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Abstract: In this paper we investigate graded compactly
packed rings, which is de�ned as; if any graded ideal I of
R is contained in the union of a family of graded prime ide-
als of R, then I is actually contained in one of the graded
prime ideals of the family. We give some characterizations
of graded compactly packed rings. Further, we examine
this property on h − Spec(R). We also de�ne a general-
ization of graded compactly packed rings, the graded co-
primely packed rings. We show that R is a graded com-
pactly packed ring if and only if R is a graded coprimely
packed ring whenever R be a graded integral domain and
h − dim R = 1.
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1 Introduction
Throughout this paper, R will be a commutative ring with
identity 1R. R is aZ-graded ring if there exist additive sub-
groups Rg of R indexed by the elements g ∈ Z such that
R = ⊕

g∈Z
Rg and satis�es RgRh ⊆ Rgh for all g, h ∈ Z.

The elements of Rg are homogeneous elements of R of
degree g, and all homogeneous elements of the ring R
are denoted by h (R), i.e. h (R) =

⋃
g∈Z

Rg. If ab = 0 im-

plies a = 0 or b = 0 for nonzero homogeneous ele-
ments a, b ∈ h(R), then R is called graded integral do-
main. A subset S of h (R) is called homogeneous multi-
plicatively closed subset or shortly multiplicatively closed
if a, b ∈ S implies ab ∈ S. Then S−1R, the ring of frac-
tion is a graded ring with S−1R = ⊕

g∈Z
(S−1R)g; where,

(S−1R)g =
{ r
s : r ∈ R, s ∈ S and g = (deg r) − (deg s)

}
. Let
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I be an ideal of R. If I = ⊕
g∈Z

Ig where Ig = I ∩ Rg, then

I is called graded ideal of R. A graded ideal I is a graded
prime ideal of R if I ̸= R and whenever ab ∈ I, then ei-
ther a ∈ I or b ∈ I, for a, b ∈ h(R). The set of all graded
prime ideals is denoted by h − Spec(R). The maximal ele-
ments with respect to the inclusion in the set of all proper
graded ideals are graded maximal ideals and the set of
all graded maximal ideals is denoted by h − Max(R). A
graded ring with �nite number of graded maximal ideals
is a graded semilocal ring. Further the set of all minimal
graded prime ideals is denoted by h −Min (R). The graded
height of a graded prime ideal P denoted by h − htP, is
de�ned as the length of the longest chain of graded prime
ideals contained in P. TheKrull dimension of a graded ring
R is denoted by h − dim(R) and de�ned as h − dim(R) =
max

{
h − htP | P ∈ h − Spec(R)

}
[1].

The �nite union of graded prime submodules are stud-
ied in [2]. For more details of graded prime submodules
refer [3]. Moreover, the �nite union of ideals are studied
by Quartororo and Butts with the notion of u−ideal in [4].
With these motivations we investigate some properties of
the �nite union of graded ideals in Section 2. For this, we
de�ne graded u−ideal as follow: A graded ideal I is graded
u−ideal if it is contained in the �nite union of a family of
graded ideals of R, then I is actually contained in one of
the graded ideal of the family.

In Section 3, we examine some properties of graded
compactly packed rings. Compactly packed rings have
been studied by various authors, see, for example, [5–7].
The ring R is compactly packed if for any ideal I of R,
I ⊆

⋃
α∈∆

Pα where {Pα}α∈∆ is a family of prime ideals of R

with the index set ∆, then I ⊆ Pα for some α ∈ ∆. This con-
cept was pointed out by C. Reis and Viswanathan in [5].
They also characterized on Noetherian rings that are com-
pactly packed by prime ideal of R if and only if every prime
ideal is the radical of a principal ideal in R. After this work,
Smith [7] shows for this property that the ring need not be
a Noetherian ring. Moreover Pakala and Shores [5] showed
that for a compactly packed Noetherian ring the maximal
ideal is the radical of a principal ideal. In [7], Principal
Ideal Theoremof Krull was proven for graded rings and us-
ing this theorem we show that if R is a graded compactly
packed ring, then h − dim R ≤ 1 whenever R be a graded
Noetherian ring.
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In Section 4, we de�ne graded coprimely packed rings
that Erdoğdu [8] de�ned coprimely packed rings as a gen-
eralization of compactly packed rings. An ideal I is co-
primely packed if for an index set ∆ and α ∈ ∆, I + Pα = R
implies I *

⋃
α∈∆

Pα where {Pα}α∈∆ is a family of prime ide-

als of R. If every ideal of R is coprimely packed, then R is
a coprimely packed ring. For the studies about coprimely
packed rings the reader is referred to [8–10]. Finally we
show that every graded compactly packed ring is a graded
coprimely ring. Additionally,we also show that R is graded
coprimely packed ring if and only if R is coprimely packed
ring by h −Max(R).

2 Finite union of graded ideals
De�nition 1. Let R be a graded ring and I be a graded ideal
of R. Then we say that I is a graded u−ideal if for any fam-

ily of graded ideals {Ai}ni=1, I ⊆
n⋃
i=1
Ai implies I ⊆ Aj for

some j = 1, 2, ..., n. A graded ring R is graded u−ring if any
graded ideal is a graded u−ideal.

Proposition 1. Let R be a graded ring and I be a graded
ideal of R. Then the following conditions are equivalent;

(i) R is a graded u−ring,
(ii) Each �nitely generated graded ideal of R is graded

u−ideal,
(iii) If I =

n⋃
i=1
Ai is �nitely generated, then I = Aj for some

j,

(iv) If I =
n⋃
i=1
Ai, then I = Aj for some j.

Proof. (i)⇒ (ii) is trivial.

(ii)⇒ (iii) Since I =
n⋃
i=1
Ai weget I ⊆

n⋃
i=1
Ai and so I ⊆ Aj

for some j ∈ {1, 2, ..., n}. Then
n⋃
i=1
Ai = I ⊆ Aj ⊆

n⋃
i=1
Ai and

so I = Aj .

(iii) ⇒ (iv) Suppose that I =
n⋃
i=1
Ai and assume that

I ̸= Aj for all j ∈ {1, 2, ..., n}. Then there exists an element
aj ∈ I\Aj and set J = (a1, ..., an). Then J = J ∩ I = J ∩

(
n⋃
i=1
Ai) =

n⋃
i=1

(J ∩ Ai) by (iii) we have J = J ∩ Aj for some

j ∈ {1, 2, ..., n}. Hence J ⊆ Aj, which is a contradiction.

(iv) ⇒ (i) It follows from, I ⊆
n⋃
i=1
Ai implies I =

n⋃
i=1
(I ∩

Ai).

Proposition 2. Every homomorphic image of a graded
u−ring is a graded u−ring.

Proof. It is explicit.

Proposition 3. If R is a graded u−ring, then S−1R is a
graded u−ring.

Proof. It follows from [[2], Proposition 2.7].

3 Graded compactly packed rings
De�nition 2. Let R be a graded ring and ∆ an index set. If
for any graded ideal I and any family of graded prime ideals
{Pα}α∈∆ , I ⊆

⋃
α∈∆

Pα implies I ⊆ Pβ for some β ∈ ∆, then R

is a graded compactly packed ring with h − Spec(R).

Proposition 4. Every homomorphic image of a graded
compactly packed ring is a graded compactly packed ring.

Proof. Let R be a graded compactly packed ring and S be
any graded ring. Let f : R → S be an epimorphism. Assume
that

{
P′α
}
α∈∆ be a family of graded prime ideals of S and

I′ be a graded ideal of S such that I′ ⊆
⋃
α∈∆

P′α . Since f is

an epimorphism, there exist graded prime ideals Pα and
graded ideal I of R such that Kerf ⊆ Pα , Kerf ⊆ I and
f (Pα) = P′α, f (I) = I′. It follows that f (I) ⊆

⋃
α∈∆

f (Pα) ⊆

f (
⋃
α∈∆

Pα). Therefore I ⊆
⋃
α∈∆

Pα, and so I ⊆ Pβ for some

β ∈ ∆. Thus I′ = f (I) ⊆ f (Pβ) = P′β for some β ∈ ∆.

Now recall the following well known Lemma.

Lemma 1. [3, Lemma 2.1] Let R be a graded ring, a ∈ h(R)
and I, J be graded ideals of R. Then aR, I + J and I ∩ J are
graded ideals.

Note that the graded ideal aR is denoted by (a).

Theorem 1. Let R be a graded ring, I be a graded ideal and
S ⊆ h(R) be a multiplicatively closed subset. Then the set

ψ = {J | J is a graded ideal of R, S ∩ J = ∅, I ⊆ J}

has a maximal element and such maximal elements are
graded prime ideals of R.

Proof. Since I ∈ ψ, we get ψ ̸= ∅. The set ψ is partially
ordered set with respect to set inclusion "⊆ ”. Now let M
be a totally ordered subset of ψ. Then J =

⋃
J∈∆
J is an ideal

of R and Jg = J∩Rg = (
⋃
J∈∆
J)∩Rg =

⋃
J∈∆

(J∩Rg) =
⋃
J∈∆
Jg . Thus

J = ⊕Jg and so J is graded ideal. Now let P be a maximal
element of ψ and a, b ∈ h(R) such that a /∈ P and b /∈ P.
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Then P ( P + (a) and P + (a) is a graded ideal. Therefore
(P+(a))∩S ̸= ∅ and so there exist s ∈ S such that s = x+ar
for some x ∈ P, r ∈ R. Similarly there exist s′ ∈ S such
that s′ = x′ + br′ for some x′ ∈ P, r′ ∈ R. Then ss′ = (x +
ar)(x′ + br′) = xx′ + arx′ + br′x + abrr′. Then abrr′ /∈ P and
so ab /∈ P. Hence P is a graded prime ideal.

Theorem 2. Let R be a graded ring. Then the following are
equivalent:
(i) R is a graded compactly packed ring.
(ii) For every graded prime ideal P, P ⊆

⋃
α∈∆

Pα implies P ⊆

Pβ for some β ∈ ∆.
(iii)Every graded prime ideal of R is the radical of a graded
principal ideal in R.

Proof. (i) ⇒ (ii) It follows from the de�nition of graded
compactly packed ring.
(ii) ⇒ (iii) Suppose that P is a graded prime ideal of R.
Assume that P is not the radical of a graded principal ideal
of R. Thenwe get

√
(r) ̸= P for all r ∈ P∩h(R). Hence there

is a prime ideal Pr such that r ∈ Pr and P * Pr for all
r ∈ P ∩ h(R). Further we have P ⊆

⋃
r∈P∩h(R)

Pr . Then by (ii)

P ⊆ Pr′ , r′ ∈ P ∩ h(R) which is a contradiction.
(iii)⇒ (i) Suppose that I ⊆

⋃
α∈∆

Pα. Since h(R)\(
⋃
α∈∆

Pα)

is a graded multiplicatively closed subset, there exists a
graded prime ideal P such that I ⊆ P and P ⊆

⋃
α∈∆

Pα .

Suppose that P =
√
r for some r ∈ h(R). Then we get that√

r ⊆
⋃
α∈∆

Pα and r ∈
⋃
α∈∆

Pα . Hence there exists β ∈ ∆ such

that r ∈ Pβ . Therefore I ⊆ P =
√
r ⊆ Pβ .

Theorem 3. (Principal Ideal Theorem, [[1], Theorem 3.5])
Let x be a nonunit homogeneous element in a graded
Noetherian ring R and let P be a graded prime ideal mini-
mal over (x). Then h − htP ≤ 1.

Theorem 4. Let R be a graded Noetherian ring. If R is a
graded compactly packed ring, then h − dim R ≤ 1.

Proof. Suppose that R is a graded compactly packed ring.
Then there exists an r ∈ h(R) such that

√
I = P where I =

(r) for any graded prime ideal P of R by Theorem 2. From
Principal Ideal Theorem we have h − htP ≤ 1. Thus h −
dim R ≤ 1.

Theorem 5. Let R be a graded ring, I be a graded ideal and
P be a graded prime ideal such that I ⊆ P. Then the follow-
ing are equivalent:
(i) P is a graded minimal prime ideal of I,
(ii) h(R)\P is a graded multiplicatively closed subset that is

maximal with respect to missing I,
(iii) For each x ∈ P ∩ h(R), there is a y ∈ h(R)\P and a
nonnegative integer i such that yxi ∈ I.

Proof. (i)⇒ (ii) Suppose that P is a gradedminimal prime
ideal of I. If we set S = h(R)\P, then S is a graded multi-
plicatively closed subset and there exists a maximal ele-
ment in the set of graded ideals containing I and disjoint
from S. Assume Q is maximal then Q is graded prime ideal
by Theorem 1. Since P is minimal, P = Q and so S is maxi-
mal with respect to missing I.

(ii) ⇒ (iii) Let 0 ̸= x ∈ P ∩ h(R) and S ={
yxi | y ∈ h(R)\P, i = 0, 1, 2, ...

}
. Then h(R)\P ( S.

Since h(R)\P is maximal, there exist an element y ∈
h(R)\P and i nonnegative integer such that yxi ∈ I.

(iii) ⇒ (i) Assume that I ⊂ Q ⊆ P, where Q is graded
prime ideal. If there exists x ∈ P\Q where x ∈ h(R), then
there exist an element y ∈ h(R)\P such that yxi ∈ I for
some i = 0, 1, 2, .... Therefore yxi ∈ Q, y /∈ Q. Thus xi ∈
Q. It is a contradiction.

Recall that a graded ring R is reduced if its nilradical is
zero, i.e. ⋂

P∈h−Spec(R)

P = (0) .

Corollary 1. If R is a graded reduced ring and P is a graded
prime ideal of R, then P is a graded minimal prime ideal of
R if and only if for each x ∈ P ∩ h(R) there exists some y ∈
h(R)\P such that xy = 0.

Theorem 6. Let R be a graded ring and h−Min (R) = {Pα}.
If Pα *

⋃
α ̸=β
Pβ for each α, then h −Min (R) is �nite .

Proof. Without loss of generality, assume that R is a
graded reduced ring. Then for P ∈ h−MinR, Rp is a graded
�eld. Let R′ =

∏
RPα . Then ψ : R −→ R′, r 7→

{
θα(r)

}
where θα : R −→ RPα be the canonical homomorphism.
If h − MinR is in�nite, then

∑
RPα is a proper ideal in R′.

LetM be a gradedmaximal ideal of R′ containing the ideal∑
RPα . ThenM∩R contains a gradedminimal prime ideal

Pγ of R. Choose a ∈ Pγ ∩ h(R) where a /∈
⋃
β ̸=γ
Pβ. Since R

is a graded subring of R′, a is identi�ed with {θα (a)}. For
β ̸= γ, θβ (a) is a unit in the graded ring RPβ . Now de�ne
an element b =

{
bβ
}
∈ R′ where bβ = θβ (a)−1 for β ̸= γ

and bβ = 0 if β = γ. Then we have ab ∈M where only the
γ component is 0 and other components are identity. And
so M contains the identity of R′, since

∑
RPα ⊆ M. This

gives us a contradiction.
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Corollary 2. Let R be a graded u-ring and h − Min (R) =
{Pα}. Then Pα *

⋃
α ̸=β
Pβ for each α if and only if h − Min (R)

is �nite .

Now we will investigate the graded compactly packing
property on graded spectrum of a graded ring and re-
fer to this as the (*) property. The topology of graded
spectrum was studied in [11]. For a graded ring R its
graded spectrum, h − Spec(R), is a topology with the
closed sets VRG(I) =

{
P ∈ h − Spec(R) | I ⊆ P

}
where I is

a graded ideal of R. This topology is called Zariski topol-
ogy. For any homogeneous element r ∈ h(R) de�ne Dr ={
P ∈ h − Spec(R) | r /∈ P

}
, and so the set

{
Dr | r ∈ h(R)

}
is a basis for the Zariski topology on h− Spec(R) [[11], The-
orem 2.3]. Further Dr is quasi-compact for all r ∈ h(R).

De�nition 3. Let R be a graded ring, Λ an index set and
r, sα ∈ h(R)\ {0} for all α ∈ Λ. Then we say that R has
property (*) if Dr ⊆

⋃
α∈Λ

Dsα implies Dr ⊆ Dsβ for some β ∈ Λ.

Theorem 7. Let R be a graded ring. If R satis�es property
(*) then R has at most two graded maximal ideals.

Proof. Suppose that R has property (*) and assume that
M1,M2,M3 are three distinct graded maximal ideals of
R. Then we have a ∈ M1 ∩ h(R) and b ∈ M2 ∩ h(R) such
that a + b = 1R. Now let c ∈

(
M3 ∩ h(R)

)
\ (M1 ∪M2).

Since c = ca + cb, we get Dc ⊆ Dac ∪ Dbc. Since R satis�es
(*) property we get Dc ⊆ Dac or Dc ⊆ Dbc. Both of them is
a contradiction.

Corollary 3. Let R be a graded ring and every nonzero
graded prime ideal is a graded maximal ideal. Then R has
at most two nonzero graded prime ideals if and only if R sat-
is�es (*) property.

Proof. Suppose that R has at most two nonzero graded
prime ideals. If r is a nonzero nonunit homogeneous ele-
ment of R then Dr\ {(0)} is an empty set or single point set.
Then R satis�es (*) property. For the converse, if R satis�es
(*) property then by Theorem 7, R has at most two graded
maximal ideals. Therefore, this completes the proof.

4 Graded coprimely packed rings
De�nition 4. Let R be a graded ring and I be a graded
ideal. I is said to be graded coprimely packed ring if I+Pα =
R where Pα (α ∈ ∆) are graded prime ideals of R; then
I *

⋃
α∈∆

Pα. If every graded ideal of R is a graded coprimely

packed ring, then R is a graded coprimely packed ring by
h − Spec(R).

Proposition 5. Every homomorphic image of a graded co-
primely packed ring is a graded coprimely packed ring.

Proof. Let R be a graded coprimely packed ring and S be a
ring. Let f : R → S be an epimorphism. Assume that J be a
graded ideal of S and

{
P′α
}
α∈∆

be a family of graded prime
ideals of S such that J +P′α = S. Since f is an epimorphism,
there exists a graded ideal I and graded prime ideals Pα of
R such that Kerf ⊆ I, Kerf ⊆ Pα, f (I) = J and f (Pα) = P′α.
Thus we obtain J + P′α = f (I + Pα) = f (R) = S. To show
that I + Pα = R, let r ∈ R. Then f (r) ∈ f (R) = f (I + Pα).
Then there exists m ∈ I + Pα such that f (r) = f (m), that
is r − m ∈ Ker(f ) ⊆ I + Pα . So r ∈ I + Pα. Since R is a
graded coprimely packed ring, we have I *

⋃
α∈∆

Pα. Then

f (I) * f (
⋃
α∈∆

Pα). Indeed, if f (I) ⊆ f (
⋃
α∈∆

Pα), then we have

I ⊆
⋃
α∈∆

Pα since Ker(f ) ⊆ I, this gives us a contradiction.

Thus we get J = f (I) *
⋃
f (

α∈∆
Pα) =

⋃
α∈∆

P′α. Hence S is a

graded coprimely packed ring.

Proposition 6. Let R be a graded u−ring. If R is a graded
semilocal ring, then R is a graded coprimely packed ring.

Proof. Suppose that R is a graded semilocal ring and h −
Max(R) = {M1, ...,Mk}. Let I be a graded ideal of R,
{Pα}α∈∆

is a family of graded prime ideals of R such that
for α ∈ ∆, I + Pα = R. Then there exists a subset {i1, .., it}
of {1, .., k}, for all α ∈ ∆ there exists ij ∈ {i1, .., it} such
that Pα ⊆Mij . Thereforeweget I+Mij = R for all j = 1, .., t.

Assume that I ⊆
t⋃
j=1

Mij . Since R is a graded u−ring, we get

I ⊆ Mil for some il ∈ {i1, .., it}. And so I + Mil ̸= R is a

contradiction. Thus I *
t⋃
j=1

Mij and so I *
⋃
α∈∆

Pα .

Proposition 7. Every graded compactly packed ring is a
graded coprimely packed ring.

Proof. Suppose that R is a graded compactly packed ring.
Let I be graded ideal and {Pα}α∈∆ be a family of graded
prime ideals of R such that I + Pα = R for every α ∈ ∆. As-
sume that I ⊆

⋃
α∈∆

Pα. Since R is graded compactly packed

ring, we get I ⊆ Pβ for some β ∈ ∆. And so I + Pβ = Pβ ̸= R,
which is a contradiction. Thus I *

⋃
α∈∆

Pα.
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Theorem 8. Let R be a graded integral domain and h −
dim R = 1. Then R is a graded compactly packed ring if and
only if R is a graded coprimely packed ring.

Proof. It is clear that every graded compactly packed ring
is a graded coprimely packed ring by Proposition 7. Now
suppose that R is a graded coprimely packed ring and I ⊆⋃
α∈∆

Pα , Pα ̸= 0 for α ∈ ∆. Assume that I + Pβ ̸= R for some

β ∈ ∆. Then there exists a graded maximal ideal M such
that I + Pβ = M. Since h − dim R = 1, we get Pβ = M and
so I ⊆ Pβ.

Theorem 9. Let R be a graded ring. Then R is a graded co-
primely packed ring if and only if R is coprimely packed ring
by h −Max(R).

Proof. Suppose that R is a graded coprimely packed ring.
Since h − Max(R) ⊆ h − Spec(R), it is clear that R is co-
primely packed ring by h − Max(R). Now assume that R
is a coprimely packed ring by h −Max(R). Let I be graded
ideal and {Pα}α∈∆ be a family of graded prime ideals of
R such that I + Pα = R for every α ∈ ∆. Then there exist
Mα ∈ h−Max(R) such that Pα ⊆Mα . Since I +Mα = R for
every α ∈ ∆, then by our assumption we get I *

⋃
α∈∆

Mα.

Hence I *
⋃
α∈∆

Pα.
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