¼ 0 for some t 2 R� ZRðMÞ: Then we get

tðyMÞ ¼ 0 and so yM ¼ 0: Since M is faithful, we con-

clude that y ¼ 0; a contradiction. Therefore, q(M) satisfies

Property (T) as a q(R)-module.

ðiiÞ ) ðiÞ : Suppose that q(M) satisfies Property (T) as a

q(R)-module and take a finitely generated submodule N of

M that is contained in TRðMÞ: Then we can write N ¼
ðm1;m2; . . .;mnÞ for some mi 2 M: Now, put

W ¼ S�1N ¼ ðm1

1
; m2

1
; � � � ; mn

1
Þ: A similar argument in (i)

shows that W � TqðRÞðqðMÞÞ since M is faithful. As q(M)

satisfies Property (TÞ; there exists 0 6¼ a
t 2 qðRÞ such that

a
t W ¼ 0: As mi

1
2 W ; we have a

t
mi

1
¼ 0 and so uami ¼ 0 for
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some u 2 R� ZRðMÞ: This implies that ami ¼ 0: Also

note that a 6¼ 0 and aN ¼ 0: Thus, M satisfies Property

(TÞ as R-module. h

Recall from Anderson and Chun (2017b) that an R-

module M is said to be a Gaussian if

f ðXÞmðXÞ ¼ c0 þ c1X þ � � � þ cmþnX
mþn for f ðXÞ ¼

a0 þ a1X þ � � � þ amX
m 2 R½X� and mðXÞ ¼ m0 þ m1X þ

� � � þ mnX
n 2 M½X�; then

Pm
i¼0

Pn
j¼0 RaiRmj ¼

Pmþn
i¼0 Rci.

Note that M is Gaussian if and only if

cðf ðXÞmðXÞÞ ¼ cðf ðXÞÞcðmðXÞÞ. Also, note that every

Gaussian module is McCoy.

Theorem 9 Let R be a ring and M be a McCoy R-module.

Then, the following statements are equivalent.

(i) M satisfies Property (T).

(ii) For each mðXÞ 2 M½X�, annR½X�ðmðXÞÞ ¼ 0 if and

only if cðmðXÞÞ 6� TðMÞ.

Proof ðiÞ ) ðiiÞ : Assume that M satisfies Property (T).

Let mðXÞ ¼ m0 þ m1X þ � � � þ mnX
n 2 M½X� with

annR½X�ðmðXÞÞ ¼ 0. Suppose that cðmðXÞÞ � TðMÞ. Since
M satisfies Property (T), there exists 0 6¼ r 2 R such that

rcðmðXÞÞ ¼ 0 where cðmðXÞÞ ¼ ðm0;m1; . . .;mnÞ. This

implies that rmi ¼ 0 for all i ¼ 0; 1; . . .; n. So, we get

rmðXÞ ¼ 0 which is a contradiction. Thus,

cðmðXÞÞ 6� TðMÞ. On the other hand, assume that cðmðXÞÞ 6
� TðMÞ but annR½X�ðmðXÞÞ 6¼ 0. Then, there exists 0 6¼
f ðXÞ 2 R½X� such that f ðXÞmðXÞ ¼ 0. As M is a McCoy R-

module, rmðxÞ ¼ 0 for some 0 6¼ r 2 R. This gives that

rmi ¼ 0 for all i ¼ 0; 1; . . .; n. So, r 2 annRððm0;m1;

� � � ;mnÞÞ. Since cðmðXÞÞ 6� TðMÞ, there exists m 2 M �
TðMÞ such that m 2 cðmðXÞÞ ¼ ðm0;m1; � � � ;mnÞ. Hence,
m ¼ r0m0 þ r1m1 þ � � � þ rnmn for some r0; r1; . . .; rn 2 R.

This implies that rm ¼ 0 and so, m 2 TðMÞ, a contradic-

tion. Therefore, annR½X�ðmðXÞÞ ¼ 0, as desired.

ðiiÞ ) ðiÞ : Now, suppose that N is a finitely generated

submodule of M such that N � TðMÞ. Then, N ¼ Rm0 þ
Rm1 þ � � � þ Rmk for some mi 2 M. Take mðXÞ ¼ m0

þm1X þ � � � þ mkX
k 2 M½X�. So, cðmðXÞÞ � TðMÞ and

we get annR½X�ðmðXÞÞ 6¼ 0, by the assumption. Then, there

exists 0 6¼ f ðXÞ 2 R½X� such that f ðXÞmðXÞ ¼ 0. As M is a

McCoy R-module, we have rmðXÞ ¼ 0 for some 0 6¼ r 2 R.

This means that rmi ¼ 0 for each i ¼ 0; 1; . . .; k. Hence, it

shows rN ¼ 0 which completes the proof. h

Lemma 2 Let M be an R-module and N a submodule of

M. If N[X] is an sr-submodule of M[X], then N is an sr-

submodule of M.

Proof Assume that N[X] is an sr-submodule of M[X].

Suppose am 2 N with annRðmÞ ¼ 0, where a 2 R and

m 2 M. Then note that annR½X�ðmÞ ¼ 0. This implies that

am 2 N � N½X� with annR½X�ðmÞ ¼ 0. As N[X] is an sr-

submodule of M[X], a 2 ðN½X� :R½X� M½X�Þ. This means a 2
ðN :R MÞ proving that N is an sr-submodule of M. h

Proposition 10 Let M be a finitely generated multiplica-

tion McCoy R-module. Assume that N is an sr-submodule

of M if and only if N[X] is an sr-submodule of M[X]. Then,

M satisfies Property (T).

Proof Assume that N is an sr-submodule of M if and only

if N[X] is an sr-submodule of M[X]. Now, we will show

thatM satisfies Property (T). Suppose to the contrary. Then,

by Theorem 9, there exists mðXÞ 2 M½X� such that

annR½X�ðmðXÞÞ ¼ 0 and cðmðXÞÞ � TðMÞ. First, we will

show that S ¼ R� ðTðMÞ : MÞ is a multiplicatively closed

set. To see this, choose a; b 2 S: Then there exist

m1;m2 2 M such that am1; bm2 62 TðMÞ; which implies

that annRðam1Þ ¼ annRðbm2Þ ¼ 0: If ab 2 ðTðMÞ :
MÞ; then we have abm 2 TðMÞ for each m 2 M: Then

abm1 2 TðMÞ; which implies that annRðabm1Þ 6¼ 0: Since

annRðam1Þ ¼ 0; we have annRðabm1Þ ¼ annRðbÞ
6¼ 0: Then there exists 0 6¼ x 2 R such that xb ¼ 0; which

implies that x 2 annRðbm2Þ ¼ 0: , a contradiction. Thus,

S ¼ R� ðTðMÞ : MÞ is a multiplicatively closed set. Since

cðmðXÞÞ � TðMÞ; we have ðcðmðXÞÞ : MÞ \ S ¼ ;: Then
there exists a prime ideal p of R such that

ðcðmðXÞÞ : MÞ � p � ðTðMÞ : MÞ: Then by (McCasland

and Moore 1992, Theorem 3.3), there exists a prime sub-

module P� of M such that cðmðXÞÞ � P� and also ðP� :
MÞ ¼ p: As ðP� : MÞ ¼ p � ðTðMÞ : MÞ and M is a mul-

tiplication module, we get cðmðXÞÞ � P� � TðMÞ: Then
by (Koc and Tekir 2018, Proposition 10), P� is an sr-sub-

module of M: So by the assumption, P�½X� is an sr-sub-

module of R[X]-module M[X]. Since cðmðXÞÞ � P�; we
have mðXÞ � P�½X�: As annR½X�ðmðXÞÞ ¼ 0; we get

P�½X�*TR½X�ðM½X�Þ which is a contradiction. Therefore, M

satisfies Property (T). h

Proposition 11 Let M be a Gaussian R-module satisfying

Property (T) and N be a submodule of M. Then, N[X] is an

sr-submodule of M[X] if and only if N is an sr-submodule

of M.

Proof Assume that M satisfies Property (T). If N[X] is an

sr-submodule of M[X], then N is an sr-submodule of M by

Lemma 2. For the other direction, suppose that N is an sr-

submodule of M. Take f ðXÞmðXÞ 2 N½X� with

annR½X�ðmðXÞÞ ¼ 0, where f ðXÞ 2 R½X� and mðXÞ 2 M½X�.
As M satisfies Property (TÞ and M is McCoy module, we

have cðmðXÞÞ 6� TðMÞ, by Theorem 9. Then, there exists

m0 2 cðmðXÞÞ such that annRðm0Þ ¼ 0. Since M is Gaus-

sian, cðf ðXÞmðXÞÞ ¼ cðf ðXÞÞcðmðXÞÞ. Hence,

cðf ðxÞÞðm0Þ � cðf ðXÞÞcðmðXÞÞ ¼ cðf ðXÞmðXÞÞ � N. Since

N is an sr-submodule of M and annRðm0Þ ¼ 0; we
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conclude that cðf ðxÞÞ � ðN :R MÞ, by (Koc and Tekir

2018, Theorem 10). It implies that f ðXÞ 2 ðN :R
MÞ½X� � ðN½X� :R½X� M½X�Þ, as needed. h

Recall from Ansari-Toroghy and Farshadifar (2007) that

an R-module M is said to be a comultiplication module if

each submodule N of M has the form N ¼ ð0 :M IÞ for

some ideal I of R.

Theorem 12 Every comultiplication module satisfies

Property (T).

Proof Let M be a comultiplication R-module. Take N be a

finitely generated submodule of M such that N � TðMÞ.
Since M is a comultiplication module, there exists an ideal

I of R such that N ¼ annMðIÞ. Then, aN ¼ 0 for every

a 2 I. This shows that M satisfies Property T. h

Recall from Yassemi (2001) that a nonzero submodule

N of M is said to be second submodule if for each a 2 R,

the homothety N�!a N is either zero or surjective, or

equivalently, aN ¼ N or aN ¼ ð0Þ:

Theorem 13 Every second submodule of M is an r-

submodule.

Proof Assume that N is a second submodule of M. Then

for all a 2 R; we have either aN ¼ N or aN ¼ 0. If we

choose a 2 R� ZRðMÞ, then aN ¼ N. It is clear that

N � ðN :M aÞ. For the converse, take m 2 ðN :M aÞ. Then,
am 2 N ¼ aN. This implies that am ¼ an for some n 2 N

and so aðm� nÞ ¼ 0. As a 62 ZRðMÞ, we get m ¼ n 2 N

which gives ðN :M aÞ � N. Hence, we conclude that

ðN :M aÞ ¼ N. By (Koc and Tekir 2018, Proposition 4), N

is an r-submodule of M. h

Next example shows that the converse of Theorem 13

may not be true in general.

Example 1 Consider M ¼ Z36 as a Z-module. Every sub-

module of M is an r-submodule. Take N ¼ ð6Þ and a ¼ 3.

But neither aN ¼ N nor aN ¼ ð0Þ. So, N is not a second

submodule of M.

Recall from Anderson and Chun (2017a) that an R-

module M satisfies strong Property (A) if for each finite

subset X of R such that X � ZRðMÞ, then Xm ¼ ð0Þ for
some 0 6¼ m 2 M: The following result was given in

Anderson and Chun (2017a) without a proof. Here, again

we give the proof of this result for the sake of

completeness.

Theorem 14 M satisfies strong Property (A) if and only if

M satisfies Property (A) and ZRðMÞ is an ideal of R.

Proof Assume that M satisfies Property A and ZRðMÞ is an
ideal of R. Suppose X ¼ fa1; a2; . . .; ang � ZRðMÞ. Since
ZRðMÞ is an ideal of R, ðXÞ ¼ ða1; a2; . . .; anÞ � ZRðMÞ. As

M satisfies Property ðAÞ; there exists 0 6¼ m 2 M such that

Xm � ðXÞm ¼ ð0Þ: Thus M satisfies strong Property (A).

On the other hand, assume that M satisfies strong Property

(A) and choose a; b 2 ZRðMÞ. Since X ¼ fa; bg � ZRðMÞ
and M satisfies strong Property (A), there exists 0 6¼ m 2 M

such that mfa; bg ¼ 0. So, mða� bÞ ¼ 0 showing that

a� b 2 ZRðMÞ. Also, it is clear that ra 2 ZRðMÞ for all

a 2 ZRðMÞ and r 2 R. Therefore, ZRðMÞ is an ideal of R.

The rest is clear. h

Recall that a proper ideal P of R is said to be an r-ideal

if xy 2 P with annðxÞ ¼ 0; then y 2 P (Mohamadian

2015). Note r-ideals of R are exactly the r-submodule of R-

module R.

Proposition 15 If M is a faithful multiplication module

satisfying strong Property (A), then ZRðMÞ is an r-ideal of

R.

Proof By Theorem 14, ZRðMÞ is an ideal of R. Now, take

ab 2 ZRðMÞ for some a; b 2 R with annðaÞ ¼ 0. Then, we

have abm ¼ 0 for some 0 6¼ m 2 M. Since M is a multi-

plication module and Rm 6¼ ð0Þ, choose

0 6¼ x 2 ðRm : MÞ: As abRm ¼ ð0Þ; we have abxM �
abRm ¼ ð0Þ: As M is a faitful module, we conclude that

abx ¼ 0: Since annðaÞ ¼ 0; we get bx 2 annðaÞ ¼ 0: As

M is faithful and x 6¼ 0; there exists m0 2 M such that

xm0 6¼ 0: Then we have bxm0 ¼ bðxm0Þ ¼ 0, which implies

that b 2 ZRðMÞ: Therefore, ZRðMÞ is an r-ideal of R: h

Proposition 16 If M satisfies strong Property (T), then

T(M) is both an r-submodule of M and sr-submodule of M.

Proof It is clear that T(M) is a submodule of M by

[Anderson and Chun (2017a), Theorem 3.1]. Now, choose

am 2 TðMÞ with annMðaÞ ¼ 0. Since am 2 TðMÞ, we have
rðamÞ ¼ aðrmÞ ¼ 0 for some 0 6¼ r 2 R. So, it gives rm ¼
0 showing that m 2 TðMÞ. Second part follows from (Koc

and Tekir 2018, Proposition 10), as TðMÞ is a prime sub-

module of M. h

We say that an R-module M is a torsion module if

TðMÞ ¼ M: Otherwise, we say that M is a non-torsion

module, that is, M is non-torsion if there exists

m 2 M � TðMÞ:

Proposition 17 Let M be a non-torsion R-module. Then,

every prime sr-submodule of M is an r-submodule of M.

Proof Let N be an sr-submodule of M. Then, N � TðMÞ
by (Koc and Tekir 2018, Lemma 3). This implies that

ðN : MÞ � ðTðMÞ : MÞ. Take a 2 ðTðMÞ : MÞ. This gives

aM � TðMÞ. Since TðMÞ 6¼ M, there exists m 2 M such

that annRðmÞ ¼ 0. Then we have am 2 TðMÞ which gives

annRðamÞ ¼ annðaÞ 6¼ 0. This means that there exists a

nonzero r 2 R such that ra ¼ 0. Note that if M is non-

torsion, then it is a faithful module. As M is faithful, rm0 6
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¼ 0 for some m0 2 M. Thus we have aðrm0Þ ¼ ðraÞm0 ¼ 0

showing that a 2 ZRðMÞ. So we get

ðN : MÞ � ðTðMÞ : MÞ � ZRðMÞ. Since N is prime, we

conclude that N is an r-submodule of M by (Koc and Tekir

2018, Proposition 2). h

Proposition 18 Let M be a multiplication R-module. Then,

every prime r-submodule of M is an sr-submodule of M.

Proof Let N be a prime r-submodule of M. Then,

ðN : MÞ � ZRðMÞ, by (Koc and Tekir 2018, Lemma 1).

Now, we will show that ZRðMÞ � ðTðMÞ : MÞ. Suppose to

the contrary. Choose r 2 ZRðMÞ � ðTðMÞ : MÞ. Then there

exists 0 6¼ m 2 M such that rm ¼ 0. Since M is a multi-

plication module, ðRm : MÞ 6¼ 0 and so there exists

0 6¼ a 2 ðRm : MÞ. This gives that raM � rRm ¼ 0 and so

raM ¼ 0. Also, since r 62 ðTðMÞ : MÞ, there exists m0 2 M

such that rm0 62 TðMÞ which means annRðrm0Þ ¼ 0. As

raM ¼ 0, we have ram0 ¼ 0 implying a 2 annRðrm0Þ ¼ 0,

a contradiction. Hence, we conclude that ðN : MÞ �
ZRðMÞ � ðTðMÞ : MÞ implying

ðN : MÞM � ZRðMÞM � ðTðMÞ : MÞM � TðMÞ. Since M

is a multiplication module, N � TðMÞ and this proves that

N is an sr-submodule of M by (Koc and Tekir

2018, Proposition 10). h

Corollary 1 Let M be a non-torsion multiplication R-

module and N be a prime submodule of M. Then, N is an r-

submodule of M if and only if N is an sr-submodule of M.

Proof It is an immediate consequence of Proposition 17

and Proposition 18. h

Corollary 2 Let M be a non-torsion multiplication R-

module. Then, the following assertions hold.

(i) Every maximal r-submodule of M is an sr-

submodule.

(ii) Every maximal sr-submodule of M is an r-

submodule.

Proof It follows from Proposition 17, Proposition 18,

(Koc and Tekir 2018, Proposition 7) and (Koc and Tekir

2018, Proposition 14). h

Recall from Anderson and Chun (2017a) that an R-

module M satisfies Property total-A if for each ideal J of

R with J � ZRðMÞ; there exists 0 6¼ m 2 M such that

Jm ¼ ð0Þ: Also, M is said to satisfy Property total-T if for

each submodule N of M with N � TðMÞ; there exists

0 6¼ x 2 R such that xN ¼ ð0Þ:
Now, we will give some results about r-submodule and

sr-submodule on modules satisfying Property T, Property

A; Property total-A and Property total-T.

Theorem 19

(i) If M satisfies Property (T), then annRðNÞ 6¼ 0 for

every finitely generated sr-submodule N of M.

(ii) If M satisfies Property total-T, then annRðNÞ 6¼ 0

for every sr-submodule N of M.

(iii) If M is a multiplication module satisfying Prop-

erty ðAÞ; then annRðNÞ 6¼ 0 for every finitely

generated r-submodule N of M.

(iv) If M is a multiplication module satisfying Property

total-A; then annRðNÞ 6¼ 0 for every r-submodule

N of M.

Proof

(i): By [Koc and Tekir (2018), Lemma 3], note that

N � TðMÞ for every sr-submodule N of M. The

rest is clear.

(ii): It is similar to (ii).

(iii): Suppose that M is a multiplication module satis-

fying Property (A) and N is a finitely generated r-

submodule of M: Since M is multiplication and

N is a finitely generated submodule of M; we can

write N ¼ JM for some finitely generated ideal

J of R: As N is an r-submdule of M, by [Koc and

Tekir (2018), Lemma 1], J � ðN : MÞ
� ZRðMÞ: Since M satisfies Property ðAÞ; there
exists 0 6¼ m 2 M such that Jm ¼ ð0Þ: Since
M is multiplication and m 6¼ 0; there exists

0 6¼ x 2 ðRm : MÞ: Then we have xN ¼ xJM

¼ JðxMÞ � Jm ¼ ð0Þ; which completes the

proof.

(iv): It is similar to (iii).

h

Let A be a ring, M an A-module and R ¼ AnM, the set

of pairs (a, m) with a 2 A and m 2 M, under component-

wise addition and under an adjusted multiplication defined

by ða;mÞða0;m0Þ ¼ ðaa0; am0 þ a0mÞ; for all

a; a0 2 A; m;m0 2 M. Then R is called the trivial ring

extension of A by M. We define similarly J :¼ InN, where

I is an ideal of A and N is an A-submodule of M such that

IM � N. Trivial ring extensions have been studied exten-

sively; the work is summarized in Glaz (1989) and Huck-

aba (1988). These extensions have been useful for solving

many open problems and conjectures in both commutative

and non-commutative ring theory. See for instance Kabbaj

and Mahdou (2004) and Mahdou and Hassani (2012).

Let R be a ring and I an ideal of R: We say that I sat-

isfies Property ðAÞ if it satisfies Property ðAÞ as an R-

module. It is clear that if R is a Noetherian ring, then its

every ideal satisfies Property (A). Now, we give some

methods to construct non-Noetherian rings in which every

ideal satisfies Property (A).
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Proposition 20 Let ðR;mÞ be a local ring such that

m2 ¼ 0, where m is a maximal ideal of R. Then every

proper ideal of R satisfies Property (A).

Proof The proof is elementary. h

Example 2 Consider the trivial ring extension R ¼ KnE

of a field K by an infinite K-vector space E. Then,

(i) Every proper ideal of R satisfies Property (A) by

Proposition 20.

(ii) R is not coherent by (Kabbaj and Mahdou

2004, Theorem 2.6 (2)). In particular, R is not

Noetherian.

Proposition 21 Consider the trivial ring exten-

sion R ¼ AnK of a principal ideal domain A by K :¼
qf ðAÞ the quotient field of A. Then,

(i) Every proper ideal of R satisfies Property (A).

(ii) R is not coherent. In particular, R is not Noetherian.

Proof (i) : Let J be a nonzero proper ideal of R. Two

cases are then possible:

Case 1: J � 0nK:In this case, we have

ZRðJÞ ¼ fða; eÞ 2 R : ða; eÞð0; f Þ ¼ ð0; af Þ ¼ ð0; 0Þ for
some nonzero ð0; f Þ 2 Jg ¼ 0nK since af ¼ 0 and f 6¼ 0.

We claim that J satisfies Property (A). Indeed, let H be a

finitely generated ideal of R contained in ZRðJÞð¼ 0nKÞ.
Then, for every ð0; 0Þ 6¼ ð0;mÞ 2 J � 0nK, we have

ð0;mÞH ¼ ð0; 0Þ, as desired.
Case 2: J* 0nK: In this case, there exists ða;mÞ 2 J

such that a 6¼ 0. Hence, J0 ¼ fb 2 A : ðb;m0Þ 2 J for some

m0 2 Kg is a proper ideal of A which is a principal ideal

domain. Therefore, J0 ¼ Ab for some b 2 A and so

J ¼ Rðb; 0Þ, where 0 6¼ b 2 A. Thus, ZRðJÞ ¼ 0nK since

J ¼ Rðb; 0Þ ¼ AbnK 	 0nK. We claim that J satisfies

Property (A). Indeed, let H be a finitely generated proper

ideal of R contained in ZRðJÞ ¼ 0nK. Then, for each

ð0; 0Þ 6¼ ð0; f Þ 2 J, we have

ð0; f ÞH � ð0; f Þð0nKÞ ¼ ð0; 0Þ, as desired.
ðiiÞ : R is not coherent by (Kabbaj and Mahdou

2004, Theorem 2.8 (1)). In particular, R is not Noetherian.

h

Proposition 22 Consider the trivial ring exten-

sion R ¼ AnM of a local integral domain ðA;mÞ by an A-

module E such that mE ¼ 0. Then, every proper ideal of

R satisfies Property (A).

Proof Let J be a proper ideal of R. Two cases are then

possible:

Case 1: ð0nEÞ \ J 6¼ ð0; 0Þ.In this case, there exists

ð0; 0Þ 6¼ ð0; eÞ 2 J. It is clear that J satisfies Property (A)

since ð0; eÞðmnEÞ ¼ ð0; 0Þ and ZRðJÞ ¼ MnE.

Case 2: ð0nEÞ \ J ¼ ð0; 0Þ:
In this case, for each ða; eÞ 2 J; we have a 6¼ 0: Hence,

ZRðJÞ ¼ 0nE: It is clear that J satisfies Property (A) since

J � mnE and ðmnEÞZRðJÞ ¼ ðmnEÞð0nEÞ ¼ ð0; 0Þ: h

Example 3 Consider the trivial ring extension R ¼ AnE

of a local integral domain ðA;mÞ by an infinite ðA=mÞ-
vector space E. Then,

(i) Every proper ideal of R satisfies Property (A) by

Proposition 22.

(ii) R is not coherent by using (Mahdou and Hassani

2012, Theorem 2.1). In particular, R is not

Noetherian.
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