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1. Introduction

The Fibonacci number sequence, renowned for its distinctive and fascinating prop-
erties, remains one of the most well-known and studied numerical sequences in mathe-
matics. This sequence continues to capture the interest of researchers across a wide array
of disciplines [1-5]. Within mathematics, the Fibonacci sequence finds applications in di-
verse areas, such as algebra [6-8], where it aids one in solving equations and understand-
ing numerical patterns, and graph theory [9-11], where it helps one analyze the properties
of graphs and networks.

Beyond its mathematical applications, the Fibonacci sequence's influence extends to
various branches of science. In computer science, it is utilized in algorithm design, partic-
ularly in recursive algorithms and data structure optimization. In biology, Fibonacci num-
bers describe phenomena such as the branching patterns of trees, the arrangement of
leaves on a stem, and the reproductive patterns of certain animals. Additionally, in phys-
ics, the sequence appears in the study of dynamical systems and models of natural phe-
nomena [12-16].

The versatility and ubiquity of the Fibonacci sequence underscore its importance as
a powerful tool for theoretical exploration and practical problem solving. Its applications
in fields ranging from cryptography to economics demonstrate the sequence's capacity to
provide insights into complex systems and processes. The continued study and utilization
of Fibonacci numbers highlight their enduring significance and the rich interplay between
mathematics and the natural world. Fibonacci numbers F, are given
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Fp=F1+F ., n=2

with Fp =0 and F; = 1.

Fibonacci numbers frequently appear as solutions to various counting problems
across different fields of mathematics. One notable application is in the enumeration of
independent sets in graphs. An independent set, also known as a stable set, is a set of
vertices in a graph, none of which are adjacent. Counting these sets is a fundamental prob-
lem in combinatorial optimization and graph theory.

In 1971, Japanese chemist H. Hosoya introduced a significant concept in the study of
molecular graphs. He proposed a structure descriptor known as the Hosoya index, which
is defined as the total number of matchings in a molecular graph. A matching in a graph
is a set of edges without common vertices, representing bonds in a molecular structure.
Hosoya's research demonstrated that the Hosoya index is strongly correlated with certain
physicochemical properties of alkanes, a class of hydrocarbons. This finding illustrates the
profound connection between a molecular structure and its physical and chemical prop-
erties, showcasing the interdisciplinary nature of modern scientific research. Next, two
American chemists, R M. Merrifield and H.E. Simmons, introduced the analogous struc-
ture descriptor as the number of all the independent sets of a graph, which is very often
represented by Fibonacci numbers.

The real interest in counting independent sets in graphs was significantly advanced
by the work of H. Prodinger and R.F. Tichy, who demonstrated that the number of inde-
pendent sets in a path graph corresponds to Fibonacci numbers. This discovery high-
lighted the deep connection between combinatorial structures and Fibonacci sequences,
leading to a broader exploration of generalized Fibonacci numbers in graph theory. These
generalized Fibonacci numbers can be utilized to design efficient algorithms for counting
independent sets in path graphs and other related graph structures [17].

This seemingly simple observation by Prodinger and Tichy provided a major impe-
tus for extensive research into the enumeration of independent sets in various graph types.
The significance of their work was further amplified by its chemical applications, particu-
larly in the context of molecular graph theory. The enumeration of independent sets has
proven valuable in understanding the structural properties of chemical compounds,
thereby bridging the gap between mathematics and chemistry.

For an in-depth discussion on this topic, one can refer to the comprehensive survey
paper by I. Gutman and S. Wagner [16], which meticulously reviews the literature and
includes a bibliography of 128 references. This survey not only encapsulates the develop-
ment of the field but also serves as a foundational resource for researchers interested in
the intersection of graph theory and chemical graph theory.

Motivated by the graph interpretation of Fibonacci numbers related to the number of
independent sets, the problem of counting distance independent sets in graphs was con-
sidered too. In [10], M. Kwasnik and I. Wtoch defined distance Fibonacci numbers in the
natural way.

F(k,n) =F(k,n—1)+F(k,n—k), forn=k +1

with F(k,n) =n+1 for n <k, which gives the total number of distance independent
sets in paths.

The theory of distance Fibonacci numbers was developed over the next few decades,
and, by reviewing the literature, we can find many types of distance Fibonacci numbers.
We selected only some of them, such that all initial conditions would be equal to 1.

In 2020, I. Matousova and P. Trojovsky [18] investigated the application of (2,q)-dis-
tance number sequences in the development of algorithms and mathematical operations.
Their research demonstrated that these sequences have practical applications in various
fields, including data processing, random number generation, and error correction. By
exploring these applications, MatouSova and Trojovsky provided new insights into the
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utility of (2,q)-distance number sequences, highlighting their versatility beyond tradi-
tional mathematical contexts.

Furthermore, their work underscored the intrinsic connections between mathematics
and computer science, offering a novel perspective which extends beyond the conven-
tional use of Fibonacci sequences. This interdisciplinary approach not only broadens the
potential applications of these sequences but also exemplifies the ongoing integration of
mathematical theory into computational practices. The findings of Matousova and Tro-
jovsky, thus, contribute significantly to both theoretical and applied mathematics, demon-
strating the continued relevance and expansion of number sequence applications in mod-
ern computational and data-driven environments. Many researchers have studied various
different properties of generalized versions of these sequences [19-24]. Nowadays, the
concept of distance sense has attracted attention among generalizations of Fibonacci se-
quences [9,11]. Recently, the generalization of distance Fibonacci numbers have been
shown by Fd(k,n) and defined as follows:

Fd(k,n) = Fd(k,n —k +1) + Fd(k,n—k), n >k > 2

with Fd(k,n) =1, forn € {0,1,2, ...,k — 1}. Numbers Fd(k,n) are also named (k, d)-dis-
tance Fibonacci numbers.

Nowadays, new kinds of distance Fibonacci numbers have been introduced in the
field [25-27]. Especially, in [25], F,(k,n) is defined recursively as follows:

Fy(k,n) = Fy(k,n —2) + Fy(k,n — k), n > k,

with Fy(k,i) =1, n€{0,1,2, ..,k — 1}.
In [26,27], F3(k,n) and F,(k,n) are defined and given their properties. Let k > 1
and n = 0 be integers. Then, F;(k,n) is defined recursively as follows:

F3(k,n) = F3(k,n —3) + F3(k,n — k, n = max{3, k} 1)

with initial conditions F;(k,n) =1 and n € {0,1,2, ..., max{2, k — 1}}
Similarly, F,(k,n) is given as follows:

Fy(k,n) = Fy(k,n —4) + F,(k,n — k), n = max{4, k} )

with initial conditions F,(k,n) =1 and n € {0,1,2, ..., max{3,k — 1}}.

It has been observed that Narayana and Padovan sequences and repeat Fibonacci se-
quences such as those repeated two times and three times are obtained for some k and n
values in the F3(k,n) and F,(k,n) sequences [26,27]. In this paper, we present a general-
ization of our works conducted above. First, we define a generalization of the distance
Fibonacci sequences F;(k,n). Then, we obtain some properties of distance Fibonacci se-
quences F,(k,n). We associate these sequences with Narayana and Padovan sequences.
Moreover, we also define a generalization of the distance Fibonacci sequences F;(k,n) for
negative integers and study some properties of the sequences. We give a graph interpre-
tation of these sequences. Finally, we present matrix generators of these sequences.

2. Materials and Methods
(t,k) Generalization of Distance Fibonacci Sequences

Now, we can give the definition of distance Fibonacci sequences F,(k,n). These se-
quences are also represented as (t, k)-distance Fibonacci sequences.

Definition 1. For integers n = 0 and 1 <t < k, (¢, k)-distance Fibonacci numbers are given by
Fi(k,n) =F(kkn—t)+ F,(kkn—k), n>k
such that F(k,n) =1, for n € {0,1,2, ..., max{t — 1,k — 1}}.
For 0 <n < 20, we have the following data
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Fl(l, TL) — {1’2, 22, 23’ 24—’ 25’ 26' 27' 28’ 29’ 210' 211’ 212’ 213’ 214, 215, 216' 217’ 218’ 219’ 220}
F(2,n) ={1,1,2,3,5,8,13,21,34,55,89,144,233,377,610,987,1597,2584,4181}
F,(3,n) ={1,1,1,2,3,4,6,9,13,19,28,41,60,88,129,189,277,406,595,872,1278}
F,(1,n) ={1,1,2,3,5,8,13,21,34,55,89,144,233,377,610,987,1597,2584,4181}
F,(2,n) ={1,1,2,2,4,4,8,8,16,16,32,32,64,64,128,128,256,256,512,512,1024}
F,(3,n) ={1,1,1,2,2,3,4,5,7,9,12,16,21,28,37,49,65,86,114,151,200}

F;(1,n) ={1,1,1,2,3,4,6,9,13,19,28,41,60,88,129,189,277,406,595,872,1278}
F;(2,n) ={1,1,1,2,2,3,4,5,7,9,12,16,21,28,37,49,65,86,114,151,200}

F;(3,n) ={1,1,1,2,2,2,4,4,4,8,8,8,16,16,16,32,32,32,64,64,64}

F(1,n) ={1111,2,3,4,5,7,10,14,19,26,36,50,69,95,131,181,250,345}
F(2,n)={1111,22,33,5,5,88,13,13,21,21,34,34,55,55,89}

F,@(3,n) ={1,1112.2,2,3,4,4,5,7,8,9,12,15,17,21,27,32,38}

Fs(1,n) ={1,1,1,1,1,2,3,4,5,6,8,11,15,20,26,34,45,60,80,106,140}

Fs(2,n) ={1,1,1,1,1,2,2,3,3,4,5,6,8,9,12,14,18,22,27,34,41}

Fs(3,n) ={11,11,1,2,2,2,3,3,4,5,5,7,8,9,12,13,16,20,22}

Fe(1,n) ={1,1,1,1,1,1,2,3,4,5,6,7,9,12,16,21,27,34,43,55,71}

Fe(2,n) ={1,1,1,1,1,1,2,2,3,3,4,4,6,6,9,9,13,13,19,19,28}
Fs(3,n)=1{1,1,1,1,1,1,2,2,2,3,3,3,5,5,5,8,8,8,13,13}

The tile defined by Fibonacci numbers represents a plane. In studies [25-27], it is
stated that a plane is tiled with F,(4,n), F;(6,n), and F,(8,n). Now let us generally de-
note the tiling covering of a plane by F,(2t,n). For example, F5(10,n) can be seen in Fig-
ure 1.

13

Figure 1. A tiling for F5(10,n).
Like classical Fibonacci numbers, F;(k,n) can be extended to negative integers. In
this definition, let us extend F,(k,n) to negative integers. Starting from here, let us deter-

mine F,(t,k) and examine the properties of these numbers.

Definition 2.
F.(k,—m) =F,k,k—n)—F,(k,k—t—mn), n>t 3)
wherek =21, k#t, n=>1and F(k,n) =1 for n€{0,1,...,k — 1}

3. Results

3.1. The Properties of Fy(k,n)

In this Section, we present fundamental theorems about the sequence of F(k,n).

Theorem 1. Let t =2, m =1, and n = 0 be integers. Then,

F,(mt,nt) = F,(mt,nt + 1) = - = F(mt,nt + (¢ — 1))
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Proof. We prove this by induction for . Let m and f be fixed integers as in the assumptions
of the theorem. All the initial values of the sequence F;(mt,nt) are equal to 1, so, for n =
0, we have the following equivalence:

Fy(mt,0) = F,(mt,1) = =F,(mt,t —1) =1

Assume that the following equivalences are true for Vi < n.
F,(mt,it) = F,(mt,it + 1) = - = F,(mt, it + (t — 1))
We will now prove the equivalences for n + 1, i.e.,
F.(mt, (n + 1)t) = F,(mt, (n + Dt + 1) = - = F(mt, (n + Dt + (£ — 1))

We consider the successive numbers in the above equivalences,

F.(mt,(n + 1)t) = F,(mt,nt) + F,(mt,(n + 1 — m)t)

Fi(mt,(n+ Dt+1) =F(mt,nt+ 1) + F,(mt,(n+1—-—m)t + 1)

F(mt,(n+ Dt + (t — 1)) = Fy(mt,nt + (t — 1)) + F(mt,(n+ 1 —m)t + (t — 1)).

Now, we observe that the leftmost parts of the equivalences above are equal part by
part. Specifically, the first addends of the sums are equal, and the second addends of the
sums are also equal. This conclusion is reached through induction for n. By confirming
the base case and assuming that the statement holds for n, we demonstrate that it holds
for n+1 as well. Thus, the inductive step is completed, thereby finalizing the induction
process. This methodical approach ensures the validity of our equivalence, establishing a
robust foundation for further mathematical analysis and verification. o

Theorem 2. Let n > 0 and 1 < t < k be integers. Then,
n t—1
D Rk =Y Felen+k—)) -t
=0 =0

Proof. (by induction) If n = 0, then
n

Z F,(k,n) = F,(k,0) = 1
=0

On the other hand,

t—

[SN

F (k,k —j) —t = Fo(k, k) + Fp(k,k = 1) + -+ F(k,k — (t — 1)) — t
0

J

Hence, we have the equivalence. Assume that ),J-( F; (k,n) = ZE;}) Fi(kn+k—j)—
t is true for n = 0. We will now show that it is true for n + 1.
From the equivalence

Fitkn+k+1)=F(kn+D+Fkn+k+1-1t),

we have that F,(k,n+1) =F,(k,n+k+1) - F(kn+k+1-1t).
We will use it in the next step.
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n+1 n

Z Fo(k,i) = Z Fo(k,i) + Fo(k,n + 1)

t-1
=2Ft(k,n+k—j)—t+Ft(k,n+1)

=0
=F(kn+k)+F(kn+tk—1)+
+Ft(k,n+k—(t—2)+Ft(k,n+k—(t— 1)))

+F, (k,n +k+1)—F(kn+k—(t— 1)))-t
=F(kn+k+1)+F(kn+k)+ +Fkn+k—-(t-2))
=Fk n+D)+)+Fk n+D)+k—1)+ -
+F(k,(n+D+k—-(t—-1))—t
=Yg F(kn+k—j)—t
This is the end of the proof. o

3.2. Graph Interpretation of F.(k,n)

First, we provide a graph interpretation of F,(k,n) for 1 <t < k. Let us use the well-
known terminology for graph theory [28]. For n > 1, we denote a path without loops and
multiple edges with the vertex set V(B,) = {v;,v,,...,v,} by P,. The vertices of the path
are numbered in the natural fashion. Additionally, we denote the empty graph by P,. Let
Y, = {Pi;i e{t, k}} be a family of vertex disjoint subgraphs of P, such that V(P,)\U
V(P) Ry, where Ry = @, R, = {v,}, Rz = {1y, Vy_1}, and Ry = {vy, Vo1, oo, Ve } -

The family Yy is a {P, Px} covering of P, with the rest. If V(B,)\ Up,ey, V(P) = 0,
then we have a {P;, P} coveringof P,. For Py, we assume that the empty set is the unique
{P, Py} covering of P,.

Give a graph interpretation of numbers F;(k,n) using {P;, P} covering with the rest
of P, and denote the total number of {P, P} coverings with the rest of P, by a(n).

Theorem 3. Let 1 < t < k be the integer. Then, a(n) = F.(k,n).

Proof. (by induction for n) Denote by a(t,n) the number of all {P, P} coverings with the
rest of B, such that v; € V(R,), and by a(k,n) the number of all {P, P} coverings with
the rest of P, such that v, € V(P,).

If n =0, then the empty set is the unique {P,, P} covering with the rest of P,, so
F,(k,0) =1.

If 0 <n<t, then V(B,) = Ry, so Fi(k,n) =1.

If t <n <k, then there is the unique {P;, P} covering with the rest of P, realized
by either P, so F.(k,n) = 1.

If n > k, assume that a(n) = F,(k,n) for an arbitrary n. We will now show that

an+1)=F(k,n+1).

Clearly, a(n+1) = a(t,n+ 1) + a(k,n + 1).
Moreover, a(t,n+ 1) =an+1—-t) and a(k,n+1) =a(n+1-—k).

Then,
am+D)=at,n+1-t)+atk,n+1—-k)=F(k,kn+1—-t)+F.(k,n+1—-k)
=F.(k,n+1)

So, this is the end of the proof. o
From above interpretation, we give a direct formula for F,(k,n) with the following
theorem.

Theorem 4. Let 1 <t < k and n =1 be integers. Then,
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[l

reny = . (w+ )

w=0 w

Proof.If n < k — 1, then EJ =0 and

°w+[n_WkJ 0+H
F(k,n)=>" t = t]]=1

w 0

Suppose that n > k. From Theorem 3, the number F,(k,n) is equal to the number of
{P,, P} coverings of B,. Each {P,,P,} covering consists of w paths P, and j paths P,

where 0 <w < EJ and 0<j < EJ Also, for a fixed w, we obtain j = ln_thJ, and the
. n-wk
number of {P;, P} coverings is equal to (W‘;] ) = (W + l t J) Hence, we obtain the
w

desired result. O

3.3. Pascal-like Triangle

Now, we introduce a Pascal-like triangle related to sequence F,(k,n). Let t and k
be fixed integers. The number F,(k,n) is equal to the total number of {P;, P,} coverings
of graph B, with the rest. The set of coverings can be divided into subsets according to
the number of included paths P,. For n > 1, let [:r’l] be the number of {P;, P;} coverings
with the rest of the graph B, such that each covering has exactly m paths P, Moreover,
we put [] = 1.

Let ["] be the entry in the nth row and mth column of the Pascal-like triangle.

Theorem 5. Lett > 1,k = t,and n > t be integers. Then,
n
n
Riow =[]
m=0

Proof. The right-hand side of (1) is equal to a(n), so the proof is completed. The next
theorem gives a formula for calculating the entries of the first column of the Pascal-like
triangle. o

Theorem 6. Lett > 1,k = t,and n > t be integers. Then,

- 2]

Proof. By the definition, [’g] is the number of all {P;, P, } coverings of B, with the rest, us-
ing only paths P,. The rest can be one of the following: Ry = @,R, = {v,},...R; =
{vn, ...,vn_(t_l)}. So, there is exactly one such covering for n=i-k+r and r =0,...,t —
1, and there is no covering for r =t,..,k— 1.0

From the above theorem, it follows that the first column of the Pascal-like triangle
forms a repeating sequence t of ones and k — 1 zeros.

Corollary 1. Lett = 1,k > t,and n =t be integers. Then,
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ny 1if (nmod k) < t,
[0] B {O if (mmodk) >t.

Theorem 7. Lett > 1,k > t,m = 0,and mt < n < mt + k — 1 be integers. Then,
[n]_ln+kJ ln+k—tJ
ml | k k

Proof. Note that the first nonzero entry ["] in the mth column of the Pascal-like triangle
is for n = mt. Next, k entries in this column are ones and zeros. If n = mt + i where i =
0,..,t—1, then [::l] = 1. Then, there is exactly one {P;, P,} covering of P, by m paths
P.. If n=mt+i where i =t, ..,k — 1, then [::l] = 0. Then, there exist no {P,, P} cover-
ings of B,.So, we have t onesand k —t zeros. o

From the proof of the above theorem, we deduce that the first k entries in each col-
umn of the Pascal-like triangle form a repeating sequence of t ones and k —t zeros, the
same as in the first column.

Corollary 2. Lett =21,k > t,m = 0,and mt <n <mt + k — 1 be integers. Then,

ny_ (lif (nmodk) <t,
[m] a {0 if (nmodk) >t.

Theorem 8. Lett > 1,k > t,and n = 0 be integers. Then,
n n—k n—t
nl =" 1]
m m m

Proof. To determine [::l], we use the definition that it is the number of {P,, P,} coverings
of path B, by path P, and then we have [";lk] ways to cover the remaining part of B,
using m paths P,. If we cover the first t vertices of P, with path P, then the remaining
part of P, can be cover in [r':;tl] ways. Using a basic rule of counting, we have

n n—k n—t
el =1 1+
m m m
completing the proof. o

Let t =2 and k = 5. Consider, for example, the number [143] of the triangle that cor-
responds to the sequence F,(5,n).Itis equal to the number of {P,, Ps} coverings such that
each covering has four paths P, to cover eight vertices of P;3, with the remaining vertices
covered by path Ps. Because it can be achieved in five ways, [143] = 5. Analogously, we
calculate the number [144] = 5. In this case, we have vertex v,, of path P, not covered.
Several rows of the Pascal-like triangles are presented below. For convenience, we write
these triangles as matrices.
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-1 0 0 0 0 0 0 0 O
10 0 0 0 0 OO0 O
01 0 0 0 0 0O0UO
110 0 0 0 00O
10 1 0 0 0 00 O
021 0 0 0 000
12 0 1 0 0 00 0
10 3 1 0 0 00 0

p 03 3 0 1 0 000

2371 3 0 4 1 0 0 0 O
10 6 4 0 1 00 0
04 6 0 5 1 000
14 0 10 5 0 1 0 0
10 10 10 0 6 1 0 0
0510 0 15 6 0 1 0
15 0 2015 0 7 1 0
1 0 15 20 0 21 7 0 1
0 6 15 0 35 21 0 8 1
1 0 0 0 0 0 0 0 O
100 0 000 O0 O
010 0 0O0O0O0O
010 0 0O0O0O0O
001 0 0O0UO0TO0TO0
101 0 000 0O
100 1 00 O0O0 O
020 1 0O0UO0TO0TO0

p__l0020 0 10000

257lo 03 0 100 00
103 0 010 00
100 4 01000
030 4 00100
030 0 50100
006 050010
106 0 06 0 1 0
100 10 0 6 0 0 1
lo0 4 0 10 0 0 7 0 1

The matrix P,3 correspond to the sequence F,(3,n), and P,s correspond to the se-
quence F,(5,n). Note that, for the sequence F;(1,n), we obtain a classical Pascal triangle,
Py

10 0 0 O 0O 0 0 00
11 0 0 0 0 0 0 00
12 1 0 0 0 0 0 00
13 3 1 0 0 0 0 00

p |1 46 4 1 0 0 0 00
11 5 10 10 5 1 0 0 0 O
16 15 20 15 6 1 0 0 0
1 7 21 35 35 21 7 1 00
1 8 28 56 70 56 28 8 1 0
1 9 36 84 126 126 84 36 9 1

3.4. Generating Functions
We state the following theorem, which gives the generating functions of F,(k,n).
The generating function g(x) is defined as g(x) = Y- F:(k,n)x™. The generating
function of F,(k,n) Fibonacci numbers can be expressed in a specific form.
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Theorem 9. Let 1 <t < k be the integer. The generating function of F,(k,n) Fibonacci num-
bers can be expressed in a specific form.
The generating function of Fy(k,n) Fibonacci numbers has the following form:
0,k=1
g(x) — 1+z 7 = X,k‘z 2

1-xt-xk ’ ’

x+x?2+x3++xt k>t

Proof. Let
gx) = X% Fo(k,n)x™ =F,(k,0) + F,(k, D)x+F.(k,2)x? + -+
g(x) = F(k,0) + Fe(k, Dx+yo, Fo(k,n — Dx™ + Y0, Fr(k,n — 2)x™+....
g(x) = Fe(k,0) + Fo(k, Dx+xt ¥ Fo(k,n)x™ + - + x* 32 Fo(k, n)x™
g(x) = F,(k,0) + F.(k, Dx+x*(g(x) — F,(k,0)) + x*g(x)
g(x) —x*g(x) — x¥g(x) = F,(k,0) + (F.(k, 1) — F(k,0))x+...
Using Recurrence (3), we have g(x) — x'g(x) — x*g(x) = 1 + z, where
0,k=1
x, k=2
z= .
x+x?+x3+-+xt k>t

Hence, g(x) = 1_1%3{,( which ends the proof. o

3.5. Matrix Generators

Matrices are widely utilized for solving complex problems due to their efficiency in
computing large Fibonacci numbers and executing specific mathematical operations.
Their power lies in the ability to handle substantial computations swiftly and effectively.
By parallelizing and optimizing matrix operations, performance is significantly enhanced,
particularly when dealing with extensive data sets. This approach accelerates the calcula-
tion process and ensures greater accuracy and scalability.

Matrix methods are invaluable in both theoretical and applied mathematics. They
facilitate the efficient computation and manipulation of large sets of equations, making
them essential in various fields. For example, in computer science, matrices are funda-
mental in algorithms for graphic processing and machine learning. In physics and engi-
neering, they assist in modeling systems of linear equations and signal processing.

The advantages of matrix methods include their ability to represent complex prob-
lems compactly, implement numerical algorithms efficiently, and develop scalable solu-
tions for growing data sizes. Consequently, matrices play a crucial role in advancing com-
putational techniques and solving intricate problems across diverse scientific and engi-
neering disciplines. Their application underscores the importance of matrix methods in
achieving precision, speed, and scalability in mathematical computations. In [18,25-27],
using matrices provided an alternative way to find distance Fibonacci numbers.

Presented below are k x k matrices that provide a suitable structure for consecutive
number sequences, such as the distance Fibonacci sequence, and the related operations.
These matrices facilitate the efficient computation and analysis of such sequences, offering
a robust framework for both theoretical exploration and practical applications in various
mathematical and computational contexts.

Let 1 <t <k be integers and Qy = [q,- f]kxk be a square matrix. The element g;; is
equal to the coefficient at F,(k,n—1i) in (3). For 1 <i <k, if i =k then g;; =1 and if
i =t =k then q;; = 2, otherwise ¢q;; =0.

For 1<j<k and 1<i<k, we obtain ¢q;; =1 if j =i+ 1, and we have q;; =0
otherwise. So, we obtain the following matrices.
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1 1 0 1
Q11 = [2]1x1, Q12 = [1 0]2 Z'sz = [2 0lyy
X. X

1 1 0 1 0 O 010
Q13 = [0 0 1] ,ng = [0 0 1] !Q33 = [0 0 1]
3x3 3x3 3x3

1 0 0 1 0 0 2 00
Fork >t,
0 1 0 O 01
0 0 1 0 0
0 0 1 0
1 0 0 O 0
Qu =
L. 0
0 0 0 O 1
1 0 0 O O‘ka
Now, we define a square matrix Py, as follows.
[Fell2k=2) Fi(l2k=3) . . . F(kk=1)
|Fo(k,2k —3) F(k2k—4) . . . F(uk—2)|
| . . .o . |
Py =| _ : Lo . | (4)
| . . S . |
I . . o . I
|Ftkk-1) FRUck-2) . . . FK&o) |

We give the following theorems with the help of basic determinant properties and
Laplace theorem.

Theorem 10. Let 1 < t < k, and n = 1 be integers. Then,

Fi(kn+2k-2) Fln+2k=3) . . . Flon+k=-1))

[Folon+2k—3) Flon+2k—4) . . . F(kn+k—2)]

| . . L ) |
Pth?k=I : I ®)

| . . L . |

lFten+k-1) FUn+k-20 . . .  Fln |,

Proof. We prove the equivalence via induction for n. If n = 1, then the result is seen from
(3). Suppose that Formula (5) holds for n. We will now prove it for n+1. Since Py Q" =
(PQf), we have, using (3),
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F,(kn+2k—2) F(n+2k—3) . . . Flon+k—1)
Fukon+2k—3) F(kn+2k—4) . . . F(kn+k—2)]
. . . |
|
|
. . o . |
| F(n+k=1) Flen+k-2) . . .  Fkn |,
0 1 0 . . . 0]
001 ... 0]
100 ... .
A
N
ol
100 0 ol
Fekon+2k=1) Flon+2k-2) . . . Fln+k) |
[F(on+2k—2) Flon+2k—3) . . . F(n+k—1)]
| . . o ) |
= . . S : |
[ . . S . |
| . . CoL . |
| Fen+k)  FUen+k-1 . . . FGkn+ |,

which ends the proof. o

Corollary 3. Let 1 <t <k and n > 0 be integers. Then, the determinant of Qu, and Py,
are as follows, respectively

(=2)*Lt=k
det th = {(_1)k+1, f<k
and
k—
det Py, = (~D7 1.

3.6. Connection with Pascal’s Triangle

In 1876, the French mathematician Edouard Lucas made a notable discovery regard-
ing Fibonacci numbers. He observed that these numbers can be derived from the sums of
the elements along the north—east diagonals of Pascal’s triangle. This revelation estab-
lished a profound connection between two fundamental sequences in mathematics: the
Fibonacci sequence and the binomial coefficients represented in Pascal’s triangle. Lucas's
insight not only highlighted an elegant combinatorial property but also enriched the
mathematical understanding of Fibonacci numbers, demonstrating their pervasive pres-
ence in various mathematical structures and sequences (see Figure 2) [18]. In [25-27] and
in this study, the connection between Pascal’s triangle and distance Fibonacci numbers is
examined.
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//%/VJ ot

1 10 10 D 1

T

| 15 20 15 6 1

1 7 21 45 395 21 7 1

Figure 2. Pascal’s triangle with added north—east diagonals.

To discover the connections between (t, k)-distance Fibonacci numbers and Pascal’s
triangle, we must investigate a family of sequences described by the same recurrence as
F;(k,n), with distinct initial conditions.

For integers 1 <t < k and 0 < n, let us consider a family of sequences defined re-
cursively as follows:

Fi(k,n) = Fi(k,n—t) + Fi(k,n — k), n > k

where Fi(k,n) =1 if n=k—i and otherwise Fi(k,n) #0, n€{0,1,...,k —1}. Note
that all sequences F/(k,n) share the same matrix generator Q.

For clarity, let us determine some initial words of sequences F{(k,n) for t = 4, k =
5,and n ={0,1,...,15}. See Table 1 below.

Table 1. Fi(5,n) — and F,(5,n)-distance Fibonacci numbers.

n o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Ffn) 0 o0 o0 O 1 o0 0 o0 1 1 0 0 1 2 1 0
F2@5,n 0 O 0O 1 0 O 0 1 1 0 0 1 2 1 0 1
FBG,by 0 0 1 o0 o0 O 1 1 0 o0 1 2 1 0 1 3
FfGmn) 0o 1 o0 o0 o0 1 1 o0 O 1 2 1 0 1 3 3
F6,bm) 1. 0 0o O o0 1 0 0 0 1 1 0 0 1 2 1
FGm) 1 1 1 1 1 2 2 2 2 3 4 4 4 5 7 8

Now, we can give the following theorem, as in [29].

Theorem 11. Let 1<t <k, 0<n,and 0 <i <k —1 be integers. Then,
Ft(kv TL) = Z?;Ol Ftl(k! Tl).
In [5], Er explored a family of sequences similar to F{(k,n). From [5], we know that Ff(k,n)

is as below.
Frlkn+k—1) Flkn+k-2) . . . Fikmn)
/th(k,n+k—1) FF(kn+k-2) . . . F2(kn)
| . . Co |
\Ft"(k,n +k-1) Ffkn+k-2) . . . Ft"(k,n)/

The matrix @ can be construced as the adjacency matrix of a directed graph D, as
depicted in Figure 3.
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O——0 =+ O—>

U1 Vg UVt Uk
Figure 3. Digraph D for k > 4.

We know that the entries of Q give the number of all distinct paths of length n be-
tween corresponding vertices in digraph D. Strictly speaking, the entry g;; shows the
number of all paths of length n from v; to v; in D.

The above matrix methods have been used for study sequences such as, for example,
in [20]. We also use these methods for the family of sequences F/(k,n).

Theorem 12. Let 1 <t < k and 0 < n be integers. Then,
Filon+k—1) = E (%3
t

ag, g
tar+kag
and
i a; + ay
Fln+k-1)=Y t +
t mt+ka5§3§(c-/+n( ay )
a; + ag
2
tat+kafgg—k(k—j+1)( a )
for j=2,...,t, and
i ar + a
F;:](k’n + k - 1) = Z ag, A ( ¢ k)
tagtkap=n—(k—j+1) ag
for t<j <k
Theorem 13. Let 1 <t < k and 0 < n be integers. Then,
t-1 k-1
_ _ a, + ag z Z a, + ay
Fy(k,n + k 1)_2 Z ("2 )+ ("2
i=1 agay i= agay
tagtkap=n—i tagtkag=n—i

4. Conclusions

In this paper, we presented a generalization of Fibonacci-type sequences, denoted as
Fy(k,n), derived through the concept of Fibonacci sequence distance. We systematically
examined the fundamental properties of F,(k,n), providing a comprehensive analysis.
This analysis included the sequence's graph interpretation, matrix requirements, and its
intricate relationship with Pascal's triangle. Additionally, we extended the definition to
include Fy(k,—n) for negative integers, thereby broadening the scope and applicability
of the sequence.

The F,(k,n) sequence encompasses several well-known sequences as special cases.
Notably, specific values within F,(k,n) correspond to the Padovan and Narayana se-
quences, showcasing the versatility and depth of this generalization. This unification un-
der a single framework allows for a deeper exploration of the inter-relationships among
various integer sequences.

One of the significant implications of our work is the potential application of the
Fi(k,n) sequence in various scientific and computational fields. For instance, the classical
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Fibonacci sequence is already employed in diverse methods, such as algorithm develop-
ment, network optimization, bioinformatics, cryptography, molecular structure analysis,
and physicochemical property determination. The extended range of numbers provided
by the distance Fibonacci sequence F,(k,n) promises to enhance these applications by of-
fering a richer set of numerical tools.

In algorithm development, the F,(k,n) sequence can be utilized to design more effi-
cient and effective algorithms, particularly those which rely on recursive structures or dy-
namic programming. Network optimization can benefit from the extended sequence by
allowing for more flexible and robust models of network growth and resource allocation.
In bioinformatics, the sequence can aid in modeling biological processes that exhibit Fib-
onacci-like patterns but require a broader numerical range for accurate representation.

Cryptography, a field heavily reliant on number theory, can leverage the F,(k,n) se-
quence to develop novel encryption schemes and security protocols. The sequence's math-
ematical properties might offer new avenues for creating cryptographic algorithms that
are both secure and computationally efficient.

Furthermore, in molecular structure analysis and physicochemical property determi-
nation, the F;(k,n) sequence can help in the modeling of molecular interactions and the
prediction of compound properties. The broader set of numbers allows for more detailed
simulations and analyses, potentially leading to new discoveries and insights in chemical
and physical sciences.

Opverall, the distance Fibonacci sequence F,(k,n) represents a significant advance-
ment over the classical Fibonacci sequence. By offering a more extensive set of numbers
and encompassing various known sequences, it provides a powerful tool for both theoret-
ical exploration and practical application across multiple disciplines. The insights and ap-
plications derived from this generalization have the potential to drive innovation and dis-
covery in numerous scientific and computational fields.

The F,(k,n) sequence included in this study can be expanded, over time, with fur-
ther research.
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