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Abstract
In this paper, the Wiener-Hopf method is studied to solve the radiation of acoustic 

waves from a perforated part through an infinite channel. At first the boundary value 
problem involving a Helmholtz equation with mixed-boundary conditions is formulated 
into a Wiener Hopf equation by applying the Fourier transform. After that the Wiener-
Hopf kernel is split into two functions that are analytic in specified regions of the complex-
plane and equation is solved analytically. Finally, numerical results showing the effect of 
the problem’s parameters (channel radius, frequency, etc.) on the radiation phenomenon are 
graphically displayed.
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1.  Introduction

The duct and pipe structures are commonly used in many technical 
and industrial devices such as exhaust systems, ventilation systems, jet 
fans and turbofan engines. Hence, in order to control the harmful and 
unwanted noise in these systems, the diffraction and radiation of acoustic 
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waves in ducts have been treated by several authors through analytical 
techniques [1, 2]. The first study to describe the sound field of an unflanged 
duct was made by Levine and Schwinger who considered the radiation of 
sound from rigid cylindrical duct [3].

The reduction of noise is generally achieved by silencers. The most 
well-known of such silencers are acoustically absorbent linings, which 
have been widely investigated in literature [4, 5, 6, 7, 8]. On the other hand, 
perforated structures affect the engine performance directly. Perforated 
panel or plate are commonly employed to reduce sound pressure levels 
across a broad range of applications including industrial installations and 
propulsion devices [9, 10, 11, 12]. In particular, perforated structures are 
of special interest and widely used in the exhausts of automobile engines, 
in modern aircraft jet and turbofan engines, etc [13, 14]. The phenomenon 
of perforated cylinders has been analyzed by various authors, with or 
without flow. This consideration is important because perforated cylinders 
provide some facilities for analyzing of sound radiation. Demir and Cinar 
considered the propagation of sound in an infinite two-part duct carrying 
mean flow inserted axially into a larger infinite duct with wall impedance 
discontinuity [15]. In their study, the perforated cylinder properties were 
investigated and some numerical results were presented.

In this work, acoustics analysis of infinite duct having perforated part 
is presented. The geometry of the waveguide problem under consideration 
is sketched in Fig. 1. The part < 0z  of the inner cylinder is hard walled 
while the part > 0z  is perforated. To solve this boundary value problems, 
several different methods are available [16, 17]. An alternative and widely 
used method is the Wiener-Hopf technique [18]. Wiener-Hopf equation is 
derived by using Fourier transform and the radiated field is determined 
explicitly. Finally, numerical calculations have been carried out to observe 
the influence of various parameters such as duct radius, frequency and 
perforated part on the radiation phenomenon.

Figure 1
Geometry of the problem. 
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2.  Formulation of the Problem

Consider an infinite cylindrical duct occupying the space 
{ = , ( , )}a zr Î -¥ ¥  (see Fig. 1). Let the incident field propagating in the 
positive z direction is taken to be 

0 0( , ) = ( / ) (1a)ni zi
nr z A J j r a e ay

Here jn is the n-th root of the equation

1( ) = 0 (1b)nJ j

and na  stands for
2 2

0= ( / ) , = (1 )n nk j a k ca a-

where = /k cw  denotes the wave number of the medium and c is the 
speed of sound. 0A  stands for the amplitude of the incident wave. Duct 
walls are assumed to be infinitely thin. The part < 0z  of the inner cylinder 
is hard walled while the part > 0z  is perforated. From the symmetry of 
the geometry of the problem and of the incident field, the acoustic field 
everywhere will be independent of ,q  where ( , , )r zq  are the usual 
cylindrical polar coordinates. We introduce a scalar potential ( , )r zy  which 
defines the acoustic pressure and velocity by 0=p iwr y  and = ,gradyv  
respectively. Here 0r  is the density of the undisturbed medium. Time 
dependence is assumed to be i te w-  and suppressed throughout this paper, 
where w  is the angular frequency. For analysis purposes, it is convenient 
to express the total field as

1
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and the following boundary conditions: 

1( , ) = 0, < 0 (4a)a z z
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Consider now the continuity conditions related to the total field at 
= ,r a  > 0z  which are given by

1 2( , ) ( , ) = 0, > 0 (4c)a z a z z
r r
y y¶ ¶

-
¶ ¶

1 2 2( , ) ( , ) = ( , ) ( , ), > 0 (4d)p ia z a z i a z a z z
k r

z
y y y y¶

- +
¶

where pz  is the specific impedance, describing the acoustic properties of 
the perforated screen. For stationary media, the empirical formula of the 
specific acoustic impedance pz  is given by [9]

= [0.006 ( 0.75 )]/ (4e)p w hik t dz s- +

where wt  is the screen thickness, hd  the perforate hole diameter and s  
the porosity.

3.  Wiener-Hopf Equation

The unknown fields 1( , )r zy  and 2( , )r zy  satisfy (3) for ( , ).z Î -¥ ¥  By 
taking Fourier transform of these equations, one can obtain the following 
integral representations

(1)
1 0( , ) = ( ) ( ) (5a)

2
i kz

L

kr z A H kr e day a l a
p

-ò

2 0( , ) = ( ) ( ) (5 b)
2

i kz

L

kr z B J kr e day a l a
p

-ò

where L is the integration contour along or near the real axis in the complex 
a -plane. ( )A a  and ( )B a  are spectral coefficients to be determined. J0 and 
Y0 are the usual Bessel functions of the first and second kinds, respectively 
and (1)

0H  is the Hankel function of the first kind. l  is the square-root 
function defined by

2( ) = 1 , ( ) 0 (6)Iml a a l- ³

Branch cuts for l  is taken on the line from 1 to ¥  and from -¥  to 
–1. As usual in this kind of Wiener-Hopf problem, we will assume that the 
surrounding medium is slightly lossy and k has a small positive imaginary 
part. The lossless case can be obtained by letting 0Imk ®  at the end of 
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the analysis. Applying the boundary condition (4a) on =r a  and taking 
Fourier transforms gives

(1)
1( ) ( ) = ( ) (7 a)A kH kaa l l a+- F

Similarly, (4a-c) at =r a  gives

1
(1)
1

( )
( ) = ( ) (7 b)

( )
J ka

A B
H ka

l
a a

l

Now consider the equation (4d) and taking Fourier transform and 
using (7a,b), one can obtain

(1) 0 0
0 0

( )
( ) ( ) ( ) ( ) = ( ) ( ) (7 c)
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where +F  and -F  are a function analytic at the upper (Im 0a >  or 
Im 0a =  and Re 0)a >  and lower (Im 0a <  or Im 0a =  and Re 0)a <  
half plane and defined as

1
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F
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0
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The substitution of ( )A a  and ( )B a  given by (7a,b) into (7c), one 
obtains the following Wiener--Hopf equation

0 0 ( )
( ) ( ) = ( ) (9a)

(1 )
n

n

A J j
M

i
a a a

a a
+ -F F -

+

where
(1)

0 0
(1)

1 1

( ) ( )
( ) = (9 b)
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M i
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zl l
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l l l l
- -

The Wiener-Hopf equation in (9a) and rearrange it using (9b) in the 
following form

0 0 ( ) ( )
( ) ( ) = ( ) ( ) (10)
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Here, ( )M a+  and ( )M a-  are the split functions regular and free of 
zeros in the upper and lower half planes, respectively, resulting from the 
Wiener-Hopf factorization of ( )M a  as [19]

( )
( ) = (11)

( )
M

M
M

a
a

a
+

-

Now consider equation (10). By virtue of classical decomposition 
procedure for complex term, one gets

0 0 ( ) ( 1)
( ) ( ) = (12)

( )
n

n

A J j M
M

i k
a a

a a

-
+ + -

F -
+

4.  Analysis of the Radiated Field

The total field in the region > ar  can be obtained from (5a)

(1)
1 0( , ) = ( ) ( ) (13)

2
i kz

L

kr z A H kr e day a l a
p

-ò
	

Inserting ( )A a  given by (7a) into (13) gives
(1)
0

1 (1)
1

( )1( , ) ( ) (14)
2 ( )

i kz

L

H kr
r z e d

H ka
al

y a a
p l l

+ -= - Fò

Utilizing the asymptotic expansion of (1)
0 ( )H krl  as kr ® ¥  

(1) /4
0

2( ) = (15)i kr iH kr e
kr

l pl
pl

-

and using the saddle point technique [20], one obtains

1 (1)
1

( cos )( , ) (16)
sin ( sin )

ikRi eR
kRH ka

qy q
p q q

+F -


where ( )a+F  is given by (12). Here, R and q  are the spherical coordinates 
defined by 

= sin , = cos (17)r R z Rq q

5.  Numerical Results

The numerical results based on the mathematical formulation of the 
proposed study are presented in this section. All graphics are obtained by 
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applying the Matlab programming. In these figures, the Sound Pressure 
Level (SPL) defined by

10 5= 20log
2 10

p
SPL

-×

where p denotes the amplitude of the acoustic pressure of the sound wave, 
with the observation angle q  changing from 0 to .p  The far field values 
are plotted at a distance 46 m away from the duct edge [19]. Parameter 
values related with the perforated part are taken from the study of [9, 15].

Figure 2
Sound pressure level for different values of duct radius a with f = 1500 Hz, tw = 

0.00081, dh = 0.0249, s  = 0.057. 

Figure 3
Sound pressure level for different values of duct radius a with f = 2500 Hz, tw = 

0.00081, dh = 0.0249, s  = 0.057. 
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First, variations of sound pressure level for different values of radius 
( )a  are presented in Figures 2 and 3. In the graphs, it is seen that as the 
value of a decreases, the sound pressure level decreases.

Figure 4
Sound pressure level for different values of frequency f with a = 0.05 m, tw = 

0.00081, dh = 0.0249, s  = 0.057. 

Figure 5
Sound pressure level for different values of frequency f with a = 0.025 m, tw = 

0.00081, dh = 0.0249, s  = 0.057. 
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Similar analysis is also carried for different values of frequency. Two 
different duct radii are considered: 0.05 m and 0.025 m. Both cases are 
shown in Figures 4 and 5.

In Figure 6, the effect of specific acoustic impedance ( )pz  on sound 
pressure level is first studied for two different acoustic impedances and 
compared to unperforated case. It is observed that existing of perforated 
part makes contribution to the reduction of sound pressure level and 
when imaginary coefficient of acoustic impedance decreases the pressure 
level decreases.

Finally, the validity of the calculated results in this study has to be 
investigated. In order to investigate, ( )pz  has been chosen as a small 
enough value, which is denoted as Case 1. On the other, Case 2 is a work 

Figure 6
Sound pressure level for open perforated duct with f = 1000 Hz, a = 0.05 m. 

Figure 7
Comparison of the radiated field with the study of [5] for rigid duct. 
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[5] where the walls of the duct are assumed rigid. Results exhibit excellent 
agreement as expected. Notice that for Figure 7, 

(1)
1

( cos )( ) =
sin ( sin )

i
H ka

qq
p q q

+F -


6.  Conclusions

The radiation of sound waves in a cylindrical duct, whose parts < 0z  
and > 0z  are hard walled and perforated, respectively is investigated 
rigorously by the Wiener-Hopf method. The problem is formulated into 
a Wiener-Hopf equation. This equation is solved with the help of Wiener-
Hopf technique. Numerical results are presented in Section 5, and it is 
observed that, one can analyze radiation characteristic with some specific 
values of duct radius ( ),a  frequency ( )f  and perforated properties 
( ).pz  The effects of various values of the parameters on the radiation 
phenomenon have been shown graphically. The analysis performed in this 
work shows that one can reduce the sound wave radiation by properly 
choosing the perforated part properties.
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