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The main purpose of this paper is to evaluate g-Sumudu transforms of a product of g-Bessel functions. Interesting special cases
of theorems are also discussed. Further, the results proved in this paper may find certain applications of g-Sumudu transforms to
the solutions of the g-integrodifferential equations involving g-Bessel functions. The results may help to extend the g-theory of

orthogonal functions.

Dedicated to Professor Yusuf Avci on the occasion of his 65th birthday

1. Introduction

The Sumudu transform introduced by Watugala [1] has a
close resemblance with the Laplace transform but has a
wider frequency domain and is better suited to solve intricate
problems in engineering and applied sciences. The main
advantage of the Sumudu transform is that it may be used
to solve problems without resorting to a new frequency
domain, because it preserves scale and unit properties (see
[2]). For further details, readers may refer to the recent
papers, for example, [3-5], on this subject. It is well known
that in the literature there are many g-extensions of the
Bessel function rearranged by Ismail [6]. Here we are con-
cerned with g-Sumudu transform of g-analogues of these
q-Bessel functions. Purohit and Kalla [7] evaluated the g-
Laplace transforms of a product of basic analogues of the
Bessel functions. They gave several useful special cases as
application. Recently, Albayrak et al. [8] have investigated
the fundamental properties of the g-Sumudu transforms and
established several theorems related to g-images of some ele-
mentary functions. Subsequently, the same authors evaluated
the g-Sumudu images of a number of g-polynomials and g-
hypergeometric functions (see [9]).

2. Definitions and Preliminaries

In this section, we purpose to add one more dimension to this
study by giving some theorems which give rise to g-Sumudu

images of a product of g-Bessel functions. g-Bessel functions
were introduced by Jackson [10] and are therefore referred
to as Jackson’s g-Bessel functions. Some g-analogues of the
Bessel functions are given by
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Hahn [11] showed that these g-Bessel functions are related
by the following equality:

2
Jﬁ”(z;q)=<—%;q> 1P (zq), lzl<2. (@)

Both these g-analogues have been studied extensively by
Ismail in [6, 12]. The third kind of g-analogue of the Bessel
function is given by
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This third kind of g-Bessel function is also defined by Jackson
and sometimes it is called Hahn-Exton g-Bessel function.
The notation ;®; in (5) is the standard in use of g-
hypergeometric series [13]. These g-analogues of the Bessel
function satisty the following relations [14]:
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To make this work easy to read, we need some notations and
preliminaries about the quantum theory. For any real number
«, the g-analogue of « is defined by

[a] == . (7)

The following usual notations are very useful in the theory of
g-calculus:

(a;q)n= (l—aqk) forn=1,2,..., (a;q)o =1,
k=0
n (a:9).,
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See [13] for all of the above definitions and the related formu-
las. Furthermore, g-hypergeometric functions are defined by
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Albayrak et al. [8] have defined g-analogues of the
Sumudu transform by means of the following g-integrals:
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where g-analogues of the classical exponential functions are
defined by
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Jackson [15] introduced the g-integrals as follows
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k=0
(16)
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By virtue of (16), g-Sumudu transforms can be expressed as
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Integral representations of g-gamma function are defined by

s
Fq(oc):J xTE (q(1-q)x)dyx,  (a>0),
0

jOO/A(l—q) (19)

[, (o) = K (A5 ) . e, ((1-q)x)dyx
(“ > 0)3

where K(A; «) is the following remarkable function [16, p. 15]:
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The g-gamma and K(A;«) function have the following
properties [16, p. 15]:
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3. Main Theorems

In this section we will evaluate g-Sumudu transforms of a
product of g-Bessel functions.

Theorem 1. (a) Let ]éL)_(Z ajt;q), j = L2,...,n ben
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Proof. We will only give the proof of (26), because the proof
of (28) and (30) is the same. We put
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into the definition (17) and making use of (1) yields
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On interchanging the order of summations, which is valid
under the conditions given by the theorem, we obtain
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wherem =m; +m, +---+m,and M = y; +--- + y,. By
using the property of (21) and then using the definition of g-
exponential function, namely,
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we get the desired result. By applying the similar procedure
as of Theorem 1(a), one can easily establish Theorem 1(b) and
(c). Therefore, we omit the further details of the proof of this
theorem. O]
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Theorem 2. (a) Let ]2,4/-(2 ait;q), j = L2,...
different q-Bessel functions and

,n, be n
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Then, g-Sumudu transform of f(t) is
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into the definition (18) and make use of (36); then we have
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following remarkable identity:
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Again, by applying the similar procedure as of Theorem 2(a),

one can easily establish Theorem 2(b). Therefore, we omit the
further details of the proof of this theorem. O

4. Ilustrative Examples

In this section we evaluate the g-Sumudu transforms involv-
ing the g-Bessel functions as applications of our main results.

Corollary 3. Ifone takesn = 1, yy = v, v = y, and a, = a in
above theorems, respectively, one has
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where Re(s) > 0 and Re(u +v) > 0.

Corollary 4. In Corollary 3, if one writes (v/2) + 1 and (v/2)
instead of y and v, respectively, one obtains
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where Re(s) > 0 and Re(v + 1) > 0.

Corollary 5. In Corollary 4, if one chooses v = 1, respectively,
one gets
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Corollary 6. Similarly, if one chooses v = 0 in Corollary 4,
respectively, one gets
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Corollary 7. In Corollary 3, if one writesv = 0 and thena = 0,
one finds
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Remark 8. The results in Corollary 7 are previously obtained
in [9, page 418, (2.5)-(2.6)].

5. Concluding Remarks

We conclude this investigation by remarking that g-Sumudu
transforms of many other g-Bessel functions can be evaluated
in this manner by applying the above theorems and their
various corollaries and consequences considered here. Also,
the results obtained here will be used in the forthcoming
paper where some g-difference equations are solved.

Conflict of Interests

The author declares that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The author would like to thank Professor S. D. Purohit for his
valuable suggestions and criticisms. The author also would
like to thank the anonymous referees for their thorough
review and highly appreciate the comments and suggestions,
which significantly contributed to improving the quality of
the paper.

References

[1] G. K. Watugala, “Sumudu transform: a new integral trans-
form to solve differential equations and control engineering
problems,” International Journal of Mathematical Education in
Science and Technology, vol. 24, no. 1, pp. 35-43,1993.



The Scientific World Journal

(2]

(3]
(4]

(5]

(10]

(11]

(12]

(15]

(16]

E B. M. Belgacem, A. A. Karaballi, and S. L. Kalla, “Analyt-
ical investigations of the sumudu transform and applications
to integral production equations,” Mathematical Problems in
Engineering, vol. 2003, no. 3-4, pp. 103-118, 2003.

E B. M. Belgacem, “Introducing and analysing deeper Sumudu
properties,” Nonlinear Studies, vol. 13, no. 1, pp. 23-41, 2006.

E B. M. Belgacem, “Sumudu transform applications to bessel
functions and equations,” Applied Mathematical Sciences, vol. 4,
no. 73-76, pp. 3665-3686, 2010.

A. Atangana and A. Kilicman, “The use of Sumudu transform
for solving certain nonlinear fractional heat-like equations,”
Abstract and Applied Analysis, vol. 2013, Article ID 737481, 12
pages, 2013.

M. E. H. Ismail, “The basic Bessel functions and polynomials,”
SIAM Journal on Mathematical Analysis, vol. 12, no. 3, pp. 454
468, 1981.

S.D. Purohit and S. L. Kalla, “On g-Laplace transforms of the g-
Bessel functions,” Fractional Calculus and Applied Analysis, vol.
10, no. 2, pp. 189-196, 2007.

D. Albayrak, S. D. Purohit, and E. Ucar, “On g-analogues of
Sumudu transforms,” Analele Stiintifice ale Universitatii Ovidius
Constanta, vol. 21, no. 1, pp- 239-259, 2013.

D. Albayrak, S. D. Purohit, and F. Ucar, “On g-Sumudu
transforms of certain g-polynomials,” Filomat, vol. 27, no. 2, pp.
413-429, 2013.

E H. Jackson, “The application of basic numbers to Bessel’s and
Legendre’s functions,” Proceedings of the London Mathematical
Society, vol. 2, no. 1, pp- 192-220, 1905.

H. Hahn, “Beitrage Zur theorie der Heineschen Reihen, die
24 integrale der hyperge- ometrischen g-diferenzengleichung,
das g-Analog on der Laplace transformation,” Mathematische
Nachrichten, vol. 2, no. 6, pp. 340-379, 1949.

M. E. H. Ismail, “The zeros of basic Bessel functions, the
functions Jv + ax(x), and associated orthogonal polynomials,”
Journal of Mathematical Analysis and Applications, vol. 86, no.
L, pp. 1-19, 1982.

G. Gasper and M. Rahman, Basic Hypergeometric Series, Ency-
clopedia of Mathematics and Its Applications, vol. 35, Cambridge
University Press, Cambridge, UK, 1990.

M. H. Annaby and Z. S. Mansour, Q-Fractional Calculus
and EQuations (Lecture Notes in Mathematics 2056), Springer,
Berlin, Germany, 2012.

E H. Jackson, “On g-definite Integrals,” Pure and Applied
Mathematics Quarterly, vol. 41, pp. 193-203, 1910.

V. G. Kac and A. De Sole, “On Integral representations of g-
gamma and g-beta functions,” Accademia Nazionale dei Lincei,
vol. 9, pp. 11-29, 2005.



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




